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Lemma 20.1

Lemma 20.1

Lemma 20.1. Let {Ax x Bx}?2; be a countable disjoint collection of
measurable rectangles whose union also is a measurable rectangle A x B.
Notice that index k ranges over ALL of the rectangles which compose

A x B (so there is no A; x B,j where i # j). Then

w(A) - v(B) = u(Ax) - v(By).

k=1
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Lemma 20.1

Lemma 20.1. Let {Ax x Bx}?2; be a countable disjoint collection of
measurable rectangles whose union also is a measurable rectangle A x B.
Notice that index k ranges over ALL of the rectangles which compose

A x B (so there is no A; x B,j where i # j). Then

w(A) - v(B) = u(Ax) - v(By).

k=1

Proof. Fix a point x € A. For each y € B, the point (x,y) € Ax B and

since {Ax x B}32, is a disjoint collection, then (x, y) is in exactly one
Ak X Bk.
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Lemma 20.1

Lemma 20.1. Let {Ax x Bx}?2; be a countable disjoint collection of
measurable rectangles whose union also is a measurable rectangle A x B.
Notice that index k ranges over ALL of the rectangles which compose

A x B (so there is no A; x B,j where i # j). Then

w(A) - v(B) = u(Ax) - v(By).
k

=1

Proof. Fix a point x € A. For each y € B, the point (x,y) € A x B and
since {Ax x B}32, is a disjoint collection, then (x, y) is in exactly one
Ak X Bi. So we can write B as the following disjoint union:

B = Ugk|xea,} Bk (here x is a fixed element of A). By the countable
additivity of measure v, v(B) =} ¢y (xea,} V(Bk) (here x is a fixed
element of A).
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Lemma 20.1 (continued 1)

Proof (continued).

Here,
T [ 310 B= U By =B, UBsUBg
{k|x€Ak}
B 4| 5 6 and so
1 v(B) = ) v(Bi)xa, (%)
il 213 Z o
4 — V(BZ) + V(Bs) + V(BS)'
H——o—1 }
b
e
A

Equivalently, we have v(B) = > 4 v(B)xa,(x) for x € A. So both for
x € Aand x ¢ A we have v(B)xa(x) =Y e v(Bk)xa,(x) for all x € X.

Real Analysis December 21, 2016 4 / 28



Lemma 20.1 (continued 2)

Lemma 20.1. Let {Ax x Bx}72; be a countable disjoint collection of
measurable rectangles whose union also is a measurable rectangle A x B.
Notice that index k ranges over ALL of the rectangles which compose

A x B (so there is no A; x B,j where i # j). Then

p(A) - v(B) = u(Ax) - v(By).
k=1

Proof (continued). Now > 77, v(Bk)xa,(x) has partial sums which form
a monotone increasing sequence of nonnegative functions. So by the
Monotone Convergence Theorem for general measurable spaces (see page
370),
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Lemma 20.1 (continued 2)

Lemma 20.1. Let {Ax x Bx}72; be a countable disjoint collection of
measurable rectangles whose union also is a measurable rectangle A x B.
Notice that index k ranges over ALL of the rectangles which compose

A x B (so there is no A; x B,j where i # j). Then

p(A) - v(B) = u(Ax) - v(By).
k=1

Proof (continued). Now > 77, v(Bk)xa,(x) has partial sums which form
a monotone increasing sequence of nonnegative functions. So by the
Monotone Convergence Theorem for general measurable spaces (see page

370 /XV(B)XA(X) dp = v(B)u(A) = /x (Z V(Bk)XA> dp =
k=1
kz_:l (/x v(Bi)xa(x) dﬂ) = 2. v(Bi)(Ak)- O
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Proposition 20.2

Proposition 20.2. Let R be the collection of measurable rectangles in
X x Y and for a measurable rectangle A x B define

AMA x B) = p(A) - v(B). Then R is a semiring and A : R — [0, 0] is a
premeasure.
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Proposition 20.2

Proposition 20.2. Let R be the collection of measurable rectangles in
X x Y and for a measurable rectangle A x B define

AMA x B) = p(A) - v(B). Then R is a semiring and A : R — [0, 0] is a
premeasure.

