Introduction to Modern Algebra

Part VI. Extension Fields
VI1.32. Geometric Constructions
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Corollary 32.5

Corollary 32.5. The set of constructible real numbers C forms a subfield
of the field of real numbers.
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Corollary 32.5

Corollary 32.5. The set of constructible real numbers C forms a subfield
of the field of real numbers.

Proof. By Theorem 32.1, the constructible numbers C satisfy (1) 0 € C
(a point is a line segment of length 0), (2) « — 3 € C for all a, 8 € C, and
(3) ap € C for all o, 8 € C. So, by Exercise 18.48, C is a subring of R.
Commutativity of multiplication in C is inherited from R. Since

a =1 € C by definition, then Theorem 32.1 implies ao/3 =1/ € C for
all 3#0, so C is a division ring. That is, C is a field. Ol
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Theorem 32.9. Doubling the Cube is Impossible

Theorem 32.9. Doubling the cube is impossible. That is, given a side of
a cube, it is not always possible to construct with a straight edge and
compass the side of a cube that has double the volume of the original cube.
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Theorem 32.9. Doubling the Cube is Impossible

Theorem 32.9. Doubling the cube is impossible. That is, given a side of
a cube, it is not always possible to construct with a straight edge and
compass the side of a cube that has double the volume of the original cube.

Proof. We only need a counterexample to the doubling the cube problem.
Suppose a cube has a side of the length of the given unit 1. Then the
volume of the cube is 1. The desired cube then has volume 2 and sides of
length v/2. But v/2 is a zero of x3 — 2 (irreducible in Q) and so

deg (\Zﬁ, (@) =3 and as in if v = v/2 is constructible then.

Introduction to Modern Algebra March 21, 2024 4/7



Theorem 32.9. Doubling the Cube is Impossible

Theorem 32.9. Doubling the cube is impossible. That is, given a side of
a cube, it is not always possible to construct with a straight edge and
compass the side of a cube that has double the volume of the original cube.

Proof. We only need a counterexample to the doubling the cube problem.
Suppose a cube has a side of the length of the given unit 1. Then the
volume of the cube is 1. The desired cube then has volume 2 and sides of
length v/2. But v/2 is a zero of x3 — 2 (irreducible in Q) and so

deg (\Eﬁ, (@) =3 and as in if y = v/2 is constructible then. By Example
30.22, the degree of Q (v/2) over Q is [Q (v/2) : Q] = 3. However by
Corollary 32.8 with v = v/2, we need [Q () : Q] = 2" for some integer

r > 0. Hence, v = v/2 is not constructible and the cube of side 1 cannot
be doubled in volume with a compass and straight edge. O
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Theorem 32.10. Squaring the Circle is Impossible

Theorem 32.10. Squaring the circle is impossible. That is, given a circle
it is not always possible to construct with a straight edge and compass a
square with area equal to the area of the given circle.
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Theorem 32.10. Squaring the Circle is Impossible

Theorem 32.10. Squaring the circle is impossible. That is, given a circle
it is not always possible to construct with a straight edge and compass a
square with area equal to the area of the given circle.

Proof. Consider a circle of radius the given unit 1. The are of this circle is
7. So the desired square would have a side of length /7. But 7 is
transcendental over Q (as shown by Ferdinan Lindemann in 1882; see page
298) and so /7 is transcendental over Q. Hence /7 is not algebraic and

not constructible. O
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Theorem 32.11. Trisecting the Angle is Impossible

Theorem 32.11. Trisecting the angle is impossible. That is, there exists
an angle that cannot be trisected with a straight edge and compass.
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Theorem 32.11. Trisecting the Angle is Impossible

Theorem 32.11. Trisecting the angle is impossible. That is, there exists
an angle that cannot be trisected with a straight edge and compass.

Proof. In the supplement, we show that angle 8 is constructible if and
only if length | cos ] is constructible (see also Figure 32.12). Now 60° is
constructible since an equilateral triangle is constructible (Euclid's
Elements of Geometry, Book |, Proposition 1). We now use a
trigonometric identity to show that a 60° angle cannot be trisected. Recall
from the summation formula for cos 6 that cos (30) = 4 cos® 6 — 3 cos 6.
Let & = 20° and then cos (30) = cos (60°) = 1. Let a = cos(20°). Then
2 =403 —3cor8a®—6a—1=0. So ais a zero of p(x) = 8x> —6x — 1.
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Theorem 32.11. Trisecting the Angle is Impossible

Theorem 32.11. Trisecting the angle is impossible. That is, there exists
an angle that cannot be trisected with a straight edge and compass.

Proof. In the supplement, we show that angle 8 is constructible if and
only if length | cos ] is constructible (see also Figure 32.12). Now 60° is
constructible since an equilateral triangle is constructible (Euclid's
Elements of Geometry, Book |, Proposition 1). We now use a
trigonometric identity to show that a 60° angle cannot be trisected. Recall
from the summation formula for cos 6 that cos (30) = 4 cos® 6 — 3 cos 6.
Let & = 20° and then cos (30) = cos (60°) = 1. Let a = cos(20°). Then
2 =403 —3cor8a®—6a—1=0. So ais a zero of p(x) = 8x> —6x — 1.
Now if p(x) factors in Q [x], then it must have a linear factor and the
linear factor must be one of: (8x £1), (4x £1), (2x £ 1), or (x £1).
This would imply that p has a zero of j:%, i%, :t% or 1. None of these
is a zero and so p(x) is irreducible in Q[x]. So deg(a,#) =3 and as in
Example 30.22, the degree of Q («) over Q is [Q («) : Q] = 3.
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Theorem 32.11. Trisecting the Angle is Impossible

Theorem 32.11. Trisecting the Angle is Impossible
(Continued).

Theorem 32.11 (Continued). Trisecting the angle is impossible. That is,

there exists an angle that cannot be trisected with a straight edge and
compass.

Proof (Continued). However if « is construcible then by Corollary 32.8
we need [Q («) : Q] = 2" for some integer r > 0. So o = cos (20°) is not
constructible and hence 20° = 6/3 is not constructible. 0
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