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Theorem 2.8.1

Theorem 2.8.1. Let Xi, Xp,..., X, be random variables and define
T =>"1aiX;. Suppose E[Xj] = pj for i=1,2,...,n. Then
E[T] =321y aipi.
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Theorem 2.8.1

Theorem 2.8.1

Theorem 2.8.1. Let Xi, Xp,..., X, be random variables and define
T =>"1aiX;. Suppose E[Xj] = pj for i=1,2,...,n. Then
E[T] =321y aipi.

Proof. By Theorem 2.1.1 (and induction) E is linear so

n n n n
E[T) = £ |3 aiXi| = > ElaiX] = 3 aif[Xi] = 3 aini.
i=1 i=1 i=1 i—1
as claimed. B
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Theorem 2.8.2

Theorem 2.8.2. Let X1, X5,..., Xy, Y1, Y2,..., Ym be random variables
and define T =377, a;X; and W =37, ijj. If E[X?] < oo and
E[YJ-2]<oofori:12 nandj:12 , m, then

Cov(T, W) ZZa,b Cov(X;, Y)).

i=1 j=1
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Theorem 2.8.2

Theorem 2.8.2. Let X1, X5,..., Xy, Y1, Y2,..., Ym be random variables
and define T =377, a;X; and W =37, ijj. If E[X?] < oo and
E[YJ-2]<oofori:12 nandj:12 , m, then

Cov(T, W) ZZa,b Cov(Xi, Y)).

i=1 j=1
Proof. We have by the definition of covariance (Definition 2.5.1) that
Cov(T, W) = E[(T —pr)(W — uw)] where E[T] = pr is the
mean of T and E[W] = uw is the mean of W

m

= E (Zn:a,-X,-:Zn:a,-E[X,-]> Zm:bj — Y bE[Y)]
i=1

i=1 j=1 j=1

= E (Z(a;X; - a,-E[Xi])> Z(bjyj — bE[Yj])

i—1 j=1
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Theorem 2.8.2 (continued 1)

Proof (continued).

COV( T, W) = E i Em:(a,-X; — a;E[X;])(ijj — bJE[YJ])
i=1 j=1
= > > El(aiX; — aiE[X])(bY; — biE[Y])]

i=1 j=1
since E is linear by Theorem 2.1.1

n m
= > ElaibiX;Y; — aibE[X]]Y;
i=1 j=1
—a;bE[Xi]Y; + aib E[X]E[Y]])

= > (abE[XiYj] - aibE[X]E[Y]]
i=1 j=1
—aib; E[XG|E[Y]] + aib; E[Xi]E[Y]]) by Theorem 2.1.1
Mathematical Statistics 1 February 18,2020 5/ 11



Theorem 2.8.2 (continued 2)

Proof (continued). ...
Cov(T, W) = D > aibj(E[Xi Y]] — 2E[X]E[Y]] + E[X]E[Y}])
i=1 j=1

= > ) aibE[(X; — E[X;])(Y; — E[Y]])] by Theorem 2.1.1
i=1 j=1

= > ) aibj Cov(X;, Y)) by Definition 2.5.1,
i=1 j=1

as claimed. O
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Corollary 2.8.1

Corollary 2.8.1. Let Xy, X5, ..., X, be random variables and define
T =", aX. Provided E[X?] < oo for i =1,2,...,n, then

Var(T) = Z a7 Var(X;) +s Z aiaj Cov(X;, X;).
i1 i<j
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Corollary 2.8.1

Corollary 2.8.1

Corollary 2.8.1. Let Xy, X5, ..., X, be random variables and define
T =", aX. Provided E[X?] < oo for i =1,2,...,n, then

Var(T) = Z a7 Var(X;) +s Z aiaj Cov(X;, X;).
i=1

i<j
Proof. By the definition of variance (Definition 1.9.2) we have
Var(T) = E[(T - E[T])?) = E(T — E[TI)(T — E[T])]
= Cov(T, T) by Definition 2.5.1

- znjzm:a’.ajcov(xfaxf)"i_zn: zm: a;ajCov(X,-,Xj)

i=1 j=1 i=1 j=1j#i

= Za Var X)+2Z Z ala_/COV XI7X)

i=1 j=i+1

since Var(X;) = Cov(X;j, X;) and Cov(X;, X;) > Cov(X, Xi)
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Corollary 2.8.1 (continued)

Corollary 2.8.1. Let Xi, X5, ..., X, be random variables and define
T =>",aiX;. Provided E[X?] < oo for i =1,2,...,n, then

Var(T) = Z a7 Var(X;) +s Z ajaj Cov(X;, X;).
i=1 i<

Proof (continued). ...

