Calculus 1

Chapter 4. Applications of Derivatives
4.8. Antiderivatives—Examples and Proofs
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Exercises 4.8.2(b), 4.8.10(a), 4.8.14(b), 4.8.18(b), and 4.8.20(c)

Exercises 4.8.2(b), 4.8.10(a), 4.8.14(b), 4.8.18(b), and
4.8.20(c)

Exercises 4.8.2(b), 4.8.10(a), 4.8.14(b), 4.8.18(b), and 4.8.20(c).
Find an antiderivative for each function. Check you answers by
differentiation: Exercises 4.8.2(b) x2, Exercises 4.8.10(a) 1x1/2,
Exercises 4.8.14(b) 7 cos %*, Exercises 4.8.18(b) 4 sec3x tan 3x,
Exercises 4.8.20(c) e /5.

Solutions. Exercises 4.8.2(b) x. An antiderivative of x> must involve
x3, but £[x3] = 3x? so we need to divide x> by 3 and we try
F(x) = x3/3| We check by differentiating:

Sire - 2[5 =%

= x2, so our answer is correct. []

Exercises 4.8.10(a) 2x~1/2. An antiderivative of x~1/2 must involve

x71/2H1 = x1/2 and L[x1/2] = Ix71/2. So we have | F(x) = x1/2|. O
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Example 4.8.2

Example 4.8.2. Find an antiderivative F of f(x) = 3x? that satisfies

F(1)=-1. \//

AC= =2

Solution. By observation, an antiderivative of .
f(x) = 3x? is F(x) = x>. So by Theorem 4.8, 2
the set of all antiderivatives is !
[f(x)dx = [x3dx=F(x)+ C=x>+C.

So F(x) = x3 + k for some constant k. Figure 4.55
gives the graphs of such functions for various

values of k. Since we require F(1) = —1, then we
seek a value of k such that the graph of y = F(x)
contains the point (1, —1) (as indicated in the figure
in red). The condition F(1) = —1 implies F(1) = (1)3 + k = —1 so that
1+ k =—1 and hence k = —2. Therefore we have | F(x) = x3 — 2| O
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Exercises 4.8.2(b), 4.8.10(a), 4.8.14(b), 4.8.18(b), and 4.8.20(c)

Exercises 4.8.2(b), 4.8.10(a), 4.8.14(b), 4.8.18(b), and
4.8.20(c) (continued 1)

Solutions (continued). Exercises 4.8.14(b) 7 cos *. An antiderivative

of cosx is sin x, so we try sin ZX. We have & [sin ZX] = cos (%) [Z]. So

we have [ F(x) = sin ¢ | O

Exercises 4.8.18(b) 4 sec3xtan3x. An antiderivative of sec x tan x is

sec x, so we try sec3x. We have
m

d% [sec 3x] = (sec3xtan 3x)[3] = 3sec3xtan 3x. We need to divide out

4
the 3 and introduce a factor of 4, so we try | F(x) = 3 sec 3x|. We check

by differentiating:

a F(x)] = a ﬂsec 3x| = f(sec 3x tan 3xr)\v[3] = 4sec3xtan 3x, so our
dx ~dx |3 -3 N '
answer is correct. [J
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Exercises 4.8.2(b), 4.8.10(a), 4.8.14(b), 4.8.18(b), and 4.8.20(c)

Exercises 4.8.2(b), 4.8.10(a), 4.8.14(b), 4.8.18(b), and Exercises 4.8.32

4.8.20(c) (continued 2)

1 2
Exercises 4.8.32. Find the indefinite integral: / (E ~ 3 + 2x> dx.

Solution. We have:

Solutions (continued). Exercises 4.8.20(c) e */>. An antiderivative of / (% - % + 2x> dx = /%dx — /% dx +/2x dx
~ X X
X i aX —x —Xx —x - —e”*/5 .
e’ Ise’, sowetrye //5- We have d% [e /5] =e /5 [Tl] =—5 950 by the Sum or Difference Rules of Note 4.8.A
we need to divide e */® by —1/5 (i.e., multiply by —5) and we tr 1
/5 y —1/ ( . -py y =) Y = —/1dx—2/x_3dx—|—2/xdx
F(x) = —5e /5| We check by differentiating: 5
P P ~ . by the Constant Multiple Rule of Note 4.8.A
il — 5o X5 — (_5eX/5) | Z| = o X/5 ' 1 —3+1 2
dx[F(X)]_dx[ 5e }—< 5e >[5]—e , SO our answer is _ i o(X (XY
5 -3+1 2
correct. U
by Table 4.2(1) with n=0, n=-3, & n=1
- Lrxiyc=| i liesc|o
5 5 x2
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Exercises 4.8.46 Exercises 4.8.52

Exercises 4.8.52. Find the indefinite integral: /(2ex — 3e2) dx.