Proof. To show R is a semiring, we need to show that it is closed under
finite intersections and that relative complements of R are finite disjoint
unions of elements of R. Let A; x By and Ay x B> be measurable
rectangles.
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Proposition 20.2

Proposition 20.2. Let R be the collection of measurable rectangles in
X x Y and for a measurable rectangle A x B define

AMA x B) = p(A) - v(B). Then R is a semiring and A : R — [0, 0] is a
premeasure.

Proof. To show R is a semiring, we need to show that it is closed under
finite intersections and that relative complements of R are finite disjoint
unions of elements of R. Let A; x By and Ay x B> be measurable
rectangles. Then (A1 x B1) N (A2 x By) = (A1 NA2) X (B1NBy) so R is
closed under intersections (since .A and B are o-algebras).
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Proposition 20.2 (continued 1)

Proof (continued). Next,
(Al X Bl) \ (A2 X B2) = [(Al \A2) X Bl] W [(Al N A2) X (Bl \ Bz)]

BZ e ] BZ -
| |
I |
1 |
- ! ! - -
I
I _I
1
L L 1 AY L L 1 AY
L vl I L vl I
Ay A, A A,

(A1 X By)\ (42 X By) (A1 N Az) X (B1\ By)
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Proposition 20.2 (continued 1)

Proof (continued). Next,
(Al X Bl) \ (A2 X B2) = [(Al \A2) X Bl] W [(Al N A2) X (Bl \ Bz)]

BZ — — BZ —
1 1
| 1
1 1
—t |“7| ils |_
]
|
[ [ 1 \ [ [ 1 \
| R — | R —
A, A, A, A,
(A1 X B1) \ (42 X By) (A NAy) X (B \ By)

So the relative complement of elements of R is the union of two disjoint
elements of R (again, we have A and B are o-algebras. so A; \ Az € A,
Ai1UA € A, By \ B, € B). So R is a semiring.
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Proposition 20.2 (continued 2)

Proof (continued). To show A is a premeasure, we must show that A is
finite additive and countably monotone (and that A(@) = 0 which follows
from the fact that A\(@) = \(@ x @) = u(2)v(2 = 0). Lemma 20.1 gives
countable additivity.

Real Analysis December 21, 2016 8 / 28



Proposition 20.2 (continued 2)

Proof (continued). To show A is a premeasure, we must show that A is
finite additive and countably monotone (and that A(@) = 0 which follows
from the fact that A\(@) = \(@ x @) = u(2)v(2 = 0). Lemma 20.1 gives
countable additivity. For countable monotonicity. let E € R be covered by
{Ek}?2; CR. Since R is a semiring we can assume WLOG that the Ej
are disjoint and that E = W2 (E N Ex) where each ENE is a
measurable rectangle.
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Proposition 20.2 (continued 2)

Proof (continued). To show A is a premeasure, we must show that A is
finite additive and countably monotone (and that A(@) = 0 which follows
from the fact that A\(@) = \(@ x @) = u(2)v(2 = 0). Lemma 20.1 gives
countable additivity. For countable monotonicity. let E € R be covered by
{Ek}?2; CR. Since R is a semiring we can assume WLOG that the Ej
are disjoint and that E = W2 (E N Ex) where each ENE is a
measurable rectangle. We then have

ME) = Y MEnNE) by Lemma 20.1

k=1
o)

< Z)\(Ek) since \ is monotone (because y and v are monotone).
k=1

So A is countable monotone and ) is a premeasure. []
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Lemma 20.3

Lemma 20.3

Lemma 20.3. Let E C X x Y be an R, set for which (1 x v)(E) < oo.
Then for all x € X, the x-section of set E, E,, is a v-measurable subset of
Y, the function x — v(Ey) for x € X is a pu-measurable function and

(1 x V)(E) = /X v(E2) du(x).

Real Analysis December 21, 2016 9 /28



Lemma 20.3

Lemma 20.3

Lemma 20.3. Let E C X x Y be an R, set for which (1 x v)(E) < oo.
Then for all x € X, the x-section of set E, E,, is a v-measurable subset of
Y, the function x — v(Ey) for x € X is a pu-measurable function and

(1 x V)(E) = /X v(E2) du(x).

