Introduction to Modern Algebra

Part IV. Rings and Fields
IV.22. Rings of Polynomials
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Theorem 22.2

Theorem 22.2

Theorem 22.2. The set R [x] of all polynomials in an indeterminate x
with coefficients in a ring R is a ring under polynomial addition and
multiplication as defined above. If R is commutative, then so is R [x], and
if R has units 1 # 0, then 1 (a constant polynomial) is also unity for R [x].
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Theorem 22.2

Theorem 22.2. The set R [x] of all polynomials in an indeterminate x
with coefficients in a ring R is a ring under polynomial addition and
multiplication as defined above. If R is commutative, then so is R [x], and
if R has units 1 # 0, then 1 (a constant polynomial) is also unity for R [x].

Proof. Since (R,+) is an abelian group, then (R [x],+) is an abelian
group since ¢, = ap + by, = by, + a, (R1). For associativity of

multiplication, let f (x),g (x),h(x) € R[x] such that f (x) = Za;xi,

be and h(x chx Then
(F () £ () h(x) = (Zax)- S by .<ZCka>
j=0 k=0
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Theorem 22.2 (continued 1)

Proof (continued).

<[5 e )] ()

s (Z;a;bn/) cs,,] x

0 Ln=0

«
Il

Z ajbjci | x° since (i)+(n—i)+(s—n)=s
i+j+k=s

1M 10

o

Z as—m ijcm,j x*since (s—m)+(j)+(m—j)=s
s m=0 j=0

() (£ )
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Theorem 22.2 (continued 2)

Proof (continued).

_ (z) S by (chxk> — F(x)- (g (x) - h(x))
i=0 j=0 k=0

and R, holds.
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Theorem 22.2 (continued 2)

Proof (continued).

(Z) S by (chxk> = () (g () h(x)
i=0 j=0 k=0

and Ry holds. Now for the distribution laws. With the notation above,

f(x)-(g(x)+ h(x)) <Za x> . ijxj + (Zakxk>

= <Zax>(1§;b+cj )i(oa bn—i + cn- ,))X”

= Z (Z (a,-b,,_,- + a,-c,,_,-)> x"

n=0 \/j=0
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Theorem 22.2 (continued 3)

Proof (continued).

= % [(i;a,-b,,,-) + <§aic;i>] x
=2 (Za,-b,,,-) X" + 2 (Z:Z‘) a,-cn,-> x

- ( a,x) (Zb XJ) - <§a;xi) (iu)

= f(x)-g(x)+f(x) h(x)O0.
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Theorem 22.2 (continued 3)

Proof (continued).

- >

Similarly,

(F(x)+g(x))-h(x) = [(Za;x’) + (ijxf)] . (Zc,,x”)
i=0 j=0 n=0
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Theorem 22.2 (continued 4)

Proof (continued).

o0

(Z (ai + b)) = i

n=0

X") ~ (Z)
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Theorem 22.2 (continued 5)

Proof (continued). So the left and right distribution laws hold (R3) and
R [x] is a ring, A claimed.
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Theorem 22.2 (continued 5)

Proof (continued). So the left and right distribution laws hold (R3) and
R [x] is a ring, A claimed. If R is commutative, then

f(X) g(X) = (Zaixi) ’ ijxj = Z (Zal n— /)
i=0 j=0 n=0
- S =Z( '>

oo [e.e]
- (o] (o) s
j=0 i=1
and R [x] is commutative, as claimed.
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Theorem 22.2 (continued 6).

Proof (continued). If 1 # 0 is unity in R[x], then
l-g(x) = (Za,-x’) . ijxj where ag = 1,a3; = Ofor i € N
i—0 j=0

= Z (Za;bn_,) x" = Z (aob,,) x"
i=0

n=0 n=0

I
M8

(1by) x" = anx" =g(x),
n=0

Il
o

n

and similarly g (x) - 1 = g (x). So the constant polynomial 1 € R [x] is
unity in R[x], as claimed. O
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Theorem 22.4 The Evaluation Homomorphism for Field Theory.

Theorem 22.4 The Evaluation Homomorphism for Field
Theory.