Exercises 4.8.46. Find the indefinite integral: / 3cos 50 df. Solution. We have :

/(2ex —3e X)dx = /2ex dx — /3e_2x dx
Solution. We have :
by the Sum or Difference Rules of Note 4.8.A

in 560
/3c0559d9 = 3/cos59d9:3<sm55 >+C = 2/exdx—3/e_2xdx

by Table 4.2(3) with k =5 by the Constant Multiple Rule of Note 4.8.A
—2x
- gsinS&—l—C.D - 2(ex)_3<e—2>+c

by Table 4.2(8) with k = 1 and k = —2

= 2ex+ge_2X+C. O




B iss
Exercises 4.8.54

Exercises 4.8.54. Find the indefinite integral: /(1.3)X dx.

Solution. We have :

1
1.3)* = 1.3)*
/k3)a QM3>($ e
by Table 4.2(13) with k =1 and a=1.3

~ [@ay
- In1.3+C'D
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Exercises 4.8.76

Exercises 4.8.76. Verify the formula by differentiation:

1 X
/(x+1)2dx_x+1+c'

Solution. Recall that an indefinite integral is a set of functions. So for

1 X X
F(X)E/de:X—H+CWG have that F(x):X—_H+kfor

some k. Now

1(x+ 1) — (x)[1] x+1-—x 1
F, =t [ p— =t .
9 (x+1)2 0= 2 T v g
1
So F(x) = XL—l—l + k is an antiderivative of 12 By Theorem 4.8,

1
the indefinite integral of CEE)E is F(x)+ C= XL—i-l + C (we have
absorbed k in the “arbitrary constant” C), as claimed. [J
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e ist
Exercises 4.8.66

Exercises 4.8.66. Find the indefinite integral: /(2 + tan® ) df. HINT:
1 +tan?6 = sec? 9.

Solution. Notice that we don't (yet) know how to antidifferentiate tan? 6,
but we do know how to antidifferentiate sec? 6, since %[tan 0] = sec?6.
We have

/(2+tan20)d9 = /(2—|—(sec20—1))d9:/(1—|—sec29)d0

= /1d6’+/sec29d9

by the Sum or Difference Rules of Note 4.8.A
= | 0+ tanf + C| by Table 4.2(1 and 4)
withn=0and k=1. O
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B iso
Exercises 4.8.94

Exercises 4.8.94. Solve the initial value problem: % —0x%> —4x +5,
x
y(-1)=0.
dy df
Solution. Let y = f here — = — =
olution. Let y (x) where o
antiderivative of 9x? — 4x + 5; that is, f(x) € /9x2 —4x 4+ 5dx. Now

/9X2—4X—|—5dX:9/X2dX—4/XdX—|—5/1dX

X3 X2
:9<?) _4<?>_|_5(X)_|_C:3x3—2x2—|—5x—|—C.

9x%2 — 4x+5, so f is an

So f(x) = 3x3 — 2x? 4 bx + k for some constant k.
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Exercises 4.8.94

Exercises 4.8.94 (continuous)

Exercises 4.8.94. Solve the initial value problem: % =9x? — 4x + 5,
X
y(-1)=0.

Solution (continuous. So f(x) = 3x3 — 2x? 4 5x + k for some constant
k. We use the initial condition y(—1) = f(—1) = 0 to find k. We set

f(—1) = 3(-1)3 — 2(~1)? +5(—1) + k = 0 which requires —10 + k =0
or k = 10. So f(x) = 3x3 — 2x2 + 5x + (10) = |3x3 — 2x2 + 5x + 10| [
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Exercises 4.8.102 (continued)

Exercises 4.8.102. Solve the initial value problem: % = 8t + csc? t,
v(r/2) = —T.

