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Theorem 18.8

Theorem 18.8

Theorem 18.8. If R is a ring with additive identity 0, then for all a, b ∈ R
we have

1. 0a = a0 = 0,

2. a (−b) = (−a) b = − (ab), and

3. (−a) (−b) = ab.

Proof. First, let a ∈ R. Then a0 + a0 = a (0+), by R3, = a0 = 0 + 0a
since 0 is the additive identity. Using left cancellation in 〈R,+〉, a0 = 0.
Using R3 and left cancellation 0a + 0a = (0 + 0) a = 0a = 0 + 0a and so
0a = 0. So (1) holds.
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Theorem 18.8

Theorem 18.8 (continued)

Theorem. 18.8. If R is a ring with additive identity 0, then for all
a, b ∈ R we have

1. 0a = a0 = 0,

2. a (−b) = (−a) b = − (ab), and

3. (−a) (−b) = ab.

Proof (continued). Second, let a, b ∈ R. By R3

a (−b) + ab = a (−b + b) = a0 = 0 by (1). So ab is the additive inverse
of a (−b): a (−b) = − (ab). Similarly, (−a) b + ab = (−a + a) b = 0b = 0
and (−a) b = − (ab). So (2) holds.

Third let a, b ∈ R. Then by (2) (−a) (−b) = − (a (−b)) = − (− (ab)).
That is, (−a) (−b) is the additive inverse of − (ab). But ab is also an
additive inverse of − (ab) and since additive inverse are unique in 〈R,+〉
(Theorem 4.17), then (−a) (−b) = ab. So (3) holds.
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Example

Example

Example. Find the units of Z8.

Solution. The units are: 1 since 1 · 1 = 1, 3 since 3 · 3 = 9 ≡ 1 (mod 8),
5 since 5 · 5 = 25 ≡ 1 (mod 8), and 7 since 7× 7 = 49 ≡ 1 (mod 8).
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