Proof. (1) First suppose E = A x B is a measurable rectangle.
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Lemma 20.3

Lemma 20.3

Lemma 20.3. Let E C X x Y be an R, set for which (1 x v)(E) < oo.
Then for all x € X, the x-section of set E, E,, is a v-measurable subset of
Y, the function x — v(Ey) for x € X is a pu-measurable function and

(1 x V)(E) = /X v(E2) du(x).

Proof. (1) First suppose E = A x B is a measurable rectangle. Then for
B forxe A
xe X, Ex= { o forx A and so v(Ex) = v(B)xa(x), and

(10 % v)(E) = u(A)n(B) = v(B) /X xalx) du(x) = /X V(E2) dplx),
so the result holds for E a measurable rectangle.
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Lemma 20.3

Lemma 20.3 (continued 1)

Proof (continued). (2) Suppose E in an R, set. Since R is a semiring,
there is a disjoint collection of measurable rectangles {Ax x B }7° ; whose
union is E. For fixed x € X, we have E, = 22, (Ax x By)x.

Real Analysis December 21, 2016 10 / 28



Lemma 20.3 (continued 1)

Proof (continued). (2) Suppose E in an R, set. Since R is a semiring,
there is a disjoint collection of measurable rectangles {Ax x B }7° ; whose
union is E. For fixed x € X, we have E, = U2, (Ax x Bi)x. Thus E, is
the countable disjoint union of some of the By's (the ones for which

X € Ak).

N

E, =B, UB, U B;

I s
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Lemma 20.3 (continued 1)

Proof (continued). (2) Suppose E in an R, set. Since R is a semiring,
there is a disjoint collection of measurable rectangles {Ax x B }7° ; whose
union is E. For fixed x € X, we have E, = U2, (Ax x Bi)x. Thus E, is
the countable disjoint union of some of the By's (the ones for which

X € Ak).

N

E, =B, UB, U B;

I
-
X

So by the countable additivity of v (by the definition of measure),
v(Ex) = 220:1 v(Ak X Bi)x)-
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Lemma 20.3 (continued 2)

Proof (continued). So we have

o0

| rEdnto = | (Zu«Akak)x) ()

k=1
00

= Z (/ v((Ak X Bk)x)d,u,(x)> by the Monotone
k=1 /X
Convergence Theorem; the partial sums are increasing

= ZM (Ak)v(Bk) by part (1),

since Ak X By is a measurable rectangle
= (u x v)(E) by the definition of pu x v

So the result holds for E € R,.
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Lemma 20.3

Lemma 20.3 (continued 3)
Proof (continued). (3) Suppose E is in R,5 and (u x v)(E) < oo.
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Lemma 20.3 (continued 3)

Proof (continued). (3) Suppose E is in R,5 and (u x v)(E) < oco. Since
R is a semiring (closed under finite intersections), there is a descending
sequence {E,}72 ; of sets in R, whose intersection is E. Since

(u x v)(E) < oo, without loss of generality (1 x v)(E) < oo (from the

definition of ;1 x v in terms of the outer measure induced by the
premeasure i X v on R).

Real Analysis December 21, 2016 12 / 28



Lemma 20.3

Lemma 20.3 (continued 3)

Proof (continued). (3) Suppose E is in R,5 and (u x v)(E) < oco. Since
R is a semiring (closed under finite intersections), there is a descending
sequence {E,}72 ; of sets in R, whose intersection is E. Since

(u x v)(E) < oo, without loss of generality (1 x v)(E) < oo (from the
definition of ;1 x v in terms of the outer measure induced by the
premeasure i X v on R). By the continuity of measure p x v (Proposition
17.2),

Jim (% V)E) = (ux v)(E). (3)
Since El e R and the result holds for R, sets,
(1 x v) = [ v( ) du(x), and since (1 x v)(Ey) < oo and

v((E1)x ) is nonnegatlve then v((E1)x) < oo for almost all x € X by
Proposition 18.9.
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Lemma 20.3

Lemma 20.3 (continued 3)

