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Chapter 20. The Construction of Particular Measures
20.2. Lebesgue Measures on Euclidean Space R"—Proofs of Theorems
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Lemma 20.8 (continued)

Real Analysis

Proof (continued). Since T. maps interval /x to an interval with
endpoints a, and by, then

(e(b1 — a1) = 1)(e(b2 — a2) = 1) -+ (e(bn — ap) — 1) < ™€ (T(1))
<(e(by —a1) +1)(e(by — a2) +1)---(e(by — an) + 1).
Dividing this by " and letting ¢ — oo we get

'uintegral( Tg ( /))
en

(bl - 31)([)2 - 32) te (bn - an) < “m)e—>oo

< (b —a1)(ba — a2) -+ (by — an),
or vol(/) = lim e (T(1))

£—00 £

, as claimed.
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Lemma 20.8

Lemma 20.8. For each £ > 0, the e-dilation T. : Rn — R" is T (x) = en.
Then for each bounded interval / in R”,

i Mintegral( Tg(l))

e—0 en

= vol(/).

Proof. For bounded interval / in R with end-points a and b then, by
Exercise 20.18,

(b—a)—1< ey < (b—a)+1.
Soforl =15 x b x---x I, we have
puintegral [y — jintegral (p ), integral (1)) . integral (| )
and with /, having end points a, and by, this implies
((br — a1) = 1)((b2 — a2) = 1)+ ((by — an) — 1) < p"™ €1
< ((by —a1) +1)((b2 —a2) +1)---((bn — an) + 1).
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Proposition 20.10

Proposition 20.10. The set function volume, vol : Z — [0, ), is a
premeasure on the semiring Z of bounded intervals in R”.

Proof. By definition of “premeasure,” we need to show that vol is finitely
additive and countably monotone on the semiring consists only of bounded
intervals and the intersection of two bounded intervals is a bounded
interval.

Let / be a bounded interval in R” that is the union of the finite disjoint
collection of bounded intervals {/%}T . (think of the /X as disjoint blocks
which pack together to produce box /). Then for each ¢ > 0, the bounded
interval T.(/) is the union of the finite disjoint collection of bounded
intervals { T.(/%)}7_,. Since u€"! is “clearly” finitely additive, then for
all e > 0,

m
#integra/(Te(l)) — Z,uintegral(Te(lk)).
k=1
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Proposition 20.10 (continued 1)

Proof (continued). Dividing both sides of this by €” and letting ¢ — 0
we get, by Lemma 20.8,

m mtegral

Z’u Zvol(lk).

integral
en e—0

vol(/) = Iim0
E—

Therefore, vol is finitely additive.

For countable monotonicity, let / be a bounded interval in R"” that is
covered by the countable collection of bounded intervals {/¥}2° ;. We first
consider the case that / is a closed interval and each /¥ is open. By the
Heine-Borel Theorem, there is a finite subcover, say {I"}Z’:1v of I (with m
large enough, we can assume the subcover involves the first m intervals).
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Proposition 20.10 (continued 3)

Real Analysis

Proof (continued). Dividing each side of this inequality by €” and letting
€ — 0o we get from Lemma 20.8 that

K < ivol(lk)
k=1

so countable monotonicity holds in this special case.

vol(l) < Zm: vol(/
k=1

Now for the general {/¥}2° | of bounded intervals in R” (not necessarily
open) that cover interval /, let € > 0. Choose a closed interval E/) that is
contained in I with vol(/) = vol(7) < & (just shorten the n intervals from
R that constitute / by a length of €/(n+ 1) each and include the
endpoints). Choose a collection {7¥}2 . of open intervals such that each
1% < 7% with vol(T%) — vol(/¥) < g/2 for all k € N (by expanding the
lengths of the intervals from R that constitute /¥ by an appropriate
amount and excluding the endpoints). By the special case above,

vol(T) < 3222, vol(T%).
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Proposition 20.10

Proposition 20.10 (continued 2)

Proof (continued). Since ;"8 is “clearly” finitely additive and
monotone, then

m
Mintegral(l) < ,uintegra/ (Uiillk) < Zluintegral(lk)
k:

where the first inequality holds by monotonicity and the second inequality
(“finite monotonicity”) follows by decomposing UT_, /¥ into disjoint pieces
which are subsets of the /'s (which can be done since the intervals form a
semiring) and using finite additivity and monotonicity; details are to be
given in Exercise 20.2.A. So by dilating the intervals we get

m

§ : /ntegra/

k=1

in tegral

T.(1%)) for all € > 0.
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Proposition 20.10 (continued 4)

Proposition 20.10. The set function volume, vol : Z — [0, c0), is a
premeasure on the semiring Z of bounded intervals in R”.

