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Section 2.3. Conditional Distributions and Expectations

Note. We now consider conditional distributions in which a random variable is
assumed to assume a specific value (in the support of that random variable) and
then the distribution of a second random variable is defined by taking into consid-
eration of the value of the first ransom variable. This generalizes the conditional

concept introduced in 1.4. Conditional Probability and Independence.

Note 2.3.A /Definition. Let X; and X, be discrete random variables with joint
probability mass function px, x,(x1, z2) and support S. Let px, (z1) and px,(x2) be
the marginal probability mass functions of X; and X, as defined in Section 2.1. For
x1 in the support Sx, of px,, we have by the definition of conditional probability
(Definition 1.4.1) that

P(X) =21, Xy = 29) _ Px,.x, (21, T2)
P(Xy =m) px, (1)

for all x5 in the support Sy, of X5. Denote this function as

P(X1:x2|X1:x1):

pxl,XQ(xl,@)

Pxyx, (T2 | 21) = for x9 € Sy,.

px, (1)
Notice that px,|x, (22 | #1) > 0 for all 2, € X, and

DPx , X x1,T
Z Pxoix, (22 | 1) = 1 2((;) = = Z Px,.x, (%1, T2)
To€Xo ToE€Xo le 1 le To€Xo

1
= px,(x2) =1,
e (@) (72)

SO Px,|x, (T2 | 1) is in fact a probability mass function called the conditional prob-
ability mass function of Xy given X; = x;. We similarly define for x5 € Sy,

PXx,,X, (5171, xQ)
pX2(x2)

pX1|X2(371 | ) = for all x; € Sx,.
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We may denote these functions as

pX1|X2(3C1 | 96‘2) = p1|2(5171 | $2) and pXQ\Xl(M \ 931) = pzu(ﬂiz,%)-

Note/Definition. Let X; and X, be continuous random variables with joint
probability density function fx, x,(x1,z2) and support S. Let fx, (x1) and fx,(z2)
be the marginal probability density functions as defined in Section 2.1. Motivated

by the discrete case above, for z< X7 with xx, (1) > 0 define

le,XQ(xh 332)

le(xl)

fX2|X1(952 | 1) = f2|1(fE2 | 1) =

We have fx,x, (22 | #1) nonnegative and

/_OO [xox, (2 | 21) = /_OO f&;;((?l,)m) dry = ijx1) /_OO fx,.5, (21, 22) dzo
1

" Tl =t

S0 fx,|x,(®2 | z2) is in fact a probability density function called the conditional
probability density function of Xy given X; = x1. Similarly, for zo € Xy with

f(z9) > 0 we have

le,XQ(ZCh 5172)

fx,(z2)

fxix: (@1 | 22) = fip(wn | 22) =

Note. The conditional probability that a < X5 < b given X; = z; is computed as

b
P(a<X2<b|X1:x1):P(a<X2<b\x1):/ fX2|X1(ZL’2|£U1)d£L’2.
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Definition. If u(X5) is a function of random variable X5 then the conditional

expectation of u(Xsy) given X7 = x; (if it exists) is

(0. 9]

Blu(Xa) | X1 =) = Blu(Xa) [ 1] = [ (o) (o | 20) da

If it exists then E[Xs | 2] is the conditional mean of the conditional distribution
of Xy given X| = 1. It it exists then E[(xo — E[X5 | 21])? | 11] = Var(Xs | 1) is
the conditional variance of the conditional distribution of Xy given X; = x;. We

can similarly define these quantities for X; given Xy = xs.

Example 2.3.1. Let X; and X5 be continuous random variables with joint prob-

ability density function

2 for0<zi<zo<1
fxr, x2) =
0 elsewhere.

The support of f(x1,x9) is:

s s LSS

The marginal probability density functions are

1‘2:1

fX1<SC1) = / f(iCl,ZUQ) dre = / ddry = 2(1 — 3?1) for 0 <z < 1,

2=

T1=X2

fx,(z2) = / f(x1,29) dzy = / 2dr; = 22 for 0 < a9 < 1

1=0
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and each is 0 elsewhere. The conditional probability density function of X; given

Xo=axofor 0 <zg <1is

 fxx(r,xe) 20
le‘Xz(xl ‘ ‘TQ) - fXQ(xQ) — 21'2 — x2'

The conditional mean of X; given Xy = x5 is

[e%¢) T2 1
E[X; | x9] :/ T1fx,x, (21 | 22) dog :/ T dxq
—00 0 2
1 /1, o 1.5\
R i = = f{ 1
5 (2(x2) 2(O) ) , for 0 < a9 <1,
so the conditional variance of X given X, is
Var(Xy | 22) = E[(X1 — E[Xy | 21])’] = / (561 - 32) fxx, (21 | 22) dy
Ty 2 1 T2 .2 2 4
_ / (x1 _ ﬁ) (_) diy = / x} — x1T9 + 75/ dr,
0 2 ) 0 T2
1 /1 1 1 2
- <§x;’—§a}§—|—4x§’) zl—éfor0<x2< 1.
Also,
1 3 1/2 3
PlOo<Xi<-|Xo=-)]= - d
et ed) <[ "o 2)

V2 4 /(1 2
pumm _— d = — _ 0 = —.
/0 3/4°1 7 3 (2 ) 3
(We can use the marginal distribution fx, (x1) to find that P(0 < X; < 1/2) = 3/4,

so the value of Xy affects probabilities of the value of Xj.)

Note. In the previous example, we have P(X; = 3/4) = 0 since X5 is a contin-
uous, so in computing P(0 < X; < 1/2 | Xy = 3/4) we have conditioned on a

probability 0 event, and yet the conditional probability is still defined!
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Theorem 2.3.1. Let (X7, X3) be a random vector such that the variance of X5 is
finite. Then

(a) F[E[X, | Xi]] = F[X5)], and

(b) Var([E[Xs | Xq]) < Var(Xs).

Note. The book comments (see page 115) that, since the mean of both X, and
E[X, | X1] is pe, if we wish to approximate us then because Var(Xsy) > Var(E[X) |
X1]) then we can put more “reliance” on estimates of E[X; | X5 to guess the

unknown fs.
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