Proof (continued). (3) Suppose E is in R,5 and (u x v)(E) < oco. Since
R is a semiring (closed under finite intersections), there is a descending
sequence {E,}72 ; of sets in R, whose intersection is E. Since

(u x v)(E) < oo, without loss of generality (1 x v)(E) < oo (from the
definition of ;1 x v in terms of the outer measure induced by the
premeasure i X v on R). By the continuity of measure p x v (Proposition
17.2),

Jim (% V)E) = (ux v)(E). (3)
Since El e R and the result holds for R, sets,
(1 x v) = [ v( ) du(x), and since (1 x v)(Ey) < oo and

v((E1)x ) is nonnegatlve then v((E1)x) < oo for almost all x € X by
Proposition 18.9. For each x € X, E, is the intersection of the descending
sequence {(Ex)x}?2;, and so E, is v-measurable (B is a o-algebra). So by
continuity of measure v, for almost all x € E (the x for which

v((E1)x) < 00) we have limy_,o V((Ex)x) — ¥(Ex) (Continuity of Measure
for descending sequences requires finite measure; see Proposition 17.2).
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Lemma 20.3 (continued 4)

Proof (continued). Furthermore, the function x — v((E1)x) is
nonnegative and integrable (since (u x v)(E1) < oo) and for each k € N,
dominates a.e. the function x — v((Ex)x) since the Ey form a descending

sequence.
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Lemma 20.3 (continued 4)

Proof (continued). Furthermore, the function x — v((E1)x) is
nonnegative and integrable (since (u x v)(E1) < oo) and for each k € N,
dominates a.e. the function x — v((Ex)x) since the Ey form a descending
sequence. So we have

/X W(E) du(x) = /X <kILmOOV(Ek)X) dpu(x)
lim </X u((Ek)X)du(x)> by the Lebesgue

k—o0

Dominated Convergence Theorem

= klim (1 x v)(Eg) since the result holds on R, sets Ex
= (pxv)(E) from (3)

So the result holds for R,s sets. ]
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Lemma 20.4

Lemma 20.4

Lemma 20.4. Assume the measure v is complete. LetE C X X Y be
measurable with respect to p X v. If (1 x v)(E) = 0, then almost all
x € X, the x-section of E, E,, is v-measurable and v(Ex) = 0. Therefore

0= (ux)(E) = | HE)du(x) =0,
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Lemma 20.4

Lemma 20.4

Lemma 20.4. Assume the measure v is complete. LetE C X X Y be
measurable with respect to p X v. If (1 x v)(E) = 0, then almost all
x € X, the x-section of E, E,, is v-measurable and v(Ex) = 0. Therefore

0= (ux)(E) = | HE)du(x) =0,

Proof. Since (1 x v)(E) < o it follows from Proposition 17.10 that there
is a set A€ R, for which E C A and (u x v)(A) = (u x v)(E) =0.
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Lemma 20.4

Lemma 20.4. Assume the measure v is complete. LetE C X X Y be
measurable with respect to p X v. If (1 x v)(E) = 0, then almost all
x € X, the x-section of E, E,, is v-measurable and v(Ex) = 0. Therefore

0= (ux)(E) = | HE)du(x) =0,

Proof. Since (1 x v)(E) < o it follows from Proposition 17.10 that there
is a set A€ R, for which E C A and (u x v)(A) = (u x v)(E) =0.
Since A is R,s, by Lemma 20.3 we have that for all x € X that the
x-section of A, A, is v-measurable and (1 x v)(A) = [, v(Ax) du(x). So
the integral is 0 for almost all x € X by Problem 18.19.
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Lemma 20.4

Lemma 20.4. Assume the measure v is complete. LetE C X X Y be
measurable with respect to p X v. If (1 x v)(E) = 0, then almost all
x € X, the x-section of E, E,, is v-measurable and v(Ex) = 0. Therefore

0= (ux)(E) = | HE)du(x) =0,

Proof. Since (1 x v)(E) < o it follows from Proposition 17.10 that there
is a set A€ R, for which E C A and (u x v)(A) = (u x v)(E) =0.
Since A is Rys, by Lemma 20.3 we have that for aII xeX that the
x-section of A, A, is v-measurable and (1 x v)(A) = [y v/( (x). So
the integral is 0 for almost all x € X by Problem 18 19. However for all

x € X we have E, C Ay. By the completeness of v, v(Ex) = 0 and so E;
is v-measurable. So

