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Section 1.2. Sets

Note. Ironically, we never formally define a set, but leave it as the intuitive
idea of a “collection” of objects called “elements.” In this section we present
several ideas from “naive” set theory; for a more treatment, see my online notes for
Introduction to Set Theory. We also define some functions on sets. Such functions
will play an important role in the future. We assume a familiarity with sets of real
numbers at the level of Calculus 1 where sets are described using interval notation
or inequalities:

{reR|1<2}={zeR|xell,2)}.

Definition. A set C'is countable if it is either finite or if it has “as many elements”

as there are natural numbers (that is, there is a one to one and onto function from

C to N).

Note. Some infinite countable sets are N, Z, Q, and Q x Q. Surprisingly, there
are uncountable sets! The interval (0, 1) is not countable (see Theorem 1-20 of my

Analysis 1 notes for 1.3. The Completeness Axiom).

Definition 1.2.2. The complement of an event A is the set of all elements in C

which are not in A, denoted A¢. That is, A={x € C |z & A}.

Definition 1.2.2. If each element of set A is also an element of set B, then set A

is a subset of set B, denoted A C Bor B D A. If AC B and B C A then sets A
and B are equal, denoted A = B.


http://faculty.etsu.edu/gardnerr/Set-Theory-Intro/notes.htm
http://faculty.etsu.edu/gardnerr/4217/notes/1-3.pdf
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Definition 1.2.3. Let A and B be events. The union of A and B is the set of all
elements that are in A or in B or in both A and B, denoted AU B.

Definition 1.2.4. Let A and B be events. The intersection of A and B is the set

of all elements that are in both A and B, denoted A N B.

Definition 1.2.5. Let A and B be events. Then A and B are disjointif ANB = &,
where @ denotes the empty set. If A and B are disjoint then A U B is called the
disjoint union, which we denote as A U B (though the text does not use this

notation).

Note. The text illustrates the definitions above definitions with Venn diagrams as

follows:
Panel (a) Panel (b)
@ B
A
A AcB
Panel (c) Panel (d)
A B A B

AUB AMB
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Theorem 1.2.A. For any sets (events) A, B, and C' we have
AN(BUC)=(ANB)U(ANC)and AU(CNC)=(AUB)N(AUCO).

These are the distributive laws.

Theorem 1.2.B. De Morgan’s Laws. For any two sets (events) A and B, we

have

(ANB)¢ = A°UB°and (AU B)" = A°N B
Definition. For sets Ay, Ao, ..., A, define the union and intersection, respectively,
as

AUAU---UA, =U A, ={x |z € A;| forsomeie€{l,2,...,n}},

AlﬂAgﬂ"'ﬂAn:ﬂyzlAi:{x|$€Ai‘ foralliG{l,Q,...,n}}.

For a sequence of sets A;, Ao, ... define the union and intersection, respectively, as
AUAU---=UZ A ={x |z € A;| for someie N},
AlﬂAgﬂ"':ﬂﬁlAi:{$|$€Ai’ fOI'&HiEN}.

More generally, for any collection of set A; where ¢ € I and [ is some indexing set
(finite, countable, or uncountable), define the union and intersection, respectively,
as

UictAi ={x |z € A; | for someie I},

NictA; ={x |z € A; | foralliel}.
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Note. De Morgan’s Laws hold for finite, countable, and arbitrary unions.

Example 1.2.4. Suppose C is the interval of real numbers (0,5). Define C,, =
(1—-1/n,2+1/n) and D, = (1/n,3 — 1/n) for n € N. Then U°,C,, = (0,3),
N> ,C, = [1,2], U2, D, = (0,3), and N2, D,, = (1,2). This example motivates

the following definition.

Definition. A sequence of sets {A,} is monotone nondecreasing (also called
“monotone increasing”) if A, C A,y for n € N. The sequence is monotone
nonincreasing (also called “monotone decreasing”) is A, D A, for n € N. For
monotone nondecreasing sequence {4, } define the limit lim, . A, = U, A,,. For

monotone increasing sequence {A,} define the limit lim,, ., A, = N2, A,.

Definition. A function that maps sets into the real numbers is called a set function.

Example. If f(z) = e then we can define set function F on closed intervals of

real numbers as F'([a,b]) = fab e d.

Note. We will often deal with definite integrals. For A C R and f a real valued
function, we denote the integral of f over A as [ 4 f(x)dx, though we may have
legitimate concerns about the integral existing (or being finite). If A C R x R = R?

then we denote an integral of g : R* — Roas [ [ ,9(z,y) dz dy.



1.2. Sets 5

Example 1.2.7. Let C = N and let A C C. Define the set function

Then

2" o 2)" 1
Qe Z (3) Z (3) 1-2/3
neN 1=0
Let B be the set of off positive integers. Then

a5 () -5 (0" IS0 At

neB 1=0 1=0

Example 1.2.9. Let C = R". for A C C define the set function Q(A) =
[ [ [ dz1dzy---dx,, provided the integral exists (notice this is an integral of

the function 1 so we expect the quantity QQ(A) to be the n-dimensional volume of

A). Let
A={(z1,z9,...,2,) | —< a1 <aand 0 <z; <1forie{23,4,...,n}}.
Then

Q(A):/01/01---‘/01/0$2dx1da:2---dxn:(1)/01 </Ox2da:1> dxs

. 1 1 oy 1
= / (21[5120%) dap = / (22 = 0) dzz = S23[51=0 = 5
0 0

If B={(z1,22,...,2,) | 0< 21 <29 <--- <1, <1} then

1 Tn rs3 x2
Q(B) = / / / / dxy dze -+ - dx,_1 dx,,
o Jo o Jo
1 Tn T3
_ // / (21[1=22) doy -+ d_y dvy
o Jo 0



1.2. Sets 6

/ rodxy -+ -dx,_1dx,
0

I
1 Ty Ty 1
= / / / —a:3d:r:3 ~dx,_1dz,
0o Jo 0
L

1 Ty
0
_ _ 1 n—1 _ 1 n|Tz=1 __ 1
B /o (n — 1)!% Qi = Lynle=o = 0
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