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Section 2.6. Extension to Several Random Variables

Note. We extend the ideas from this chapter concerning two random variables to

more than two (though a finite number) of random variables.

Definition 2.6.1. Consider a random experiment with the sample space C. Let
the random variable X; assign to each element ¢ € C one and only one real number
Xi(c) =x; for i = 1,2,...,n. Then (X1, Xs,...,X,,) is an n-dimensional random

vector. The space (or range) of this random vector is the set of ordered n-tuples

D ={(x1,29,...,2,) | x1 = X1(c), 20 = Xo(¢), ..., 2, = X,(c) and = € C}.

Note/Definition. As in the case of a vector with two entries, we denote the trans-
pose of of row vector (X1, Xo, ..., X,) as the column vector X = (X1, Xo, ..., X,,) =
(X1, Xo,..., X,)T and we let x = (21, 29,...,2,) = (21, 22,...,2,)7. As with two

random variables, the joint cumulative density function is
FX(X) = P(Xl < xlyXQ < T2, ... 7XTL < xn)

In the discrete case we have

Fx(x) = Z Z Z p(wy, wa, ..., wy,)

X1<x1 Xo<wo Xn<wzy,

and in the continuous case

Fx(X):/ / / /f(wl,wg,...,wn)dwn--~dw2dw1
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where p is the probability mass function and f is the probability density functions.
In the continuous case we have by Proposition IV.2.1 of my Complex Analysis notes

on IV.2. Power Series Representations of Analytic Functions (which requires the

an 44
Oz Oxs - - - 01y [Fx(x)] = f(x) “except

possibly on points that have probability zero” (that is, almost everywhere).

integrand to have first partial derivatives)

Definition. For a discrete random vector, the support is all points in space D that
have positive mass (i.e., positive probability). For a continuous random vector,
the support is all points in D that can be embedded in an open set of positive

probability. The support of a random vector is denoted S.

Example 2.6.1. Let

—(z4y+2)

e for 0 < z,y,2 < o0

flx,y,2) =

0 elsewhere

be the probability density function of the random variables X, Y, and Z. Then

the cumulative distribution function is

x Y z
F(x,y,z):P(ng,YSy,ZSz):/ / / f(u, v, w) dudv dw

T Yy oz

:/ //e(“Jr“w)dudwdw:(l—em)(l—ey)(l—ez) for 0 < z,y, 2z < 0.
o Jo Jo
83

Notice ————
omee Ox 0y 0z

[F(z,y,2)] = f(z,y, ), as expected.


http://faculty.etsu.edu/gardnerr/5510/notes/IV-2.pdf
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Definition. Let (X3, X5, ..., X,,) be arandom variable and let Y = u(X1, X5, ..., X},)

for some measurable function w. If

o0 (0.9] (0.9]
/ / / lu(xy, xo, ... x| f(T1, 29, ..., xy) dey das - -+ dxy, < 00
—0o0 —0o0 —0o0

for continuous random variables then the expected value of Y is

E[Y]:/ / / \u(zy, o,y ..oy x0)| f(x1, oy . oy dzy dg - -+ - dxyy.

If
>3 Yl wa o w)lplan wa o 2) < o
X1 To Tn

is finite for discrete random variables then the expected value of Y is

E[Y] :ZZ---Zy(ml,xg,...,xn)f(xl,a:Q,...,xn).

Note. As in the case of two random variables, the expectation operator is linear

here as well.

Definition. For continuous random variables X7, Xo, ..., X,, with joint probability

density function f(xz1, 9, ..., x,), the marginal probability density function of X; is

fi(llfi):/ / / f(x1,22,.. . ay) dorday - - - day,.

The marginal probability mass function of X; is similarly defined for discrete ran-

dom variables.
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Note. With several random variables we can also define the marginal probability
density function of some subset of the random variables by integrating out the

other random variables.