[ HE du) =0 = x v)(E).
X
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Proposition 20.5

Proposition 20.5

Proposition 20.5. Assume the measure v is complete. Let E C X X Y be
measurable with respect to 1 X v and (p x v)(E) < co. The for almost all
x € X, the x-section of E, E,, is a v-measurable subset of Y, the function
x — v(Ey) is p-measurable for all x € X, and

(1 V)(E) = [ (E dut).
Real Analysis
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Proposition 20.5

Proposition 20.5. Assume the measure v is complete. Let E C X X Y be
measurable with respect to 1 X v and (p x v)(E) < co. The for almost all
x € X, the x-section of E, E,, is a v-measurable subset of Y, the function
x — v(Ey) is p-measurable for all x € X, and

(1 V)(E) = [ (E dut).

Proof. Since (1 x v)(E) < oo it follows from Proposition 17.10 that there
is a set A€ R, for which E C Q and (u x v)(A\ E) =0. By the
excision property of measure p X v (Proposition 17.1), we have

(1 x V)(E) = (u x v)(A).
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Proposition 20.5

Proposition 20.5. Assume the measure v is complete. Let E C X X Y be
measurable with respect to 1 X v and (p x v)(E) < co. The for almost all
x € X, the x-section of E, E,, is a v-measurable subset of Y, the function
x — v(Ey) is p-measurable for all x € X, and

(1 V)(E) = [ (E dut).

Proof. Since (1 x v)(E) < oo it follows from Proposition 17.10 that there
is a set A€ R, for which E C Q and (u x v)(A\ E) =0. By the
excision property of measure p X v (Proposition 17.1), we have
(uxv)(E) = (p x v)(A). Since A € R,s then by Lemma 20.3, A, is a
v-measurable function. So by the finite additivity of v (Proposition 17.1)

V(Ax) = v(Ex U (AN E)x) = v(Ex) + v((A\ E)x).
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Proposition 20.5 (continued)

Proof. Since (u x v)(E \ A) =0, then by Lemma 20.4 (the completeness
of v is used here) for almost all x € X, (\E)x is v-measurable and
v((A\ E)x) = 0. So v(Ay) = v(E) for almost all x € X.
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Proposition 20.5

Proposition 20.5 (continued)

Proof. Since (u x v)(E \ A) =0, then by Lemma 20.4 (the completeness
of v is used here) for almost all x € X, (\E)x is v-measurable and
v((A\ E)x) = 0. So v(Ax) = v(Ex) for almost all x € X. So

(uxv)(E) = (uxv)(A) by above

= / v(Az) du(x) by Lemma 20.3 since A € R,
X

= /XV(EX) du(x) since v(Ay) = v(Ex) a.e. on X.
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Theorem 20.6

Theorem 20.6. Assume measure v is complete. Let ¢ : X x Y — R be a
simple function that is integrable over X x Y with respect to p x v. Then
for almost all x € X, the x-section of ¢, ¢(x,-), is integrable over Y with
respect to v and

[ ot [ oo oo
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Theorem 20.6

Theorem 20.6. Assume measure v is complete. Let ¢ : X x Y — R be a
simple function that is integrable over X x Y with respect to p x v. Then
for almost all x € X, the x-section of ¢, ¢(x,-), is integrable over Y with

respect to v and

o) - /[/mydu} u(x).

Proof. First, if xg is a characteristic function on a subset E of X x Y of
finite measure (to get integrability), then

/ xed(pxv) = 1(uxv)(E)where ¢ =1 on E, by the definition
XxY
of integral of a characteristic function; page 366

= / v((xe)x) du(x) by Proposition 20.5
X
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Theorem 20.6 (continued)
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Theorem 20.6 (continued)

Proof (continued).

[ e = [ ([ etendvt)) du

: 1 ifyekE
since (XE)x = XE, = ©(x,-) = { 0 ifﬁ ¢ E, and so

v((xe)x) = [y ¢(x,y) dv(y). So the result holds for characteristic
functions.
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Theorem 20.6 (continued)

Proof (continued).