Proof (continued). Therefore

oo
vol(/) < vol(T) +& <> vol(I¥) +
k=1

< Z (vol ) ivol ) + 2e.

k=1
Since £ > 0 is arbitrary, then this implies that vol(/) < 7% vol(/¥). So
countable monotonicity holds in general and hence vol is a premeasure on
the semiring of intervals in R” m

Real Analysis December 20, 2018 9 /32




Theorem 20.11

Theorem 20.11. The o-algebra L£L" of Lebesgue measurable subsets of R”
contains the bounded intervals in R" and contains the Borel subsets in R".
Moreover, the measure space (R", L", ) is both o-finite and complete.
For bounded interval / in R”, pn(1) = vol(/).

Proof. By Proposition 2.10, volume (“vol") is a premeasure on the
semiring of bounded intervals in R”. Recall that a measure is o-finite if
the whole space is the union of a countable collection of measureable sets,
each of finite measure. Here, R" can be written as a countable union of
intervals (say a countable collection of “cubes” of volume 1), so measure
vol is o-finite. By the Carathéodory-Hahn Theorem, Lebesgue measure pip,
is an extension of volume (and so p,(/) = vol(/) for I a bounded interval)
and the measure space (R"”, L", u,) is complete and L" is a o-algebra.

Corollary 20.12
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Corollary 20.12. Let E be a Lebesgue measurable subset of R” and
f : E — R be continuous. Then f is measurable with respect to
n-dimensional Lebesgue measure.

Proof. Let O be an open set of real numbers. Since f is continuous on E
then f=1(O) is open relative to E, say f~1(O) = E NU where U is open
in R”. By Theorem 20.11, &/ C R" is measurable (since £" includes are
Borel, and hence all open, sets). So f~1(0) = E NU is measurable. By
Proposition 18.2, f is measurable, as claimed. ]
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Theorem 20.11 (continued)

Theorem 20.11. The o-algebra L" of Lebesgue measurable subsets of R”
contains the bounded intervals in R” and contains the Borel subsets in R”".
Moreover, the measure space (R", L, u,,) is both o-finite and complete.
For bounded interval / in R", p,(/) = vol(/).

Proof (continued). Finally, we show that each Borel set is Lebesgue
measurable. Since £" is a o-algebra and the Borel sets form the smallest
o-algebra containing the open sets, it suffices to show that every open set
O of R" is Lebesgue measurable. The collection of points in such O that
have rational coordinates is a countable dense subset of O. Let {z}?2
be an enumeration of this collection. For each k, consider the open cube
lk,n centered at qi of edge length 1/n (a “cube” is a Cartesian product of
n intervals in R of the same length). In Exercise 20.16 it is to be shown
that O = Uy, colkn. Since each Iy , is an interval in R" then each is
measurable and since L£" is a o-algebra then O is measurable. Therefore
L" contains all Borel sets, as claimed. ]
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Theorem 20.13

Theorem 20.13. Let E be a Lebesgue measurable subset of R”. Then
w(E) = inf{un(O) | EC O,0 is open}

and
w(E) = sup{un(K) | € C E, K is compact}.

Proof. We first consider the case in which E is bounded and hence of
finite Lebesgue measure. Let € > 0. Since pup(E) = ui(E) < oo, by the
definition of Lebesgue outer measure, there is a countable collection of
bounded intervals in R"”, {/™}%°_;, which covers E and

oo 1 n(I™) < pn(E) + /2 by Theorem 0.3, “Epsilon Property of Sup
and Inf." For each m € N, choose an open interval in R” that contains /™
and has measure less then (/™) + ¢/2™+! (which can be done by
slightly expanding each interval in the Cartesian product of real intervals
which make up /™ and be excluding the endpoints). The union of this

collection of open intervals is an open set that we denote O.
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Theorem 20.13 (continued 1)