Var(T) = 3 a?Var(X)+2)" >~ a2 Cov(X;. X))
i=1

i=1 j:f—‘rl
n
= Z a?Var(X;) +2 Z ajaj Cov(Xj, X)),
i=1 i<j
as claimed.
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Corollary 2.8.2

Corollary 2.8.2

Corollary 2.8.2. Let Xi, X5,..., X, be independent random variables and
define T =", a;X;. With Var(X;) = 02 for i = 1,2,...,n we have
Var(T) =Y, a%o?.
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Corollary 2.8.2

Corollary 2.8.2

Corollary 2.8.2. Let Xi, X5,..., X, be independent random variables and
define T =7, a;X;. With Var(X;) = o2 for i = 1,2, ..
Var(T) =Y, a%o?.

., h we have

Proof. Since X; and X are independent for i # j then by Theorem 2.5.2
Cov(X;, X;j) =0 for i # j. So by Corollary 2.8.1,

Var(T) = Cor(T, T) ZaZVar -)+2Za,-ajCov(X;,Xj)

i<j

n n
= E a;a,-2+0: E a;a,-z,
i=1 i=1

as claimed.

OJ
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Theorem 2.8.A

Theorem 2.8.A. Let X1, Xo,..., X, be independent and identically
distributed random variables with common mean p and variance 2. We
have

_ _ 2 nox2 _ X2
E[X] = p, Var(X) = "7 s? = Z'=1n'_ : .

, and E[S?] = o°.
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Theorem 2.8.A

Theorem 2.8.A. Let X1, Xo,..., X, be independent and identically
distributed random variables with common mean p and variance 2. We
have

_ _ 2 nox2 _ X2
EX) = . Var(X) = &, 57 = 2= X0 0

, and E[S?] = o°.
v YLXi X _
Proof. We have X = Z’;l = Z — by definition, so by Theorem
n c— n
2.8.1 n

EXI =Y e =Yt =n
i=1

i=1
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Theorem 2.8.A

Theorem 2.8.A

Theorem 2.8.A. Let X1, Xy, ..., X, be independent and identically
distributed random variables W|th common mean  and variance 0. We
have

_ _ 2 nox2 _ X2
EX) = . Var(X) = &, 57 = 2= X0 0

, and E[S?] = o°.

- PiXi =X :
Proof. We have X = Z’;l = E — by definition, so by Theorem
n n

E[X] = Z E[X] = Z“

i=1

2.8.1

— 1 2
By Corollary 2.8.2, Var(X) = Z ?02 -7,
i=1
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Theorem 2.8.A

Theorem 2.8.A

Theorem 2.8.A. Let X1, Xy, ..., X, be independent and identically
distributed random variables W|th common mean  and variance 0. We
have

_ _ 2 nox2 _ X2
EX) = . Var(X) = &, 57 = 2= X0 0

, and E[S?] = o°.

- PiXi =X :
Proof. We have X = Z’;l = E — by definition, so by Theorem
n n

E[X] = Z E[X] = Z“

i=1

2.8.1

_ 1 2
By Corollary 2.8.2, Var(X) = Z —o? = %. The proof that

52 _ 27:1 Xi2 -
n—1

is to be given in Exercise 2.8.1.
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Theorem 2.8.A (continued)

Proof (continued). Finally,

n 2 2
E[S2] - FE [Zi—l Xi nX

n—1

n 21 32
_ Zizl E[/)1<i ] : nE[X] by Theorem 2.1.1

2 42y — nE[X°
_ n(o /;11” [X] since E[X?] = 0% + 2 by Note 1.9.A
2 | 2) (2 2 _ _ —
_ n(o® + p )n _”50 /n+ p) since E(Xz) = Var(X)? + E(X)?

2
_9 2
= - +M

_ (”—1)0'2_ 2

o
n—1 ’

as claimed. ]
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