[ e = [ ([ etendvt)) du

. _ _ |1 ifyeE

since (XE)X = XE« = QO(Xv ) - { 0 Ify ¢ E, and so

v((xe)x) = [y ¢(x,y) dv(y). So the result holds for characteristic
functions.

Second, for general simple and integrable ¢, ¢ is a linear combination of
characteristic functions and this result then follows by the linearity of
integration (Theorem 18.12) as applied to the integral with respect to

V. L]
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Fubini’s Theorem

Fubini's Theorem

Fubini’s Theorem.

Let (X,.A, 1) and (Y, B,v) be measure spaces and let v be complete. Let
f be integrable over X x Y with respect to the product measure u x v

Then for almost all x € X, the x-section of f, f(x,-)(y), is integrable over
Y with respect to p and

/)<nyd(u><u /[/fxydu ]du(x).
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Fubini’'s Theorem

Fubini’s Theorem.

Let (X,.A, 1) and (Y, B,v) be measure spaces and let v be complete. Let
f be integrable over X x Y with respect to the product measure p x v.
Then for almost all x € X, the x-section of f, f(x,-)(y), is integrable over
Y with respect to p and

/)<nyd(u><u /[/fxydu ]du(x).

Proof. Since integration is linear (Theorem 18.12), we assume f is
nonnegative (otherwise, we break f into f* and f~ and consider these
parts individually). By the Simple Approximation Theorem there is an
increasing sequence {p} of simple functions that converges pointwise on
XxYtofand0< ¢, <fonXx T foreach k € N. Since f is
integrable over X x Y, each ¢ is integrable over X x Y (by the Integral
Comparison Test).
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Fubini’s Theorem (continued 1)

Proof (continued). Since each ¢y is simple and integrable, then by
Theorem 20.6 we have

/xww d(pxv) = /X </Y er(x,y) dl/(y)> du(x).
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Fubini’s Theorem

Fubini’s Theorem (continued 1)

Proof (continued). Since each ¢y is simple and integrable, then by
Theorem 20.6 we have

/xww d(pxv) = /X </Y er(x,y) dl/(y)> du(x).

Since {®k} is an increasing sequence convergent to f, we can apply the
Monotone Convergence Theorem to get

[ rdtwn= [ (im o) dtwxy = gim ([ pdtaxn)
= Jlim /X < /Y ok(x,¥) dV(y)> dp(x).
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Fubini’s Theorem (continued 1)

Proof (continued). Since each ¢y is simple and integrable, then by
Theorem 20.6 we have

/xww d(pxv) = /X </Y er(x,y) dl/(y)> du(x).

Since {®k} is an increasing sequence convergent to f, we can apply the
Monotone Convergence Theorem to get

[ rdtwn= [ (im o) dtwxy = gim ([ pdtaxn)
= Jlim /X < /Y ok(x,¥) dV(y)> dp(x).

So we are done if we show

im [ ([ etxenant)) auto= [ ([ foen o)) auto. @)
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Fubini’s Theorem

Fubini’s Theorem (continued 2)

Proof (continued). If we excise from X x Y a set of u x v measure zero,
then the left hand side of (7) remains the same by Additivity of Integrals
(Theorem 8.12) since the left hand side of (7) equals [y, f d(u x v) by
above. If we excise from X X Y a set E of y X v measure zero, then by
Lemma 20.4 for almost all x € X, v(Ex) = 0 where E, is the x-section of
the excised set E.
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Fubini’s Theorem (continued 2)

Proof (continued). If we excise from X x Y a set of u x v measure zero,
then the left hand side of (7) remains the same by Additivity of Integrals
(Theorem 8.12) since the left hand side of (7) equals [y, f d(u x v) by
above. If we excise from X X Y a set E of y X v measure zero, then by
Lemma 20.4 for almost all x € X, v(Ex) = 0 where E, is the x-section of
the excised set £. But then [ f(x,-)(y) dv(y) = 0 for almost all x € X,
by Problem 18.19. So for almost all x € X,

Jy f(x,y)dv(y) = fY\EX f(x,y) dv(y). Since this holds a.e. on X, we see
that the right hand side of (7) also remains unchanged by the excision of
[ X v measure zero set E.