Definition. For random variables X7, X,,..., X,, with joint probability density
function f(z1,xs,...,x,), with fi(z;) > 0 we have the joint conditional probability

density function of X1, Xo, ..., X;_1, X;11,..., X, given X; = x; is

flzy,29,..., 2
f1,2,...,i—1,i+1,...,n\z‘(551,5172, cos Lim1y Ligdy - o5 T ’ xl) B ( 7fi(’l’z') | n)

Note 2.6.A. We can similarly define a joint conditional probability density func-
tion given the values of several of the variables by dividing the joint probability
density function f(z1,xs,...,x,) by the marginal probability density function of
the particular given group of variables. For example, if f(x1,x9,...,x,) is the
joint probability density function for X, X5, X3, X4 then the marginal probability
density function of X7, Xs is

fsa(xs, x4) =/ / f(x1, x2, w3, 24) dxy dg

and the joint conditional probability density function of X7, X5 given X3 = z3 and

X4 = T4 18
f($1,$2,$3,x4)
fza(ws, vq)

f1,2|3,4(3:1a 332) =



2.6. Extension to Several Random Variables 5

Definition. Let X1, Xs, ..., X, be continuous random variables and let u(x1, xo, . . .,

Ti_1,Ti+1,-..2;) be a measurable function. The conditional expectation of u(xy, xs,

T 1, Titl, .-, Tp) given X; = x; is
[ (X17X27-- Xz 17Xz+1>--- ) | xz]
/ / / Il,Q?Q,.. s Li— 1, Ljady e ey )X
f1,2,...,z’—1,z'+1,...,n(361, Loy eo ey Xj—1y Ljgly - ,l’n) drydzy - - - dr; d$i+1 e dxy,

provided f(x;) > 0 and the integral converges absolutely (i.e., the integral is
absolutely integrable). We can similarly define the conditional expectation of
W1, T2, ooy Tty Tigds -« - Tjm1, Tjg1, - - -, Tp) given X; = 2; and X; = x; (and
we can also define related conditional expectations given values of several X;’s).
These ideas can be similarly defined for discrete random variables by replacing the
integrals with sums and the probability density functions replaced with probability

mass functions.

Definition. Let the continuous random variables Xi, X, ..., X,, have the joint
probability density function f(x1,xs,...,%,) and the marginal probability density
functions fi(x1), fo(x2), ..., x,(x,). The random variables are mutually indepen-
dent if f(x1,x9,...,2,) = fi(x1) fo(x2) -+ - fulzy,). In the discrete case, the random

variables are mutually independent if p(z1, o, ..., x,) = p1(x1)p2(x2) - - Pu(xy).

Note 2.6.B. In Theorem 2.4.4, we saw that for two independent random variables,

the expectation of the product is the product of expectations, Elu(X;)v(Xs)] =
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Elu(z1)]Ev(Xs)]. Similarly, if random variables Xi, Xs, ..., X, are mutually in-
dependent and if Ffu;(X;)] exists for i = 1,2,...,n then

Eluy(X1)ua(X2) - - un(Xn)] = Elur(X1)]Eluz(X2)] - - Elun(X,)]

or

Definition. Let X1, X5, ..., X, be random variables and suppose that E[exp(t; X1+
toXo 4+ -+ 1,X,)] exists for —h; < t; < h; for some positive h; where i = 1,2,...,n.
Then this expectation is the moment generating function of the joint distribution

of the random variables and is denoted:

M(ty,ts, ..., t,) = Elexp(t1 X1 + toXo + - -+ + 1, X,,)] or Mx(t) = Elexp(t'X)].

Note 2.6.C. As in the case of a moment generating function for the distribution
of a single random variable (see Theorem 1.9.2), the moment generating func-
tion of the joint distribution of Xi, Xs,...,X,, uniquely determines the distribu-
tion of the random vector (X3, Xo,...,X,). Also, a moment generating function
of the marginal distributions of X; is M(0,...,0,¢,0,...,0) for i = 1,2,...,n,
the moment generating function of the marginal distribution of X; and X; is
M(0,...,0,t,0,...,0,¢,0,...,0) and so forth, similar to the case of two random
variables (see Note 2.1.D). In addition, we can generalize Theorem 2.4.5 (which
states that the independence of two random variables X; and X5 are independent

if and only if the joint moment generating function M (ty,%s) is identically equal
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to the product of the marginal moment generating functions M (¢y,0)M (0, t5)) us-
ing mathematical induction to show this equivalence between independence and
expressing the joint moment generating function as the product of the marginal
moment generating functions holds for any finite number of random variables. So

if X1, X, ..., X, are independent if and only if

M(ty, ty, ... ty) = [ [ M(0,0,...,0,¢,0,...,0).
=1

Note. We can find the moment generating function of a linear combination of

random variables, as given in the following theorem.

