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6.3. The Riemann-Stieltjes Integral.

Note. In this section we define the Riemann-Stieltjes integral of function f with

respect to function g. When g(z) = x, this reduces to the Riemann integral of f.

Definition. Let f be bounded on [a,b], let g be nondecreasing on [a, b], and let
P = {xg,21,x9,...,x,} beapartition of [a,b]. The upper (lower) Riemann-Stieltjes

sum of f with respect to g and with respect to P is

S(f;g; P ZM g(xi_1)] ZM VAg(z;)
( (f;9; P Zmz g(zi—1)] Zmz )Ag :z:l).

Note. Since g is nondecreasing, Ag(z;) > 0.

Note. If g(x) = x then Ag(z;) = Az; and Riemann-Stieltjes integrals will reduce

to Riemann integrals.

Note. Theorem 6-21 gives relationships between refinements of a partition, com-
pares upper and lower Riemann-Stieltjes sums, and defines 5(f;¢g) and s(f;g). We
say f is integrable with respect to g on [a,b] is 5(f;g) = s(f; g).
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Theorem 6-22. Riemann Condition for Integrability.
The function f is integrable with respect to g on [a,b] if and only if for all € > 0

there exists a partition P(e) of [a, b] such that

5(f;9; P(e)) — 5(f;9; P(e))] <e.

Example. Let

p

0, = €]0,1]
flz) =
| 1 ze (12
and )
0, z€][0,1)
g9(x) = 4
| 1 ze12)

Let P be a partition {zg, 1, xa,...,x,} of [0,2] with z; = 1. Then

S(f;g;P) = ZMi(f)[g(a:i)—g(a:i_ﬂ]

= Mi(H)g(x;) — glaj1)]
= M;(f)[1—0]=M;(f)=0

and

S(f;g:P) = Zmi(f)[g(xi)—g(:vi_ﬂ]

2
So, / fdg = 0.
0
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Note. In the previous example, if 1 is not an element of P, then S(f;g; P) =0
and S(f;g; P) = 1. So even through || P|| is small, s and 5 are not “close.”

Theorem 6-23. If f is continuous on [a, b], then f is integrable with respect to g.

Note. The following result gives a relationship between Riemann integrals and

Riemann-Stieltjes integrals with respect to an increasing function.

Theorem 6-24. Suppose f is Riemann integrable on [a,b] and g is an increasing
function on [a, b] such that ¢ is defined and Riemann integrable on [a,b]. Then f

is integrable with respect to g on [a,b], f¢’ in Riemann integrable on [a, b] and

[ ras= [ s e

Note. The following result shows that we have linearity with respect to both

integrands and the “integrator” function.

Theorem 6-25.

(i) Suppose f1 and f, are integrable with respect to g on [a,b]. Then af; + 3 f is

integrable with respect to g on [a, b] and

/ab(@fl+5f2)d9=04/1bf1d9+5/abf2d9-
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(ii) Suppose f is integrable with respect to g; and g on [a,b]. Then f is integrable

with respect to ag; + Bg> (where «, f are nonnegative) on [a, b] and

Lbfd(@91+592) :Oé/abfdgmLﬁ/abfdgz

Note. The following result shows how a Riemann-Stieltjes integral behaves when

g has a jump discontinuity.

Theorem 6-26. Let f and g be such that g is increasing on [a,b]. Suppose for

some ¢ € (a,b):
(i) f¢' has an antiderivative F'(z) on [a, ¢) and an antiderivative G(z) on (¢, b], and

lim F'(z) and 11?1 G(z) exist.

zle
(ii) ¢ has a jump discontinuity at ¢ and f is continuous at c.