Proof (continued). Then E C O and since the measure is countable
monotone (by Proposition 17.1)

WK

1n(0) < (l‘"(/k) + %)

1

3
I

oo
m € € €
= 2l < (#n(E) + ) + = = ualE) + .
Since € > 0 is arbitrary, then inf{u,(O) | E C O, O open} < u,(E). By
monotonicity (given by Proposition 17.1), for E C O we have
tn(E) < pn(0O), so inf{u,(O) | E C O,0 open} > un(E) and we have
equality for E bounded and of finite measure. Exercise 20.2.B(a) covers
the case where E is unbounded and of finite measure, and Exercise
20.2.B(b) covers the case where E is of infinite measure.

December 20, 2018

Theorem 20.13

Theorem 20.13 (continued 3)
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Proof (continued). Therefore, by the excision and monotonicity
properties of measure (Proposition 17.1) and (19)

< pn(E) = pn(K) = pun(E \ K) by excision
< un(O\(K"\ E))since E\KC O\ (K'\ E)
< € by (19).

0

That is, un(E) < pn(K) + . Since € > 0 if arbitrary, then
sup{un(K) | K C E,K is compact} > un(E). Since K C E implies
tn(K) < pn(E) by monotonicity (Proposition 17.1) then

sup{un(K) | K C E,K is compact} < u,(E) and hence the claim holds for

E bounded. Exercise 20.2.C(a) covers the case where E is unbounded and
of finite measure, and Exercise 20.2.C(b) covers the case where E is of

infinite measure. ]
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Theorem 20.13

Theorem 20.13 (continued 2)

Proof (continued). For the second claim, we again first consider the case
in which E is bounded and hence of finite Lebesgue measure. Since E is
bounded, we may choose a closed and bounded set K’ that contains E.
Since K"\ E is bounded, we know from the first claim (and the first part
of the proof) that there is an open set O for which K’ \ E C O and, by
the excision property of p, (Prop. 17.1): us(O\ (K'\ E)) < . (19)
Define K = K\ O. Then K is closed and bounded in R” and therefore
compact by the Heine-Borel Theorem. Since K’ \ E C O and E C K’ then
K=K\OCK\(K'\E)=K'NnE CE,or KCE. On the other hand,
since E C K’ we infer that £\ K = E\(K’\(’)) ENO and
ENOCO\(K'\E). J/,_T

i 3
(@)
R /
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Theorem 20.15

Proposition 20.15. For the mapping ¢ : R” — R™ x R¥ defined by (20),
a subset E of R" is measurable with respect to n-dimensional Lebesgue
measure p, if and only if its image ¢(E) is measurable with respect to the
product measure fim X ptx on R™ x R and ju,(E) = (1tm x 1k )((E)).

Proof. Define Z, to be the collection of bounded intervals in R" and vol,
the set function volume (“vol") defined on Z,. Since vol, is a o-finite
premeasure by Proposition 20.10 and Theorem 20.11, it follows from the
uniqueness part of the Carathédory-Hahn Theorem that Lebesgue measure

Lin is the unique measure on L£" which extends vol, : Z, — [0, o0]. For
interval 1 = h X b x -« X I, in R", vol(/) = £(h)e(h)--- (1), so

(om X ) (P(U)) = (pm X pon) (A X B2 X -+ X ), (I X D2 X+ - X Tinek))
= pm((h xR 5 ) ) s ((Ima1 X g2 X - X i)
= (E(h)e(R) -+ £(Im))(€Im+1)l(Im2) - - - (Im+k))

= () 0(h) - - (1) = volu(1) = pa(l).
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Theorem 20.15 (continued) Theorem 20.17

. . _ Proposition 20.17. A linear operator T : R” — R" is Lipschitz.
Proof (continued). That is, measures of intervals are preserved under .