Theorem 2.6.1. Suppose X1, Xs,..., X, are n mutually independent random
variables. Suppose the Moment generating function for x; is M;(t) for —j; < t < h;
where h; > 0, for i = 1,2,...,n. Let T = Y I kX; where ky,ko,..., k, are

constants. Then 7' has the moment generating function given by

My (i) = | [ Mi(kit) for — min {h;} <t < min {h;}.

1<i<n T 1<i<n

Exercise 2.6.2. Let X;, X5, X3 be random variables with joint probability density
function f(x1, 9, 23) = exp(—(x1 + 22+ x3)) for 9 < ;1 < 00, 0 < 29 < 00, 0 <

r3 < 00, and 0 elsewhere. (a) Compute P(X; < Xo < X3) and P(X; = X5 < X3).

Solution. For X; < X, < X3, we consider the following sets in the coordinate

planes and R3:
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X> X3 X3: ___________ s
: ,’,/ : ,’/ /l : /',
: p : 4 "
I // : /// l/ ,’,:
: : Y X=X
E X=X i X=X y ! X,
| ,/ | ,/ : L
: ,// : /// : P
17 17 1 //
- Xy i Xz o
x
We have
0 I3 )
P(X1 < X2 < Xg) = / / / f(xl,xg,xg)dasl dl’g dxg
-0 J —00 J —00
T1=T9
/ / / —(@1t22ts) del dx2 dﬂ?g = / / —(z14z2+23) dxz dﬂ?g
.%‘1:0
T2=T3
/ / —(2w2+13) + e —(z2+w3) de dﬂ?g — / _e —(2z9+w3) _ e—($2+x3) d:l?g
0 2 1’2:0

—3z —2x 1 - - > 1 —3z —2z 1 —T
= e S —e " — —e B H e Bdry = —e " —e " 4+ —e B dxs
0o 2 2 0

2 2
=1 5. 1 5 1 Fameo -1 1 1 1
— - €T - 3 T - —0— [ — ) ==
(6e T3 2" )|l 6 "272) 756
For X; = X, < X3, we consider the following set in R3:
X3
S
Xl—);;\‘\\g

So we similarly have

P(Xl = XQ < Xg) = / / f(:]fl,.fb'g,xg) d:Cl d.CEQ dSCg
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/ / / —(@1t22ts) diL‘l dZCQ d.fl?g / / 0 dCL‘Q d&Ug = 0.

(b) Determine the joint moment generating function of Xj, X, and X3. Are

these random variables independent?

Solution. The moment generating function of the joint distribution of X7, Xo, X3
is by definition
M(tl, tz, tg) = E[exp(t1X1 + tQXQ + tQXS)]

et1x1+t2x2+t3x3e—($1+$2+x3) dgjl dajg d:l?g

g
P
g 8
I
g 8

/ / et Dart(te=Dzotts=1)es go- oo g
o Jo

|
_ / / L tta eV g g if 4y £ 1
o Jo ti—1 2120
O o0 1
— / / —6(t2—1)x2+(t3—1)x3 dzo dl’g if t1 <1
0 1 (ty—1)xo+(ts—1) e
— [ 27112 3743 dx lft 1
/0 (1—1t1)(ta — 1) 290 e
— /OO ! elts=1)7s drs if ty < 1
o (t1—1)(ta—1)
1 T3=00
_ (ts—1)zs if t5 # 1
e 1T T3
(I —t)(1 —ta)(ts — 1) 230
1 )

(1 —1t1)(1 —t2)(1 — t3)
and notice that this holds (and is positive) for ¢; < 1, t; < 1, and t3 < 1 (so that
we can take hy = hy = hy = 1).

To check independence, we have the marginal probability density functions

xl / / f 1,9, 5133 d.CUQ d.fg / / —(#1tz2t7s) dﬂfg dxg
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o0
— / _e—($1+$2+1’3)
0

— o (@1tw2) g =04+e ="

To2=00

dxs = / 0+ e~ ®1173) goq
0

.172:0

and similarly fo(x + 2) = e72, and f3(x3) = e *3. Since

$1+$2+.’173) =

e e = fi(xq) fo(we) f3(x3)

f(xla 562,33'3) = 6_(

then be definition X7, X5, X3 are mutually independent.

