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Theorem 7.14. Division Algorithm

Theorem 7.14

Theorem 7.14. Division Algorithm in Z[i ].
Let α, β ∈ Z[i ], with β 6= 0. Then there exist q, r ∈ Z[i ] such that
α = β + r , with 0 ≤ N(r) < N(β).

Proof. The quotient α/β is of the form u + vi , with u, v ∈ Q, since
α

β
=

α

β

β

β
=

αβ

|β|2
and the real and imaginary parts of α and β are integers.

Thus α = β(u + vi). Sine u and v are rational, then there are integers x
and y such that |x − u| ≤ 1/2 and |y − v | ≤ 1/2 (when u or v is 1/2,
then there are two choices, respectively, for x or y). So x + yi is a
Gaussian integer closest to α/β. Define q = x + yi and r = α− βq. So
α = βq + r , as needed. It remains to confirm that N(r) < N(β). Now

r = α− βq = β(u + vi)− β(x + yi) = β((u − x) + (v − y)i),

and, with γ = (u − x) + (v − y)i for which
N(γ) = (u − x)2 + (v − y)2 ≤ 1/2, N(r) = N(β)N(γ) = N(β)/2 < N(β),
as claimed.

() Mathematical Reasoning April 14, 2022 3 / 3



Theorem 7.14. Division Algorithm

Theorem 7.14

Theorem 7.14. Division Algorithm in Z[i ].
Let α, β ∈ Z[i ], with β 6= 0. Then there exist q, r ∈ Z[i ] such that
α = β + r , with 0 ≤ N(r) < N(β).

Proof. The quotient α/β is of the form u + vi , with u, v ∈ Q, since
α

β
=

α

β

β

β
=

αβ

|β|2
and the real and imaginary parts of α and β are integers.

Thus α = β(u + vi). Sine u and v are rational, then there are integers x
and y such that |x − u| ≤ 1/2 and |y − v | ≤ 1/2 (when u or v is 1/2,
then there are two choices, respectively, for x or y). So x + yi is a
Gaussian integer closest to α/β. Define q = x + yi and r = α− βq. So
α = βq + r , as needed. It remains to confirm that N(r) < N(β). Now

r = α− βq = β(u + vi)− β(x + yi) = β((u − x) + (v − y)i),

and, with γ = (u − x) + (v − y)i for which
N(γ) = (u − x)2 + (v − y)2 ≤ 1/2, N(r) = N(β)N(γ) = N(β)/2 < N(β),
as claimed.

() Mathematical Reasoning April 14, 2022 3 / 3


	Theorem 7.14. Division Algorithm

