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Theorem 6.66

Theorem 6.66. If k € N and n =2k 4 1 is prime, then k is a power of 2.
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Theorem 6.66

Theorem 6.66. If k € N and n =2k 4 1 is prime, then k is a power of 2.

Proof. Suppose n = 2X 4+ 1 is prime. ASSUME there is a factorization of
the exponent k = st with t odd and t > 1. Then n =2k + 1 = (25)t + 1.
But for an x we have (by induction on m where t =2m + 1, or simply by
distribution):

t—1
Xl =(x+1)=x"2 4 x4 1)=(x+1) (Z(—l)’x’) .

i=0

But then with x = 2%, we then see that (2° + 1) | n, CONTRADICTING
the fact that n is prime. So the assumption that the exponent k has an
odd divisor t is false, so that k must be a power of 2, as claimed. O
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Lemma 6.67

Lemma 6.67. Foreachn>1, F, —2 = FgF1--- Fp—1.
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Lemma 6.67

Lemma 6.67. Foreachn>1, F, —2 = FgF1--- Fp—1.

Proof. We give a proof using the Principle of Mathematical Induction.
For the basis case, we have F; —2 = (5) — 2 = 3 = Fy. For the induction
hypothesis, we assume the result holds for n = k > 1; that is,

Fk —2= FoFl cee kal- Then

Fr—2=0¥" +1)—2=22"—1=(22 +1)- (22 - 1)

= Fi- (Fk —2) = Fi - (FoF1 - Fxk—1) = FoF1-- - Fy,

so the claim holds for n = k + 1 and the induction step holds. So by the
Principle of Mathematical Induction, the claim holds for all n > 1. OJ
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Theorem 6.68

Theorem 6.68. The Fermat numbers are pairwise relatively prime.
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Theorem 6.68

Theorem 6.68. The Fermat numbers are pairwise relatively prime.

Proof. ASSUME that prime number p divides both F,, and F,, where

m < n. The be Lemma 6.67 we know that p|(F, — 2) (since Fp, is a
factor of F, —2). But then p|(F, — (F, —2)); that is, p|2 so that p = 2.
A CONTRADICTION to the fact that p divides both F,, and F,, and all
Fermat numbers are odd. So the assumption that Fj, and F, have a
common prime divisor is false; that is, any two Fermat numbers are
relatively prime, as claimed. O
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Theorem 6.71

Theorem 6.71. There are infinitely many prime numbers.
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Theorem 6.71

Theorem 6.71. There are infinitely many prime numbers.

Proof. ASSUME there are finitely many primes, say p1, p2, ..., px. For

=1 1
1< i< k we have by Note 6.7.A(2), Y "~ = ———— € R. The
o Pi 1-1/p;

k
1
product H m is then a real number.
i—1 ]
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Theorem 6.71

Theorem 6.71. There are infinitely many prime numbers.

Proof. ASSUME there are finitely many primes, say p1, p2, ..., px. For
o0
1 1
1 < i < k we have by Note 6.7.A(2), — =———¢€R. The
Y 2) nz_% pf 1—1/pj

k
1
product H =1 is then a real number. By Note 6.7.A(1)
.:1 1

k 1 k ( o 4 >
=TS %)
i:11 1/pi i=1 \n=0 Pi

Now the k series on the right hand side converge absolutely and so can be
rearranged by Note 6.7.A(4). So the right-hand side includes all elements
of N which are products of powers of the primes p1, p2,. .., px (thisis a
weak point in our argument; Gerstein makes an argument for this claim
when there are only two primes, p; =2 and p, = 3, in his Example 6.70).
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Theorem 6.71 (continued)

Theorem 6.71. There are infinitely many prime numbers.

Proof (continued). Denote these natural numbers as ny, ny, . ... Notice

that each such n; appears only once by the Fundamental Theorem of
o > 1

Arithmetic (Theorem 6.29). Hence H [y ; . Now the

left-hand side is some real number, but the right-hand side is a divergent

series by Note 6.7.A(3), and this is a CONTRADICTION. So the

assumption that there are finitely many primes is false, and nece there are

infinitely many primes, as claimed. L]
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