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Section 2.2. Transformations: Bivariate

Random Variables

Note. We now consider transformations of random vectors, say Y = g(X7, X3). We
desire to find the cumulative distribution function of Y. We give several examples,

but state no new theorems.

Note. In the discrete case, let px, x, (%, ¥2) be the joint probability mass function
of discrete random vector (X7, Xo) with support S. Let y1 = wi(x1,22) and yo =
ug (1, x2) define a one-to-one transformation that map S onto some set 7 C R2.
Since U : § — T, where U(z1,22) = (y1,42) = (u1(x1, x2), us(x1,x2)), is one-
to-one then there is an inverse U™! : 7 — & where U~ (y1,12) = (21, 22) =

(w1 (Y1, y2), wa(y1,y2)). The joint probability mass function of (Y7, Y3) is

px, %, (Wi (Y1, y2), wa(y1,y2))  for (y1,y2) € T
vy, (Y1, Y2) =
0 elsewhere.

Example 2.2.1. In a large city, there are two strains of flu, strain A and strain
B. For a given week, let X; and X5 be the respective number of reported cases of

strains A and B with the joint probability mass function

N

Px,.x, (71, x2) = forz; =0,1,2,...,29=0,1,2,,...

3:1!372!
and 0 elsewhere (here, p; and us are some positive real numbers). Now
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Similarly E[X5] = pe. We are interested in the random variable Y = X; + Xo
(the total number of cases of strain A and strain B flue combined in a week). We
have by Theorem 2.1.1 that E[Y}] = E[X) + Xs] = E[Xi| + E[Xs] = p1 + pe. To
illustrate the above note, we need a second random variable Y5. We take Y5 = X5.
Then we have y; = uy(x1,29) = 21 + 2 and yo = ug(z1,22) = w9 and this is a
one-to-one mapping of S to 7 = {(y1,42) | vh = 0,1,2,...,90 = 0,1,2...} with
inverse x1 = wi(y1,y2) = y1 — yo and x9 = wa(Yy1,y2) = y1. So the joint probability
mass function of Y] and Y5 is

T

(y1 — y2)!yo!

vy, (Y v2) = pxy o (wi(yn, y2), wa (Y1, y2) =

fory; =0,1,2,..., 49 =0,1,2,... and 0 elsewhere. The marginal probability mass

function of Yj is then

Y
py, (Y1) = Zpyl,yz(yl, y2) (notice for given y; that y, can be
y2=0
0,1,2,...,y; since 1 = y1 — ¥y2)
Y Yi=Y2 Y2 o= o —pio

_ R
= (=)l
e M i yl! 1—y2 Y2
= H H
1! 70 (y1 — yo2)lypo! ! 2
e H1—H2

= m (1 + p2)?* by the Binomial Theorem.
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Example 2.2.2. Consider an experiment where a point (X3, X5) is chosen at
random from the unit square S = {(x1,22) | 0 < 21 < 1,0 < 29 < 1} according to

the uniform probability density function

1 if0<xr<l,0<zy<1
fX17X2(1'1,$2) =
0 elsewhere.

With Z = X; + X5 we have the cumulative distribution function of Z of (see the

figures below)

0 for z <0
T day day for1 <z<?2
Fz(2) =P(X1 + X5 < 2) = A o {“—Om B
1—/ fx22=_z—x1 drodr, for1 <z <2
\ 1 for 2 <z
( 0 for z <0
) 22 /2 for0 <z <1
1—(2-2)?%/2 for1<z<?2
\ 1 for 2 < z.
X2 X2

forz<1

o
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Since F7, exists for all z, the probability density function for Z is

(

z for0<z<1

fz(z) =< 2—2 for1<z<?2

\ 0 elsewhere.

Note. In using the probability density function fyx, x, to calculate probabilities of
events such as {(x1,2)2 | (z1,22) € A} for A C S, we need to explore substitution in
double integrals. Just as there is a “du” term when we change variables in integrals
of a single variable function, there is a corresponding term in double integrals.
The following discussion is based on my Calculus 3 (MATH 2110) notes on 15.8.
Substitution in Multiple Integrals. Suppose G is a region in the uv-plane that is
transformed onto a region R in the zy-plane that is transformed onto a region R
in the zy-plane by the equations x = g(u,v) and y = h(u,v). For function f(z,y)
defined on R, we can interpret f as a function of v and v as f(g(u,v), h(u,v)) on

G. So we want to relate the double integrals

//Rf(ili,y) dxdy and //Gf(g(uav),h(u,v)) dudv.