Real Analysis December 21, 2016 21 / 28



Fubini’s Theorem (continued 2)

Proof (continued). If we excise from X x Y a set of u x v measure zero,
then the left hand side of (7) remains the same by Additivity of Integrals
(Theorem 8.12) since the left hand side of (7) equals [y, f d(u x v) by
above. If we excise from X X Y a set E of y X v measure zero, then by
Lemma 20.4 for almost all x € X, v(Ex) = 0 where E, is the x-section of
the excised set £. But then [ f(x,-)(y) dv(y) = 0 for almost all x € X,
by Problem 18.19. So for almost all x € X,

Jy f(x,y)dv(y) = fY\EX f(x,y) dv(y). Since this holds a.e. on X, we see
that the right hand side of (7) also remains unchanged by the excision of
[t X v measure zero set E. So, without loss of generality we may suppose
that for all x € X and for all k € N, p«(x,-) is integrable over Y with
respect to v.
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Fubini’s Theorem

Fubini's Theorem (continued 3)

Proof (continued). Fix x € X. Then {¢k(x,-)} is an increasing sequence
of simple v-measurable functions that converges pointwise on Y to f(x,-).

By Theorem 18.6, f(x, -) is a v-measurable function, and by the Monotone
Convergence Theorem,

[ reenant) = [ (Jim outxon) dvtn) = im [ o) vty

k—o0
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Fubini's Theorem (continued 3)

Proof (continued). Fix x € X. Then {¢k(x,-)} is an increasing sequence
of simple v-measurable functions that converges pointwise on Y to f(x,-).
By Theorem 18.6, f(x, -) is a v-measurable function, and by the Monotone
Convergence Theorem,

| feyyantn) = [ (kgmoosok(x n) ) = fim_ [ outxp)duly).

For each x € X, define h(x) = [, f(x,y) dv(y) and

he(x) = [y ex(x,y) dv(y ) By Theorem 20.6, each hy is integrable over
X W|th respect to p. Now {hg} is an increasing nonnegative sequence
(since {®k} is an increasing nonnegative sequence) that converges
pointwise on X to h.
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Fubini's Theorem (continued 3)

Proof (continued). Fix x € X. Then {¢k(x,-)} is an increasing sequence
of simple v-measurable functions that converges pointwise on Y to f(x,-).
By Theorem 18.6, f(x, -) is a v-measurable function, and by the Monotone
Convergence Theorem,

| feyyantn) = [ (kgmoosok(x n) ) = fim_ [ outxp)duly).

For each x € X, define h(x) = [, f(x,y) dv(y) and

he(x) = [y ex(x,y) dv(y ) By Theorem 20.6, each hy is integrable over
X W|th respect to p. Now {hg} is an increasing nonnegative sequence
(since {®k} is an increasing nonnegative sequence) that converges
pointwise on X to h. So by the Monotone Convergence Theorem,

Jm [ ( [ ) du(y>) = Jim [ bt dt)
= [ nranto = [ ([ o) duo
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Fubini’s Theorem

Fubini’s Theorem (continued 4)

Fubini’s Theorem.

Let (X,.A, 1) and (Y, B,v) be measure spaces and let v be complete. Let
f be integrable over X x Y with respect to the product measure pu X v.

Then for almost all x € X, the x-section of f, f(x,-)(y), is integrable over
Y with respect to u and

| rdwxn= [ | [ feeyavin)] dut,
XxY x Ly
Proof (continued). So (7) holds and we now have
/ fd(pxv)= lim / i d(p x v)
XxY k—oo Jxxy

= iim [ ([ otxndnt)) dut = [ ([ #er)dntn) dute
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Tonelli's Theorem

Tonelli’s Theorem.

Let (X,.A, 1) and (Y, B,v) be two o-finite measure spaces and v be
complete. Let f be a nonnegative (i X v)-measurable function on X x Y.
Then for almost all x € X, the x-section of function f, f(x,-), is
v-measurable and the function defined a.e. on X by

x — (the integral of f(x,-) over X with respect to v)

is y-measurable. Moreover,

/waf(uxu):/x </Yf(x,y)dy(y)> dpu(x).
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Tonelli's Theorem

Tonelli’s Theorem.

