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Exercise 3.1.4 (continued)

Exercise 3.1.4. Let A be an open set containing x. Let
a=sup{d | [x,x +J) C A} and B =sup{d | (x — J,x] C A}. Assume «
and [ are finite. Then (x — 8,x+a) CA x+a ¢ Aand x— 5 ¢ A.

Proof (continued). Similarly, there exists a sequence {d;} such that
limd; = B and (x — 3,x] = UjZ;(x — d;,x] C A. So (x — B,x +a) C A

Now suppose x + a € A. Since A is open then, by the definition of open
set, there exists A > 0 such that (x + @ — A, x + a+ A) C A. But then
[x,x+ (a+A)) CAand a+ A € {0 | [x,x + &) C A}, contradicting the
fact that « is the l.u.b. of this set. Therefore x + o ¢ A, and similarly,
x— [ ¢ A. O
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Exercise 3.1.4

Exercise 3.1.4. Let A be an open set containing x. Let
a=sup{d | [x,x+0) C A} and B =sup{d | (x — J,x] C A}. Assume «
and (3 are finite. Then (x — 3, x+a) CA x+a ¢ Aand x — (3 ¢ A.

Proof. Since « is the supremum of the set {J | [x,x 4+ §) C A}, there is a
sequence {0;} of elements of the set such that lim §; = o by Theorem 2-8.

Since 0; < « for each i € N, the [x,x + §;) C [x,x + «) for each i € N,
Hence U, [x,x +6;) C [x,x+ ). If y € [x,x + @), then y < v and

a —y > 0. Since {d;} — «, by the definition of limit of a sequence there
is some N € R such that for all i > N we have |a —dj| =a— i < a—y.
Thatis, y < §; for all i > N. Therefore y € [x,x + d;) for some i € N.
Since y is an arbitrary element of [x,x + «), we have

[x,x + o) C U2, [x,x + 0;). We now have

[x,x + o) = UZ [x,x + d;) C A.

Exercise 3.1.5

Exercise 3.1.5. Let A be an open set. Let /, be the maximal open
interval containing x. Then either I, =, or N/, = @.

Proof. Either [, N/, = &, or there is some z € [, N ],.

If Iy = (x1,x2), ), = (y1,2), and z € [, N ], then x; < z < x, and

y1 < z < y> (we allow the possibilities that x; or y; is —oo, and that x, or
y2 is 00). So x; < y» and y1 < x2, and /x U, is an open interval
containing x (either (xi,x2), (y1,¥2), (y1,x2) or (x1,y2)). Since I and I,
are maximal intervals containing x, we have by Note OS.A that

Lkul, Cliand kU, Cl,. Therefore, [y =L Ul =1,.

So either L NI, =@ or I, =|,. O
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Theorem 3-5. Classification of open sets of real numbers

Theorem 3-5

Theorem 3-5. Classification of open sets of real numbers.
A set of real numbers is open if and only if it is a countable union of
disjoint intervals.

Proof. First, a countable union of open intervals is open by Theorem 3-2
(in fact, in general, an arbitrary union of open sets is open).

Now for the converse. Let A be an open set. If x € A, then there exists
d > 0 such that (x — §,x + ) C A. Let

a=sup{d | [x,x +9) C A} and B =sup{d | (x — J,x] C A}.

If o and §3 are finite, then (x — 8,x +a) C Aand x + « ¢ A and

x — 3 ¢ A by Exercise 3.1.4. So for each x € A, we can define this
“maximal open interval” I, = (x — 3, x + «) which contains x and is a
subset of A. Notice that if a or 3 are not finite, then the maximal interval
containing x will be unbounded.
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Theorem 3-5 (continued)

Theorem 3-5. A set of real numbers is open if and only if it is a
countable union of disjoint intervals.

Proof (continued). If x,y € A then either Iy =/, or [, N/, = @ by
Exercise 3.1.5. Each [, contains a rational number (by Exercise 1.3.4(a),
say) and each element of A is in some Iy, so

A= UXGAI = UXGAQ@Ix-

Since the rationals are countable by Note 1.3.D (so that any subset of Q is
countable), then A is a countable union of open intervals, as claimed. [J
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