It follows that outer measures are also preserved under ¢ (we leave the Proof. Let x € R", say x = xje1 + xp€ + - - - + xp€, where e, e,..., €,
details of this claim to Exercise 20.2.D). Since ¢ is one to one and one, are the standard basis vectors in R". Then

E € L if and only if ¢(E) is (m X p1x)-measurable. This establishes the
measurability claim, but we still need to establish the equalities of the
measures. If we define 1//(E) = (um X px)(p(E)) for all E € L", then 1 is
a measure in L and p/(1) = (um X pi)(@(1)) = pn(l) = vola(1) for all
intervals / C R". So i/ extends vol, on the collection of bounded intervals
in R". /But, as mentioned above, such an extension is unique (by the 1T = T (er) +xT(e2) + -+ + xa T(en)|
Carathédory-Hahn Theorem) so ¢/ = o on £" and

1n(E) = 1/ (E) = (pum * pux)(9(E)) for all E € £

T(x)=T(xie1 +xe+---+xpep) =x1T(e1) +x2T(e2) + -+ x,T(en).

By the Triangle Inequality and positive homogeneity of the norm (see the
definition of norm in Section 7.1),

< [PaT(e)ll + Ix2 T(e)ll + - + [1xn T (en)

= [xalll T(e)ll + bell T(e2)| + -+ Ixal I T(en)ll = > Ixelll T(ex)ll-
k=1

That is, the value of u,(E) equals (um x uk)(©(E)), as claimed. O
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Theorem 20.17 (continued) Proposition 20.18

Proposition 20.18. Let the mapping ¥ : R" — R” be Lipschitz. If E is a
Lebesgue measurable subset in R”, so is W(E). In particular, a linear
operator T : R” — R" maps Lebesgue measurable sets to Lebesgue
measurable sets.

Proof (continued). So with ¢ = /> 7_; | T(ex)|> we have for every
x = (x1,%2,...,%n) € R" by the Cauchy-Schwarz Inequality (which in R”
states |x - y| < ||x||||ly]| for all x,y € R") that

n
IT(x)| < Z i ||| T (e Proof. By the Heine-Borel Theorem, a subset of R” is compact if and
N 1 only if it is closed and bounded. A continuous function maps compact sets
= (bal, bl Ixal) - (1T Ce)ll, [T ()], - - 1 T (en)]) to compact sets by Proposition 11.20. Since 1) is Lipschitz then, as
< N(xl, el DT (e, [ T(e)] 1T (e commented above, it is continuous. For any function f, we have
- e ’1/; " A 1/2 2 ! f(UA;) = Uf(A;). So 1 maps bounded F, sets to F, sets.
n n
= {Z |Xk|2} {Z I T(ek)||2} = cl|x]l. Let E be a Lebesgue measurable subset of R". Since R" is the inion of a
k=1 k=1 countable collection of bounded measurable sets (say unit cubes which tile

R™), we may assume without loss of generality that E is bounded (we take
So for u,v € R", let x =u—v. Then T(x) = T(u—v)= T(u_T(v) and : , : . .

T T T < - dso T is Linschi the intersection of E with each unit cube then apply the above mentioned
ITEN = 1T (0) = T()I| < llxll = cllu = vl and so T'is Lipschitz, as _oqit that £(UA;) = UF(A7)). By Corollary 20.14, E = AU D where A is
claimed. ]

an F, set and D has Lebesgue out measure zero.




Proposition 20.18 (continued)

Proof (continued). We know from the first paragraph of the proof that
Y (E) is Lebesgue measurable it suffices to show that the set (D) is
measurable it suffices to show that the set 1(D) is measurable. We do so
by showing that 1(D) has Lebesgue outer measure zero.

Let ¢ > 0 be such that |[)(u) — ¥ (v)|| < ¢|lu — v|| for all u,v € R". By
Exercise 20.24, there is constant ¢’ that depends only on ¢ and n such that
for any interval / in R” we have p(1(/)) < c’vol(/). Let € > 0. Since the
outer measure u(D) = 0, there is a countable collection {/%}5°,, of
intervals in R" that cover D and for which Y72, vol(/¥) < ¢/c’. Then
{4(1%)]132; is a countable cover of 1(D). By the property of c’, we have

) < D mn((1F) <Y col(i) = 'y vol(1¥) = c(¢/¢) =
k=1 k=1 k=1

Since € > 0 is arbitrary, then 1} (¢(D)) = 0 and hence ¥(D) is
tin-measurable and hence v maps Lebesgue measurable sets to Lebesgue

measurable sets, as claimed. ]
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Proposition 20.20

Proposition 20.20. Let 1 : R — R be integrable over R with respect to
one-dimensional Lebesgue measure u1. If a, 8 € R, a # 0, then