Then

[ #dg=tm(P(a) = F@)+ £(0) |lim g(a) ~ limg(z) | + lm(Gi(E) - G(z)

zlc xlc

Corollary 6-26. Theorem 6-26 holds for a finite number of discontinuities (by

induction).
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Problem 6-2-2(a). Consider

(922 forze 0,1) (0 forze [0,1)
f(x) =14 22° forx e (1,3/2] andg(x) =4 1 forx€[l,2]
| e" forz € (3/2,3 | 3 forz € (2,3

Then
3 1 2
[ £dn= [ g 500) o) ~timate) | + [ s

3
+f(2) [limg(az)—limg(az)] +/ fdg=0+2[1-0]+0+e’[3—1]+0=2+2¢%
x|2 12 9

Definition. Suppose g is an increasing function and suppose f is Reimann-Stieltjes

integrable with respect to g. Then define

/abfdg:—/abfd(—g)

Note. We can now deal with any integrator function g which can be written as
g = g1 — g2 where both g; and gy are nondecreasing. Such a function as ¢ is said

to be of bounded variation.

Theorem 6-29. Integration by Parts.
Suppose f and g are increasing on [1,b]. Then f is Riemann-Stieltjes integrable
with respect to g if and only if g is Riemann-Stieltjes integrable with respect to f.

In this case,

/ fdg = F(b)g(b) — f(a)gla) - / gd.
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Corollary 6-29(b). If f is monotone and ¢ is continuous on [a,b] then f is

Riemann-Stieltjes integrable with respect to g on |a, b].

Example. An interesting application of Riemann-Stieltjes integration occurs in

probability theory. Consider a regular 6-sided die and the function

)
0 forxe (—oo,1)

1/6 forz € [1,2)

[
2/6 for x € [2,3)
g(z) =< 3/6 for x € [3,4)
4/6 for x € [4,5)
5/6 for x € [5,6)
[

1 forx € [6,00).

\

Let x represent the outcome of the throw of the die. We can compute the expected

value of z as [z dg:

/_OO rdg = /_1 v dg+(1) llim g(z) — limg(x)]+/12xdg+(2) [1:2?219(33) — lim g(gj)]

50 50 z|l zT1 12

+/2333dg +(3) [limg(az) - limg(:z:)] - /34:r:dg+ (4) [ﬁmg(aﬁ) - limg(:v)]

x]3 z13 xl4 x4

+ [i x dg+(5) [lxlm g(x) —lim g(:z:)] +/56 x dg+(6) [lim g(x) — lim g(:z:)] +/600 x dg

15 215 16 216

=0+ (D[1/6] + (2)[1/6] + (3)[1/6] + (4)[1/6] + (5)[1/6] + (6)[1/6] +0 = 7/2.
Notice also that ffooo dg = 1, as we would need from a probability distribution. So
we can translate simple probability questions in the discrete setting which use sum-
mations into the continuous setting where summation is replaced with Riemann-
Stieltjes integration. This allows us to apply the theory of integration even in the

setting of discrete probability problem:s.
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Example. The Dirac-Delta Distribution, §(z), which you might encounter in a
physics class is sometimes described (well, mis-described) as having the following
properties: 6(xz) = 0 for x # 0, §(z) = oo for x = 0, and [°._d(x)dz = 1. As
you will see in a graduate level analysis class, there is no function satisfying these
properties (See Problem 4.17 of Section 4.3 on “Measurable Nonnegative Functions”
in Royden and Fitzpatrick’s Real Analysis, 4th Edition—this is the book used in
ETSU’s Real Analysis 1 and 2 [MATH 5210/5220] classes). However, this can be

dealt with using Riemann-Stieltjes integration and the function

0 forz € (—00,0)
g(x) =
1 for x €[0,00).

Then the derivative of g is 0 if n # 0. The definition of limit gives that the
derivative of ¢ is oo at 0. Also, we have the Riemann-Stieltjes integral
00 0 00
/_Oodg: /_Oodg+ (1) [lxlﬁf)lg(:z:) —lxi%lg(:z:)] +/O dg=0+ (D[] +0=1.

So the derivative of g(x) has the values of §(z) given above and the Riemann-
Stieltjes integral of f(z) = 1 with respect to g satisfies the integral property of
d(x) given above. The Dirac Delta Distribution is used to locate point charges in
electricity and magnetism. If f is a function defined on all of R, then we can use
the Riemann-Stieltjes integral to determine the value of f at a specific point (say

T = xg):

/_Oo f(x)dg(x — x0) = f(x) [lim g(z — z) — lim g(z — o) | = f(x0)[1] = f(x0).

r|To zTzo
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