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Theorem 22.2

Theorem 22.2

Theorem 22.2. The set R [x ] of all polynomials in an indeterminate x
with coefficients in a ring R is a ring under polynomial addition and
multiplication as defined above. If R is commutative, then so is R [x ], and
if R has units 1 6= 0, then 1 (a constant polynomial) is also unity for R [x ].

Proof. Since 〈R,+〉 is an abelian group, then 〈R [x ] ,+〉 is an abelian
group since cn = an + bn = bn + an (R1). For associativity of

multiplication, let f (x) , g (x) , h (x) ∈ R [x ] such that f (x) =
∞∑
i=0

aix
i ,

g (x) =
∞∑
j=0

bjx
j , and h (x) =

∞∑
h=0

ckxk . Then

(f (x) · g (x)) · h (x) =

( ∞∑
n=0

aix
i

)
·

 ∞∑
j=0

bjx
j

 ·( ∞∑
k=0

ckxk

)

() Introduction to Modern Algebra July 14, 2023 3 / 11



Theorem 22.2

Theorem 22.2

Theorem 22.2. The set R [x ] of all polynomials in an indeterminate x
with coefficients in a ring R is a ring under polynomial addition and
multiplication as defined above. If R is commutative, then so is R [x ], and
if R has units 1 6= 0, then 1 (a constant polynomial) is also unity for R [x ].

Proof. Since 〈R,+〉 is an abelian group, then 〈R [x ] ,+〉 is an abelian
group since cn = an + bn = bn + an (R1). For associativity of

multiplication, let f (x) , g (x) , h (x) ∈ R [x ] such that f (x) =
∞∑
i=0

aix
i ,

g (x) =
∞∑
j=0

bjx
j , and h (x) =

∞∑
h=0

ckxk . Then

(f (x) · g (x)) · h (x) =

( ∞∑
n=0

aix
i

)
·

 ∞∑
j=0

bjx
j

 ·( ∞∑
k=0

ckxk

)

() Introduction to Modern Algebra July 14, 2023 3 / 11



Theorem 22.2

Theorem 22.2 (continued 1)

Proof (continued).

=

[ ∞∑
n=0

( ∞∑
i=0

aibn−i

)
xn

]
·

( ∞∑
k=0

ckxk

)

=
∞∑

s=0

[
s∑

n=0

(
n∑

i=0

aibn−i

)
cs−n

]
x s

=
∞∑

s=0

 ∑
i+j+k=s

aibjck

 x s since (i) + (n − i) + (s − n) = s

=
∞∑

s=0

 s∑
m=0

as−m

 m∑
j=0

bjcm−j

 x s since (s −m) + (j) + (m − j) = s

=

( ∞∑
i=0

aix
i

)
·

[ ∞∑
m=0

( ∞∑
k=0

bjcm−j

)
xm

]
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Theorem 22.2

Theorem 22.2 (continued 2)

Proof (continued).

=

( ∞∑
i=0

aix
i

)
·

 ∞∑
j=0

bjx
j

( ∞∑
k=0

ckxk

) = f (x) · (g (x) · h (x))

and R2 holds. Now for the distribution laws. With the notation above,

f (x) · (g (x) + h (x)) =

( ∞∑
i=0

aix
i

)
·

 ∞∑
j=0

bjx
j

+

( ∞∑
k=0

akxk

)

=

( ∞∑
i=0

aix
i

) ∞∑
j=0

(bj + cj) x j

 =
∞∑

n=0

(
n∑

i=0

ai (bn−i + cn−i )

)
xn

=
∞∑

n=0

(
n∑

i=0

(aibn−i + aicn−i )

)
xn
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Theorem 22.2 (continued 2)

Proof (continued).
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Theorem 22.2

Theorem 22.2 (continued 3)

Proof (continued).

=
∞∑

n=0

[(
n∑

i=0

aibn−i

)
+

(
n∑

i=0

aicn−i

)]
xn

=
∞∑

n=0

(
n∑

i=0

aibn−i

)
xn +

∞∑
n=0

( ∞∑
i=0

aicn−i

)
xn

=

( ∞∑
i=0

aix
i

) ∞∑
j=0

bjx
j

+

(
n∑

i=0

aix
i

)( ∞∑
n=0

cnx
n

)
= f (x) · g (x) + f (x) · h (x) 0.

Similarly,

(f (x) + g (x)) · h (x) =

( ∞∑
i=0

aix
i

)
+

 ∞∑
j=0

bjx
j

 ·( ∞∑
n=0

cnx
n

)
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Theorem 22.2

Theorem 22.2 (continued 3)

Proof (continued).
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Theorem 22.2

Theorem 22.2 (continued 4)
Proof (continued).