[ i =lal [ Fax)dus) and [ s =[x+ 8) ds(o)

Proof. Since f is integrable over R then by Proposition 4.14 and the
definition of of integrable, both f~ and f* are integrable over R. By
definition, [, fdus = [ fTdps — [ £~ dpi, so if we establish the result

for nonnegative function f then the result holds in general. So without loss
of generality, we may suppose that f is nonnegative. By Exercise 4.3.24(i),

there is an increasing sequence {y,} of nonnegative simple functions on
R, each of finite support, which converges pointwise on R to f.
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Corollary 20.19

Corollary 20.19. Let the function f : R” — R be measurable with respect
to Lebesgue measure and let the operator T : R” — R" be linear and
invertible. Then the composition f o T : R” — R is also measurable with
respect to Lebesgue measure.

Proof. By Proposition 18.2, it is sufficient to show that (f o T)7}(0) is
Lebesgue measurable for every open O C R. Let O C R by open. Since

f : R" — R is measurable then by Proposition 18.2 f~1(O) C R" is open.
Since T1is linear (because T is) then by Proposition 20.18,
T-1(f~1(O)) C R" is measurable. That is,

(FoT)HO)= (T Lo f 1O =T Lf1(0)) is measurable and hence
f o T is a measurable function by Proposition 18.2. ]
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Proposition 20.20 (continued 1)
Proof (continued). Now for simple function ¢ = Y7, ajxg, we have
/ p(ax) dua(x / (Z aiXE; (04X> dpa(x)
R
n
:Za,- (/ XE(OzX)d,u,l X)> Za, m(E)
i=1
1 n
= — aim E,' :—/cpd,ul
] 2 E) = 107 .
and / o(x + B) dua(x) / (Z 3 XE x+ﬁ)> dua(x)
R
—Za,(/xf x+f3) du1(><> Za, /wdm
R
so that the result holds for simple functlons.
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Proposition 20.20 (continued 2)

Proof (continued). By the Monotone Convergence Theorem (of Section

" /Rf dup = lim_ </R ©n dul) = Jim, (|a| /R%(OZX) dul(X)>

—lal fim ([ o) i) = lal [ (o) dps(x

since p,(ax) — f(ax) monotonically and pointwise. Also by the
Monotone Convergence Theorem,

/Rf(x +8)dpa(x) = lim </R on(x + 3) du1(X)>

(/sondm) = [
n—oo R ]R

= lim
since wp(x + B) — f(x + ) monotonically and pointwise. So the result
holds for f nonnegative and, as commented above, holds for general

integrable f, as claimed. ]

2%
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Proposition 20.21 for ¢(x, y) = f(y, x)

Proposition 20.21 (continued)

Proof (continued). Now f(x,y) = ¢)(y, x) so
Jg f(x.y) dui(x) = [z ¢(y, x) dui(x) and therefore

/R</R f(x,y) d,ul(x)> dul()’)=/R(/Rg0(y,x) d,ul(x)) dui(y).

Since ¢ is nonnegative (because f is nonnegative without loss of
generality) and pp-measurable, then by Tonelli's Theorem (as given in
Theorem 20.16, the "moreover” part)

/R</RSO(Y7X)G'M1(X)) dul(y):/RﬁdW-

Therefore, [go f duo = [go ¢ dpuz, as claimed. O
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Proposition 20.21 for ¢(x, y) = f(y, x)

Proposition 20.21

Proposition 20.21. Let f : R? — R be integrable over R? with respect to
Lebesgue measure 115 and let ¢ # 0 be a real number. Define ¢ : R> — R,
¢:R? =R, and n:R* = R by o(x,y) = f(y,x), ¥(x,y) = f(x,x +y),
and n(x, y) = f(cx, y) for all (x,y) € R%. Then ¢, ¥, and 7 are integrable
over R? with respect to Lebesgue measure 11o. Moreover,

fd,uzz/ god,ugz/ ¢d,ugand/ fd,u2:|c|/ ndus.
R R? R R? R?

Proof for ¢(x,y) = f(y, x). By Corollary 20.19, each of ¢, 1, and 7 are
puo-measurable. We use Fubini’'s Theorem and Tonelli's Theorem as stated
in Theorem 20.16. As in the proof of Proposition 20,20, we may assume
without loss of generality that f is nonnegative.

