6.7 Hyperbolic Functions 1

Chapter 6. Transcendental Functions and

Differential Equations

6.7 Hyperbolic Functions

Note. Recall that cos z and sin x are sometimes called the circular func-
tions. This is because we can plot a point P on the circle 2 + y? = 1 by

letting P = (cos u, sin u) where w is twice the area of the sector determined

by A= (1,0), O =(0,0) and P:

i 18 twice the
of sector AQP.

-,
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Note. We can similarly define the hyperbolic functions. Consider the
hyperbola 22 — y* = 1. Choose a point P on the hyperbola and define
u as twice the (signed) area determined by the sector A = (1,0), O =
(0,0), and P. Now use the coordinates of P to define the hyperbolic

trigonometric functions: P = (cosh u, sinh u).

P(cosh u, sinh u)

|1t is twice the area

/ :nf sector AQOP.
. ]
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Note. We will use the exponential function to define the hyperbolic trig

functions.

Definition. We define

Hyperbolic cosine of x: coshz = —
el —e "
Hyperbolic sine of x: sinhx = 5

sinh e! —e "

Hyperbolic tangent z: tanh x = —
P 5 coshxr e*t+e?

coshx e*+e*

Hyperbolic cotangent of x: cothx = =
yYPEReT 5 sinhz et —e 7

1 2
Hyperbolic secant of x: sech x = _
coshx er+e*

1 2

Hyperbolic cosecant of x: csch x = =
P sinhz et —e7*




6.7 Hyperbolic Functions

The graphs are:

e
1= 2
2_
y = smh x
1 —/
A | Lo
= e T 3
o
= oa=—

(&1 The hyperbahic sine and is

connponenl sxpesentials.

[ ¥ = coth .
2 —
¥=-1
¥ = tunh x
I | |
- [ 1 Z
==
(b The hyperbalic cosine and 1ts 121 The graphs of ¥ = tanh o« and
COMpeNEnt ¢xpanentials. vy o cothy = Litanh g
¥ ¥
=
- ! w=sinhy
I =
- Ly
i 2
v=uygschy
il) The graphs of v = cosh v and (21'I'he graphs of ¥ = sinl .« and
y=zsochx - Tfoosho r=y¢schy = Tisinh x
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Note. We have the following identities:
cosh?z —sinh?z = 1
tanh®z = 1 — sech x
coth?z =1+ csch %z

sinh 22 = 2sinh x cosh

cosh2x + 1
h?z =
cosh” 5
cosh2x — 1
sinh” x 5

Example. Page 526 number 2.

Theorem. (Table 6.13) We have the following differentiation properties:

d d
. [sinh u] = cosh uﬁ
d d
. [cosh u] = sinh u£
d d
— [tanh u] = sech 2,2
x dx
d d
. [cothu] = — csch 2u£
d d
. [ sech u] = — sech wtanh u£
d d
— [ esch u] = — csch w coth el

dzx dzx
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Example. Prove some of the results in the above theorem.

Theorem. (Table 6.14) We have the following integral properties:

/sinhudu = coshu + C'

coshu du = sinhu + C

sech “u du = tanhu 4 C

csch “udu = — cothu + C

sech utanh u du = — sech u + C'

csch v cothuw du = — csch w4+ C

— — — — Y~

Proof. These are just the integral versions of the results in Table 6.13.

Q.E.D.

Examples. Page 526 numbers 16 and 22.
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Note. Since % [sinhz] = cosha > 0, then sinhz is an INCreasing
function and so is one-to-one. The function cosh z is not one-to-one as we
can see from the graph. The function sech x = 1/ cosh z is also not one-
to-one. Therefore, to define the inverse functions of coshx and sech x,

we must restrict the domains.

Definition. We define some inverse hyperbolic trig functions.
Define yy = sinh ™' z if 2 = sinhy. (The domain is then € (—o0, 00).)

Define y = cosh ™ 2 if £ = coshy and y € [0, 00). (The domain is then

r € [1,00).)

Define y = sech 'z if = sech y and y € [0,00). (The domain is
then = € (0, 1].)
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Note. The graphs of the above defined three inverse hyperbolic trig

functions are:

v = sinh & = - g =l
; = %
- I 4
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Rl / v =sinh i I |
| — L = sinh i sl / o
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'
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Note/Definition. The hyperbolic tangent, cotangent, and cosecant are

one-to-one on their domains and therefore have inverses, denoted by
Yy = tanh ' =, Y = coth™ z, y = csch L.

The graphs of these functions are:
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¥

0 .
v =tanh ¥ 1= cothy ‘ &= cschy
v ={lanh x ¥ cath~x ‘ v o= osch™
|
x =1 i ] _— v

(ul b o

1
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Theorem. We can express the inverse hyperbolic trig functions in terms

of the natural logarithm function as follows:
sinh ' 2 = In(z + Va2 + 1), 2 € (—o0, 00).

cosh 'z =In(z + Va2 —-1), z € [l,00).

I 1+
tanh ™' 2 = =1 —1,1).
anh™ " x 2n1_x,a:€( ,1)
1++vV1—a?
sech_lx:1n< i 35)) z € (0,1].
T

» (1 V1T a2
r=In|-+ X"
€T

]

> , T € (—00,0)U (0, 0).
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1 1
coth™'z ==1n v

, T € (—o0,—1)U(1,00).
x—1

Note. (Table 6.15) We can verify the following identities:

1
sech ~'2 = cosh™ ' =
T

1

csch 'z = sinh ™' =
T

1

coth™ 2z = tanh™' =
T

Theorem. (Table 6.16) The inverse hyperbolic trig functions are differ-

entiated as follows:

d .. . 1 du
= sinh ] = 12 dr
% :cosh_l] = \/%ZZ, u € (1, 00)
% tanh '] = \/11_71@22’ ue(-1,1)
i o™ = g B v oo U oo
% | sech _1] = ux/;u??;’ u € (0,1)
i [0 7] = e w e (00U (0.2
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Example. Page 527 number 34.

Theorem. (Table 6.17) We have the following integrals involving inverse

hyperbolic trig functions:

du (U
B (B 40 a0
/\/a2+u2 a
du (U
———— = cosh <—)+C u>a>0
/\/a2+u2 a ’

tanh (%) +C if u? < a?

coth™ (%) +C ifu? > a?

Q= Q=

du
a2 —ud
du 1 (U
/um:—asech <5)+C,O<u<a
:—gcsch_l‘g‘JrC,u#O
a

du
/ uv a? + u? a

Examples. Page 527 number 74, page 528 number 79.
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