Solution (continued). So v(t) = 4t> — cot t + k for some constant k.
We use the initial condition v(7/2) = —7 to find k. We set

v(r/2) = 4(n/2)? — cot(r/2) + k = —7 which requires 2 + k = —7 or
k=-7-—7% So|v(t)=4t>—cott—7—72| O
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Exercises 4.8.102

Exercises 4.8.102. Solve the initial value problem: % = 8t + csc? t,
v(r/2) = —T.

., d : e
Solution. With d_‘; = 8t + csc? t, we have that v(t) is an antiderivative of

8t + csc? t; that is, v(t) € [ 8t +csc® tdt. Now

/8t+csc2tdt:8/tdt+/csc2tdt

t2
:8<5) +(—cott)+ C=4t>—cott+ C

by Table 4.2(1 and 5) with n =1 and k = 1. So v(t) = 4t?> — cott + k for
some constant k.
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Exercises 4.8.108

Exercises 4.8.108

Exercises 4.8.108. Solve the “second order” initial value problem:

d?s 3t ds
— =2 =3 54)=4
dtz2 8’ dt|,_, s®)

. ds . L d?s
Solution. We look for s(t). We have - isan antiderivative of prg that
. ds d?s
IS, a € F dt. Now

3t 3 3 /¢? 3,
“dt=< [ tdt=-[—= =t .
/8dt 8/ d 8<2>+C 16 +C
ds 3, o -
o pm = Et + kq for some constant k;. We use the initial condition
d
L1~ 310 find k.
dt |4
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Exercises 4.8.108

Exercises 4.8.108 (continued)

. . - .. ds
Solution (continued). We use the initial condition —

= 3 to find
t=4
ds 3
ki. We have — —(4)? + ky = 3 which requires 3+ k; = 3 or
dt ., 16
ki =0. So — it Next, s(t) is an antiderivative of @ _ it2' that
Lo dr dt 16 '
is, st)e/—dt /—t dt. Now/—t dt = it—:l;JrC—t—:%JrC
16 3 16 '
So s(t) = E + ky for some constant ky. We use the initial condition
4 3
s(4) = 4 to find k. We have s(4) = @)y + ko = 4 which requires

16
4+ ky=4o0r kp =0. So S(t):E.D
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Exercises 4.8.120

Exercises 4.8.120 (continued)

Solution (continued). Now

x2 x2
/x—ldx:/xdx—/ldx:<?>—x+C:?—x+C.

2
So f(x) = X? — x + k for some constant k. The fact that the graph of the

desired function f passes through the point (—1, 1) gives us the initial
condition f(—1) = 1. We use this initial condition to find k. We set

—1)2
f(-1) = % — (—1) + k = 1 which requires 3/2+ k =1or k = —1/2.
x? 1
flx)=—-x—=| 0
So | f(x) > TX~ 5
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Exercises 4.8.120

Exercises 4.8.120

Exercises 4.8.120. Consider the figure with solution curves of the given
differential equation. Find an equation for the curve through the labeled
point.

- dy _
(I\

\/
P
\/
\_/

— 1

X

d df . e
Solution. Let y = f(x) where & _ S _ x 1, so0 f is an antiderivative
dx  dx
of x —1; that is, f(x) € [ x — 1dkx.
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Exercises 4.8.124. Liftoff from Earth

Exercises 4.8.124

Exercises 4.8.124. Liftoff from Earth.
A rocket lifts off from the surface of the Earth with a constant
acceleration of 20 m/sec?. How fast will the rocket be going 1 min later.

Solution. We let v(t) represent the velocity of the rocket in m/sec at
time t sec after liftoff. So v(t) is an antiderivative of acceleration

a(t) = 20 m/sec?; that is, v(t) € /20 dt. Now /20 dt =20t + C so
v(t) = 20t + k for some constant k. We need an initial value to find k.
Since the rocket starts stationary on the launch pad, then v(0) = 0 m/sec.
So we set v(0) = 20(0) 4+ k = 0 which requires k = 0. Hence v(t) = 20t
m/sec is the velocity function. When t = 1 min = 60 sec the velocity of
the rocket is v(60) = 20(60) =|1200 m/sec| O
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