Let (X,.A, 1) and (Y, B,v) be two o-finite measure spaces and v be
complete. Let f be a nonnegative (i X v)-measurable function on X x Y.
Then for almost all x € X, the x-section of function f, f(x,-), is
v-measurable and the function defined a.e. on X by

x — (the integral of f(x,-) over X with respect to v)

is y-measurable. Moreover,

/waf(uxu):/x </Yf(x,y)dy(y)> dpu(x).

Proof. By the Simple Approximation Theorem, there is an increasing
sequence {@k} of simple functions that converge pointwise on X x Y to f,
and 0 < px < fon X x Y for all k € N. The product measure y X v is
o-finite since both p and v are o-finite.
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Tonelli's Theorem (continued)

Tonelli’s Theorem.

Let (X,.A, 1) and (Y, B,v) be two o-finite measure spaces and v be
complete. Let f be a nonnegative (i X v)-measurable function on X x Y.
Then for almost all x € X, the x-section of function f, f(x,-), is
v-measurable and the function defined a.e. on X by

x +— (the integral of f(x,-) over X with respect to v)

is u-measurable. Moreover,

/Xxvff(u xv) :/X (/y f(x,y) dV(Y)) dpu(x).

Proof (continued). So by (i) of the Simple Approximation Theorem, the
K can have the additional property that they vanish outside a set of finite
measure (and so are integrable). We now apply Theorem 20.6 to each y,
as we did neat the beginning of the proof of Fubini. The remainder of the
proof is identical to the proof of Fubini's Theorem. O
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Corollary 20.7. Tonelli's Corollary

Corollary 20.7. Tonelli's Corollary

Corollary 20.7. (Tonelli’s Corollary).
Let (X, A, 1) and (Y, B,v) be two o-finite, complete measure spaces and
f a nonnegative (i X v)-measurable function of X x Y. Then:

(i) For almost all x € X, the x-section of f, f(x,-), is

v-measurable and the function defined almost everywhere on
X by

x +— (the integral of f(x,-) over X with respect to v)

is p-measurable, and

(i) for almost all y € Y, the y-section of f, f(-,y), is

p-measurable and the function defined almost everywhere on
Y by

y + (the integral of f(-,y) over Y with respect to )

is pu-measurable.
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Corollary 20.7. Tonelli's Corollary

Corollary 20.7. Tonelli's Corollary (continued 1)

Corollary 20.7. (Tonelli’s Corollary, continued).

Moreover, if
/x(/y f(x,y) dV(y)> dp(x) < oo,

then f is integrable over X x Y with respect to p X v and

/Y</Xf(X,Y)dM(X)> dl/(y):/Xxyfd(luxy)
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Corollary 20.7. Tonelli's Corollary

Corollary 20.7. Tonelli's Corollary (continued 1)

Corollary 20.7. (Tonelli’s Corollary, continued).

Moreover, if
/x(/y f(x,y) dV(y)> dp(x) < oo,

then f is integrable over X x Y with respect to p X v and

/Y </X f(x,y) du(x)> du(y) :/Xxyfd(ux V)
- /X ( /Y flx.y) dv(y)) dp(x).

Proof. Since both measure spaces are o-finite and v is complete, Tonelli's
Theorem implies that the x-section of f is v-measurable for almost all

x € X and x — [, f(x,y) dv(y) is u-measurable.
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Corollary 20.7. Tonelli's Corollary (continued 2)

Proof (continued). Also,

Sxwy FFluxv)= [y (Jy f(x,y)dv(y)) du(x), and so f is integrable
over X x Y with respect to u x v by (10).
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Corollary 20.7. Tonelli's Corollary (continued 2)

Proof (continued). Also,

Sxwy FFluxv)= [y (Jy f(x,y)dv(y)) du(x), and so f is integrable
over X x Y with respect to i X v by (10). Now applying Fubini's
Theorem, since f is integrable over X x Y with respect to p X v and since

W is complete we have

| rdwxn= [ ([ nautoae).
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