Since f is integrable over R?, by Fubini's Theorem (as given in Theorem

20.16),
/11@2 fu= /]R (/R f(x,y) d,ul(x)> dpa(y).
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Proposition 20.22

Proposition 20.22. Let the linear operator T : R” — R” be invertible
and the function f : R” — R be integrable over R" with respect to
Lebesgue measure p,. Then the composition f o T : R” — R is also
integrable over R” with respect to Lebesgue measure u, and

1
fdpun = |det(T fonnor/fonn:— F dun.
/,, o = det(T)] | K , P = 1det(TY[ Jgo |

Proof. As in the proof of Proposition 20.20, we may assume without loss
of generality that f is nonnegative. By the multiplicative property of the
determinant (Property (i)) and the fact that every invertible linear
operator T : R” — R" is a composition of linear operators of Types 1, 2, 3
above we need only establish the result for Type 1, 2, 3 linear operators.
The cases n =1 and n = 2 follow from Propositions 20.20 and 20.21. We
now give an inductive proof. Suppose the result has been established for m
where m > 2 and consider the case n = m + 1.
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Proposition 20.22 (continued 1) Proposition 20.22 (continued 2)

Proof (continued). Since T is Type 1, 2, or 3 then either (1) T(e,) = e,
or (2) T(e1) = e1 (thatis, since n >3 and T is Type 1, 2, or 3, we

Proof (continued).
cannot have both T(e,) # e, and T(e1) # e1; notice that T “differs from

the identity” by only one “very elementary” operation). In the first case, /
= (T ey Xn—1), Xn)dtn—1(x1, X2, -+« s Xp—
T maps subspace {x € R" | x = (x1, x2, ..., Xn—1,0)} into itself and in the R \Jrr-1 (T(Cas 3, x0-1) Xa)dpn-1 (0% X-1)
second case T maps the subspace {x € R" [ x = (0,x2,x3,...,Xa)} into dpi(x,) since T' = T restricted and T(e,) = e,
itself. We consider the first case, with the second case following similarly. 1
= TadarTn fX17X27"'7Xn d,U/ -1 X17X27"-7Xn—1> dul Xn
Let T’ be the operator induced on R"~! by T (that is, the restriction of T |det(T")]| /R </]R"—1 ( ) dpna( ) b3
to R"™! = {x = (x1,x2,...,X,)}). By Property (iii), |det(T’)| = |det(T)|. by the induction hypothesis
By Corollary 20.19, f o T is pu, measurable. Since f is integrable and 1 . / o
= — fdun det(T') = det(T) and by Fub Th
(WLOG) nonnegative, Theorem 20.16 applies and |det(T)| Jrn fin since det(T7) = det(T) and by Fubini's Theorem
(as given in Theorem 20.16) since f is integrable.
/ fo Td,u,-, = / (/ lfo T(Xl,Xg,...,Xn)d,un_l(Xl,Xz,...,Xn_1)>
n R Rn—

dui(xn) by Tonelli's Theorem (as given in

Theorem 20.16) since f and f o T are nonnegative

Corollary 20.23

Corollary 20.23

Corollary 20.23. Let the linear operator T : R" — R"” be invertible. Then
for each Lebesgue measurable subset E of R”, T(E) is Lebesgue
measurable and p,(T(E)) = |det(T)|un(E).

Proof. Let E be bounded. By Proposition 20.17, T is Lipschitz. So T(E)
is bounded. By Proposition 20.18, T(E) is Lebesgue measurable and of
finite measure since it is bounded. So f = x1(g) is integrable over R”
with respect to Lebesgue measure i,. Now for x € E,
(foT)(x)=f(T(x)) =x71E)(T(x)) =1 andforx ¢ E, T(x) € E
(since T is one to on) and (fo T)(x) = f(T(x)) = x1(g)(T(x)) = 0; that
is, f o T = xg. Therefore [p,fo Tdun= [g. XEdpn = pn(E) and

Jgo £ f1in = Jgo X7(E) dtin = 1a(T(E)). So by Theorem 20.22,

tn(E) :/nfo Tdpn = MTtT)l Rnfdﬂn = MT:ETNNH(T(E))

and the claim holds for E bounded. We leave the case of E unbounded to

Exercise 20.2.G. O
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