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Chapter 11. Infinite Sequences and Series
11.11 Fourier Series

Note. When investigating the problem of heat conduction in a long thin
insulated rod, French mathematician Jean-Baptiste Joseph Fourier needed
to express a function f(x) as a trigonometric series. Generally, if f(x) is

defined on the interval [0, 27|, we need to know the coefficients ag, a; and

bi (k > 1) for which

flz) =ay+ Z (ay cos kx + by sin kx) .
k=1

This equation is called a Fourier series for f on the interval (0, 27).

Note. We can verify (see Exercises 9 through 13) that for positive integers

p and q:

o 0, p#q
1./ COS pT cos qr dxr = :
0 T, D=4

2
2./ cos prsingr dx = 0,
0
0, p#gq,

27
3./ sin px sin qx dor =
0 T, D=4
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Note. Calculation of ay. We integrate the Fourier Series of f from 0
to 27 and assume that the operations for integration and summation can

be interchanged to give:
27
0

2T T 00 o 0o
f(x)dx:a()/ da:JrZak/ Coskxdx+2bk/ sin kx dz.
0 k=1 70 k=1

For every positive integer k, the last two integrals on the right-hand side

0

are zero. Therefore

0

Solving for ag yields
1 2T

G = o 0 f(x)dx.

Note. Calculation of a,,. We multiply both sides of the Fourier series

representation of f by cosma, m > 0, and integrate the result from 0 to

27T

2m 2w
(x)cosmxdr = ag / cosmx dx
0

o0 2T
+ g ag / cos kx cosmzx dx
k=1 0
2
0

(0.}
+ Z by. / sin kx cos mx dzx.
k=1

0
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Applying formulas 1, 2, and 3 we reduce this equation to

2T

2T
(x) cosmzx dx = ay, / COS X cos mx dx = ma,,.
0 0

Therefore

Note. Calculation of b,,. We multiply both sides of the Fourier series
representation of f by sinmax, m > 0, and integrate the result from 0 to

27T

2m 2w
(x)sinmzdr = ag / sinmax dx
0

00 2T
+ E a / cos kx sinmax dx
k=1 0
2T
0

o0
+ Z by / sin kx sinmax dx.
k=1

Applying formulas 1, 2, and 3 we reduce this equation to

0

2m 2w
f(z)sinmz dx = by, / sinmax sinmax dx = mhy,.
0 0

Therefore
1 21

by = — (x) sinmax dzx.
T Jo

Definition. The constants ag, a;, b, are called the Fourier coefficients

of f.
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Example. Example 1 page 835. Find the Fourier series for

1, 0<z<nm

2, m<xz<2m

Solution. The graph of f is:

3]
T

Figure 11.16a page 836.

Computing the Fourier coefficients, we find that (see pages 836 and 837
for computations):

2 = sin(2k — 1)z

N 4 ok — 1
=1
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The graph of the first few partial sums of the Fourier series are:
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Figure 11.17 page 837.

Note. We notice from the above figure that each of the partial sums of
the Fourier series passes through the point = 7, y = 3/2. The reason

for this is given in the following theorem.
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Theorem 24. If the function f and its derivative f’ are piecewise con-
tinuous over the interval —L < x < L, then f equals its Fourier series at
all points of continuity. At a point ¢ where a jump discontinuity occurs in

f, the Fourier series converges to the average

limy, o fz) +lim, .+ f(z) _ flc)+ f(c)
2 2 '