=

( ∞∑
n=0

(ai + bi ) x i

)
·

( ∞∑
n=0

cjx
j

)
=

∞∑
n=0

(
n∑

i=0

(ai + bi ) cn−i

)
xn

=
∞∑

n=0

( ∞∑
i=0

(aicn−i + bicn−i )

)
xn

=
∞∑

n=0

[( ∞∑
i=0

aicn−i

)
+

(
n∑

i=0

bicn−i

)]
xn

=
∞∑

n=0

( ∞∑
i=0

aicn−i

)
xn +

∞∑
n=0

(
n∑

i=0

bicn−i

)
xn

=

( ∞∑
i=0

aix
n

)( ∞∑
n=0

cnx
n

)
+

 ∞∑
j=0

bjx
j

( ∞∑
n=0

cnx
n

)
= f (x) · h (x) + g (x) · h (x) .
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Theorem 22.2

Theorem 22.2 (continued 5)

Proof (continued). So the left and right distribution laws hold (R3) and
R [x ] is a ring, A claimed. If R is commutative, then

f (x) · g (x) =

( ∞∑
i=0

aix
i

)
·

 ∞∑
j=0

bjx
j

 =
∞∑

n=0

(
n∑

i=1

aibn−i

)
xn

=
∞∑

n=0

(
n∑

i=1

bn−iai

)
xn =

∞∑
n=0

(
n∑

i=1

bian−i

)
xn

=

 ∞∑
j=0

bjx
j

 ·

( ∞∑
i=1

aix
i

)
= g (x) · f (x)

and R [x ] is commutative, as claimed.
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Theorem 22.2

Theorem 22.2 (continued 6).

Proof (continued). If 1 6= 0 is unity in R [x ], then

1 · g (x) =

(
n∑

i=0

aix
i

)
·

 ∞∑
j=0

bjx
j

 where a0 = 1, ai = 0for i ∈ N

=
∞∑

n=0

(
n∑

i=0

aibn−i

)
xn =

∞∑
n=0

(a0bn) xn

=
∞∑

n=0

(1bn) xn =
∞∑

n=0

bnx
n = g (x) ,

and similarly g (x) · 1 = g (x). So the constant polynomial 1 ∈ R [x ] is
unity in R [x ], as claimed.
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Theorem 22.4 The Evaluation Homomorphism for Field Theory.

Theorem 22.4 The Evaluation Homomorphism for Field
Theory.

Theorem 22.4. The Evaluation Homomorphism for Field Theory.
Let F be a subfield of a field E , let α ∈ E , and let x be an indeterminate.
The map ϕα : F [x ] → E defined by
ϕα

(
a0 + a1x + a2x

2 + · · ·+ anx
n
)

= a0 + a1α + a2α
2 + · · ·+ anα

n where
a0 + a1x + a2x

2 + · · ·+ anx
n ∈ F [x ] is a homomorphism of F [x ] into E .

Also, ϕα (x) = α, and ϕα maps F isomorphically by the identity map; that
is, ϕα = a for a ∈ F . The homomorphism ϕα is the evaluation at α.

Proof. Let f (x) , g (x) , h (x) ∈ F [x ] where
f (x) = a0 + a1x + a2x

2 + · · ·+ anx
n,

g (x) = b0 + b1x + b2x
2 + · · ·+ bmxm, and

h (x) = f (x) + g (x) = c0 + c1x + c2x
2 + · · ·+ crx

r where ci = ai + bi for
all i , and r = max {n,m}.
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Theorem 22.4 The Evaluation Homomorphism for Field Theory.

Theorem 22.4 (continued).

Proof (continued). Then
ϕα = (f (x) + g (x)) = ϕα (h (x)) = c0 + c1α + c2α

2 + · · · crα
r and

ϕα (f (x)) + ϕα (g (x)) =
(
a0 + a1α + a2α

2 + · · ·+ anα
n
)

=
(a0 + b0) + (a1 + b1) α + (a2 + b2) α2 + · · ·+ (ar + br ) αr =
c0 + c1α + c2α

2 + · · ·+ crα
r = ϕα (h (x)) = ϕα (f (x) + g (x)). Suppose

f (x) g (x) = d0 + d1x + d2x
2 + · · ·+ dsx

s where dj =

j∑
i=0

aibj−1. Then

ϕα (f (x) g (x)) = d0 + d1α + d2α
2 + · · ·+ dsα

s , where s = m + n, and
ϕα (f (x))ϕα (g (x)) =(
a0 + a1α + a2α

2 + · · ·+ anα
n
)
·
(
b0 + b1α + b2α

2 + · · ·+ bmαm
)

=
d0 + d1α + d2α

2 + · · ·+ dsα
s = ϕα (ϕ (x) g (x)). So ϕα is a

homomorphism, as claimed.

By the definition of ϕα, we have ϕα (x) = x and for constant polynomial
a ∈ F [x ], ϕα (a) = a for all a ∈ F (since F is the set of constant
polynomials in F [x ]).
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Theorem 22.4 The Evaluation Homomorphism for Field Theory.

Theorem 22.4 (continued).
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Theorem 22.4 The Evaluation Homomorphism for Field Theory.

Theorem 22.4 (continued).
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