But the second integral does not contain the “du” term in it entirety. We see in

Calculus 3 that

//f:z:y da:dy—//f u,v), h(u,v))|J(u,v)| dudv

(the term “|J(u,v)|” represents the absolute value of J(u,v)) where J(u,v) is the

Jacobian defined as

J(u.v) = o(z,y) _ Ox/0u Ox/dv _ Oudy @@.
’ 0(u,v) By /Ou Dy /o Judv  Ovdu



http://faculty.etsu.edu/gardnerr/2110/notes-12e/c15s8.pdf
http://faculty.etsu.edu/gardnerr/2110/notes-12e/c15s8.pdf
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For this to hold, we need g, h, and f to have continuous partial derivatives and
J(u,v) to be 0 only at isolated points. I we relate rectangular coordinates (z,y) to
polar coordinates (u,v) = (r,0) as x = rcos and y = rsin @ then we have

Orcosf]  O[rcosb)

J(u,v) = J(r,0) = a[r(z:na] 6{::19] = (cos ) (rcos) — (—rsinf)(sinf) =r
or 20
and so

//Rf(x’y)dxdy://GﬂTCOSQ»TSin@)rdrdQ

where G is a representation of R in polar coordinates. Notice that this is consistent
with the double integral of a function in polar coordinates, as seen in Calculus 3

(see 15.4. Double Integrals in Polar Form).

Note. Let (X, X3) have continuous joint probability density function fx, x,(x1, z2)
and support S. Let (Y1,Ys) = T(X1, Xo) = (u1(X1, Xo), us(Xq, Xo)) where T is a
one-to-one transformation with continuous partial derivatives of components. Since
T is one-to-one, the inverse T ! exists, say T 1 (y1,v2) = (wi(y1,42), wa(y1,12)) =
(1, 22). Then the Jacobian of T is

aSvl/ayl 8371/ay2 o (9:191 85132 B 8951 81132
Oxo/Jy1 0x2/0Yys Oy1 Oy2  Oya Oy

Let B be any (“nice”) subset of 7 and let A = T~1(B). Then, since T is one-to-one,
P((X1,Xs) € A) = P(T(X1,Xy) € T(A)) = P((Y1,Y2) € B). So

P((Xl,XQ) - A) = //A le’XQ(xl,CL‘Q) d:Cl dﬂ?g

= // Ix,x, (1, o) (T (1, y2)) | J | dyy dyo
T(A)


http://faculty.etsu.edu/gardnerr/2110/notes-12e/c15s4.pdf
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=// Ixy (Wi (y1, y2), wa(y1, y2)) || dyr dys.
B

Since we can take B = 7, then the integrand here must be the probability density
function of (Y7, Y5):

fX1,X2(w1(y17y2)7w2(y17y2>)“]| fOI‘ (yl;yZ) € T
le,Yz(yly y?) =
0 elsewhere.

Example 2.2.5. Let continuous random vector (X7, X3) have the joint probability

density function

1Ox1x% for0<z <z9<1
[x,.x, (21, 22) =
0 elsewhere.

Let Y1 = X;/Xy and Yo = Xo. So y1 = wy(21,22) = x1/29 and yo = us(x1,29) =
xo. Notice that the transformation mapping (z1,x2) — (y1,y2) is one-to-one and
the inverse transformation has components z1 = wi(y1,y2) = y1y2 and = + 2 =

wa(y1,Yy2) = y2. So the Jacobian is

Ox1/0y1 0x1/0ys Yo U1 y
— s = Y92.

63:2/8y1 8:1:2/8y2 0 1

The support S of (z1,22) is 0 < x; < 29 < 1 and this corresponds to the support
T of (Y1,Y2) of 0 < y1yp < yo < 1,0or 0 < y; < 1and 0 <y < 1. So the joint

probability density function of (Y7, Y53) is
vy, y2) = fxx(wi(yr, ya2), walyr, y2)) 1| for (y1,y2) € T

= 10(y192) (y2)*|y2| = 10y1y5 for (y1,42) € 7.
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Note. We can also use moment generating functions to find distributions. We
illustrate this technique by finding a moment generating function and then rec-
ognizing it as the moment generating function of some known distribution—this
works because the moment generating function uniquely determines the cumula-
tive distribution function (see Theorem 1.9.2, the note in these class notes following

Definition 2.1.2, and the comment on page 96 following Definition 2.1.2).

Example 2.2.7. Let continuous random vector (X7, X3) have joint probability

density function

Texp (—852) for 0 < 21 < 00,0 <y < o0

thXz(xl? xQ) -

0 elsewhere.
Define Y = $(X; — X»). The moment generating function of Y is
E[eY] = /OO /OO g(xl,xg)thXQ(:Ul,xg) dxy dxs
_ /OO ooe tor-a)/2 o~ 2 gy g
0 0

:/ _1;1175/2d5151/001—4’321+t/2daj
0 2 0 2

_ (1 =2 e 1 =2 e
21— ¢ o \2T+¢

111
1—tl4+¢t 1—1¢2

(.¢]

0

ifl—t>0and1+1¢>0,orif —1 <t < 1. But by Exercise 1.9.20, we have that
1/(1 — t?) is the moment generating function of the probability density function
f(z) = te7ll —0o < 2 < 0o (called the Laplace distribution). So the probability

density function of Y is also fy(y) = %e"y', —00 < Yy < 00.
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