Note. A finite collection of random variables X, Xs,..., X, can be “pairwise
independent” (i.e., X; and X; are independent for any distinct ¢ and j) but not
mutually independent. In Remark 2.6.1, the text gives an example which they
attribute to Sergei N. Bernstein (March 5, 1880—October 26, 1968). Let X7, X5, X3

have the joint probability mass function

1/4 if (xla L2, x3) € {(17 07 0)7 <07 17 0)7 (07 07 1)7 (17 17 1)}
p(33173327x3) —
0  elsewhere.

For ¢ # j, the joint probability mass function of X; and X; (obtained from p by

summing over Xj where i # k # j) is

1/4 if (xia xj) < {(07 0)7 (17 0)7 (07 1)7 (17 1)}

0  elsewhere,

pij(wi, ;) =

whereas the marginal probability mass function of X; (obtained from p;; be sum-

ming over j) is
1/2 if x; € {0,1}
pz(SUz) =
0 elsewhere.
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Since for i # 7, pij(xi, x;) = pi(z;)pj(z;) (since 1/4 = (1/2)(1/2)) then X; and X
are independent and so X1, X, X3 are pairwise independent. However, p(x1, z9, x3) #

p1(z1)p2(x2)ps(x3) since, for example, p(1,1,1) = 1/4 but p1(1)p2(1)ps(1) = 1/8.

So X1, X9, X3 are not mutually independent.

Note. By convention, the text will usually simply stated that random variables
are “independent” when they maean that the random variables are mutually inde-

pendent (so the term takes on a stronger meaning than pairwise independent).

Definition. If random variables X7, X, ..., X,, are mutually independent and
have each has the same probability density/mass distribution then the random

variables are independent and identically distributed (abbreviated idd).

Note. The proof of the next result (a corollary to Theorem 2.6.1) is to be given

in Exercise 2.6.8.

Corollary 2.6.1. Suppose X1, Xo,..., X, are independent and identically dis-
tributed random variables with common moment generating function M(t) for
—h <t < h, where h > 0. Let T'=>_" | X;. Then T has the moment generating
function given by Mp(t) = (M(t))" for —h <t < h.
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Note. The remainder of this section is declared optional by Hogg, McKean, Craig
(since it requires matrix algebral). We want to extend the idea of covariance for

two random variables (defined in Section 2.5) to several random variables.

Definition. Let X7, X5, ..., X, be random variables and let X = (X7, Xy,..., X)) =
(X1, Xo,..., X,)T. We define the expectation of X as

E[X] - (E(Xl)aE(XQ)a - 7E(Xn))/ - (E(XI)JE(XQ)v . 7E(Xn))T

For a set of random variables {X;; | 1 < i < m,1 < j < m}, define the m x n
random matric W = [W;;] and the expectation of random matrix W as the m x n

matrix E[W| = E(X;;)].

Theorem 2.6.2. Let V and W be m x n matrices of random variables, let A and

C be k x m matrices of constants, and let B be an n x £ matrix of constants. Then
E[AV +CW| = AE[V]+ CE[W]| and E[AWB] = AE[E|B; that is, F is a linear

operator on matrices of random variables.

Definition. Let X7, Xs,..., X, be random variables, let X = (X1, Xs,..., X)) =
(X1, Xa,..., X,)T, and suppose 07 = Var(;) < oo for i = 1,2,...,n. The mean of

X is u = E[X]. The variance-covariance matriz is
Cov(X) = E[(X — p)(X — p)'] = E[(X — p)(X = p)"] = [0,

where o;; denotes o?.
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Theorem 2.6.3. Let X = (X1, Xo,..., X,,) = (X1, Xs, ..., X,,)T be an n-dimensional
random vector, such that o7 = o;; = Var(X;) < co. Let A be an m X n matrix of

constants. Then Cov(X) = F[XX'] = pp’ and Cov(AX) = ACov(X)A’.

Definition. An n x n matrix A is positive semi-definite if for all (column) vectors

a € R" we have the scalar quantity a’Cov(X)a = a’ Cov(X)a > 0.

Corollary 2.6.A. All variance-covariance matrices are positive semi-definite.
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