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Corollary 1-1(a). DeMorgan’s Laws

Corollary 1-1(a)

Corollary 1-1. DeMorgan’s Laws.
If B and C are sets (with universal set A) then

(a) (BUC) = BN CE,
(b) (BN C) = B U C<.

Proof. (a) Let A denote the universal set. Then
A\ (BUC)=AN(BUC) = (BUC) . By Theorem 1-1(a),

A\(BUC) = (A\ B)N(A\ C). (+)

But, again since A is the universal set, A\ (BU C) = (BU C)°,
A\ B = B¢ and A\ C = C°. So by (%), (BUC)*=B°NC°, as
claimed. 0
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Theorem 1-1(a). Relative complements of unions and intersections

Theorem 1-1(a)

Theorem 1-1. If A, B, and C are sets then
(a) AN(BUC)=(A\B)N(A\ Q)
(b) AN(BNC)=(A\B)U(A\ ().

Proof. (a) We show A\ (BUC)C (A\B)Nn(A\ C) and
(A\B)N(A\ C) Cc A\ (BU (). Equality of the sets then holds by Note
1.1.C.

Let xe A\ (BUC). Then x € Aand x ¢ BU C. Since x ¢ BU C, then
x¢ZBand X ¢ C. Soxe€ A\ B and x € A\ C; that is
x € (A\B)N(A\ C). Therefore, A\ (BUC)C (A\B)N(A\ C)

Let xe (A\B)N(A\ C). Then x € A\ B and x € A\ C. This implies
(1) x e Aand x € B and (2) x € Aand x ¢ C, respectively. So x € A and
x ¢ BUC; thatis, x € A\ (BU C). Therefore,
(A\B)N(A\ C) C A\ (BUC). Hence, A\ (BUC) = (A\B)n(A\ C),
as claimed. O
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Theorem 1-2(a). Composition of one-to-one functions

Theorem 1-2(a)

Theorem 1-2. Suppose f : A— B and g: B — C, and go f exists.
(a) If f and g are one-to-one, then g o f is one-to-one.

(b) If f and g are onto, then g o f is onto.

Proof. (a) Suppose x; # x are arbitrary elements of the domain of f.
Then (gof)(x1) = g(f(x1)) = g(y1) where y; = f(x1). Also

(g o f)(x2) = g(f(x2)) = g(y2) where y» = f(x2). Now y1 # y» since f is
hypothesized to be one-to-one. Since g is hypothesized to be one-to-one,
g(y1) # g(y2). Thatis, (gof)(x1) # (g o f)(x2) and, since x; and x, are
arbitrary elements in the domain of f, then g o f is one-to-one, as
claimed. O
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Exercise 1.1.13(d)

Exercise 1.1.13(d). Prove f"1(By N By) = f~1(B1) N F1(By).

Proof. Let x € f~1(B; N By). Then there exists y € By N B, such that
y =f(x). Soy € By and y € By, which implies x € f~1(B;) and

X = f_l(BQ); that is, x € f_l(Bl) N f_l(BQ). So

F1(B, N By) C F1(B1) N Fi(By).

Let x € f 1(B1) N f1(By). Then there exists y; € By such that y; = f(x)
and there exists y» € B, such that y» = f(x). Since f is a function,
yi=y=y=Ff(x)andy € BN By. Sox=f"1(y) € f (BN By) and
hence f=1(By) N f~Y(B,) C f~1(B1 N By). Therefore, by Note 1.1.C,
f~Y(B1 N By) = f1(B1) N f1(B,), as claimed. O