Theorem 22.4. The Evaluation Homomorphism for Field Theory.
Let F be a subfield of a field E, let o € E, and let x be an indeterminate.
The map @, : F [x] — E defined by

Vo (ag +aix+axi4-+ a,,x") = ag + aja + apa® + - - - + a,a” where
a0 + a1x + apx® + -+ - + a,x" € F [x] is a homomorphism of F [x] into E.
Also, ¢4 (x) = «, and ¢, maps F isomorphically by the identity map; that
iS, o = a for a € F. The homomorphism ¢, is the evaluation at «.
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Theorem 22.4 The Evaluation Homomorphism for Field Theory.

Theorem 22.4 The Evaluation Homomorphism for Field
Theory.

Theorem 22.4. The Evaluation Homomorphism for Field Theory.
Let F be a subfield of a field E, let o € E, and let x be an indeterminate.
The map @, : F [x] — E defined by

Vo (ag +aix+axi4-+ a,,x") = ag + aja + apa® + - - - + a,a” where
a0 + a1x + apx® + -+ - + a,x" € F [x] is a homomorphism of F [x] into E.
Also, ¢4 (x) = «, and ¢, maps F isomorphically by the identity map; that
iS, o = a for a € F. The homomorphism ¢, is the evaluation at «.

Proof. Let f (x),g (x),h(x) € F[x] where
f(X):30+81X+32x2+...+anxn,
g(X): b0+b1X—|—b2x2_|_..._|_mem, and

h(x)=f(x)+g(x)=co+ cix+ cox?+ -+ c,x" where ¢; = a; + b; for
all i, and r = max{n, m}.
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Theorem 22.4 (continued).

Proof (continued). Then

Yo = (F(xX) + g (%)) = va (h(x)) = co + cra + cea® + - -- c,a” and
Pa (f (%)) + ¢a (g (x)) = (ao+a1a+aza2+ -+ apa) =
(ao+bo)+(31+b1)0¢+(32+b2)04 +-- 4 (ar+ b)) =

0 + 1+ 0a® + -+ g’ = o (h(x)) = ga (f (x) + £ (x)).
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Theorem 22.4 (continued).

Proof (continued). Then

Yo = (F(x) +g(x)) = ¢a (h ())—Co+c1a+62a2+---c,a’and

Pa (f (x)) + ¢a (g (x)) = (a0 + a1 + @20% + -+ + apa”) =

(a0 + bo) + (a1 + b1) a + (a2 + bp) a? + - —i—(ar—i-br)o/—

o+ cra+ a4+ caf = g (h(x)) = pa (f (x) + g (x)). Suppose
J

f(x)g(x) =do+ dix+ dpx®+ - + dsx® where d; = » "ajbj_1. Then

i=0
vo (f (x) g (x)) = do + dra + dra? + - - - + dsa®, where s = m + n, and
#a (£ (x)) o (g (x)) =
(a0 + ara + aa? + -+ + apa”) - (bg + b1 + bpa® + -+ - + bpa™) =
do + dia + daa? + - + dsa® = 4 (¢ (x) g (x)). So @, is a

homomorphism, as claimed.
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Theorem 22.4 (continued).

Proof (continued). Then

Yo = (F(x) +g(x)) = ¢a (h ())—Co+c1a+62a2+---c,a’and

Pa (f (x)) + ¢a (g (x)) = (a0 + a1 + @20% + -+ + apa”) =

(a0 + bo) + (a1 + b1) a + (a2 + bp) a? + - —i—(ar—i-br)o/—

o+ cra+ a4+ caf = g (h(x)) = pa (f (x) + g (x)). Suppose
J

f(x)g(x) =do+ dix+ dpx®+ - + dsx® where d; = » "ajbj_1. Then

i=0
0o (f(x) g (x)) = do + diav + daa® + - - - + dsa®, where s = m + n, and
o (f (X)) va (g ( )) =
(a0 + a1 + aa? + - - + apa) - (bo + bia + bya? + - - + bpa™) =
do + dia + daa? + - + dsa® = 4 (¢ (x) g (x)). So @, is a
homomorphism, as claimed.
By the definition of ¢,, we have ¢, (x) = x and for constant polynomial
a € Fx], pa(a) = afor all a € F (since F is the set of constant
polynomials in F [x]). O

Introduction to Modern Algebra July 14, 2023 11 /11



	Theorem 22.2
	Theorem 22.4 The Evaluation Homomorphism for Field Theory.

