Real Analysis

Chapter 22. Invariant Measures
22.1. Toplogical Groups: The General Linear Group—Proofs of Theorems
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Theorem 22.2

Theorem 22.2

Theorem 22.2. Let E be a Banach space. Then the general linear group
of E, GL(E), is a topological group with respect to the group operator of
operator composition and the topology induced by the operator norm on

L(E).

Proof. We observed above that GL(E) is a group. Since the topology is
induced by the operator norm, it is metrizable and so is Hausdorff (by
Proposition 11.7). So we need only show that the binary operation
(namely, operator composition) is continuous in the product topology and
that inversion is continuous.

First, we show continuity of operator composition. For
T,T,5,5" € GL(E) we have

ToS—T'0S~ToS—ToS+ToS ~T'05~To(S5-5)+(T—-T")oS

since T and S’ are linear.
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Lemma 22.1

Lemma 22.1

Lemma 22.1. Let E be a Banach space and the operator C € L(E) have
|C|| < 1. Then Id — c is invertible and ||(Id — C)~Y| < (1 — ||IC|)~ .
Proof. By Exercise 22.7, the series > 32 ; CX converges in L(E). So

> 425 CK converges to a continuous (that is, bounded) linear operator.

But 00
> Mm»
k=0

for all n € N (notice that CX commutes with Id and with C). Since

|Ck|| — 0 because ||C¥|| < ||C||* (by the first Note on page 3 of the class

notes or, by (1) on page 478) and ||C||¥ — 0. So Ck — 0 in L(E).

taking a limit on the right side of the equation above gives Id, and hence

the limit of the left hand side must also be Id. This implies that

S, Ch=(1d-C)t So
e 9]

I0d— ) =3¢

k=0

(Id—C)o (ld—C)=Id— ¢!

> 1
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k=0
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Theorem 22.2

Theorem 22.2 (continued 1)

Proof (continued). So
IToS—T' oS = [[To(S=S)+(T-T)o¥|
< To(S=N+I(T-T)o5|
by the Triangle Inequality for the operator norm
< ITHS=SU+I1T=TNISI
since || T oS|| < || T||||S]| in general.

Let ¢ > 0. Think of (S, T) € G x G as fixed. Notice 0 ¢ GL(E) since 0 is
not invertible and so T # 0. Let 61 = and

€
2Tl
Jy = A__m__J&: = N__m_“_H____mj_m Consider the open set in the product
topology for G x G of O ={S" | |S=5'|| <} x ||T"||T — T'|| < d2}.
For all (S', T') € O we have

€
= — and

ITIIS = S < I Tlox = I Tll =7
N__ﬂ__ 2
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Theorem 22.2

Theorem 22.2 (continued 2)

Proof (continued).

IT= TS| < 115162 < (IS + 61) since ||S — S'|| < &

€ €
< (ISl +61)

2SI +01) 2

So
€

N“m.

€
IToS=T oS <|TIS=SI+IT=TIIs <5+
Therefore operator composition is continuous.

Second, for continuity of inversion. If S € GL(E) and ||S — Id|| < 1, then
the identity S —Id = (Id = S) o St = (Id — S) o (Id — (Id — S)) ! gives

ST =1d]l = [l(1d=S)o(id—(Id = S))~|
< id = S|[I(1d = (1d = $)) 7| since [|S o T|| < [|S||[| T
|5 —Id
< — 1.
S TS5 d] by Lemma 22.1 (3)
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Theorem 22.2 (continued 4)
Proof (continued). Since S — T71 = (S71o T —1Id)o T and
T1oS—Id=T"10(S— T) we then have
ISTH =T = (S o T—1d)o TH <|IS7 o T —Id|[| T}
o NITos—1d] IT o (S = DIIT
“1—||T7'oS—Id 1— [T 1o(S=T)|

< NTHPIT =S|
=TT = S]]

_ 1Tl =

Let € > 0. Let
1 15

2T 2 TP
Then for any S in the open set O = {S | ||T — S| < §} we have

d = min

I _1

1— || T YT -S||>1- =
[T | > 2T~ 2
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Theorem 22.2 (continued 3)

Proof (continued). Let ¢ > 0. Let § = min{1/2,¢/2}. Then for any S in
the open set O = {S | ||S — Id|| < 6} we have
a—||S—1Id|>1-1/2=1/2 and so i < 2. Therefore for all
S € O we have
IS —Id|| £

1— IS —1d] 2
Hence inversion is continuous at Id. Now let T € GL(E). For any
S € GL(E) with ||S — T < || T~ we have

<2[S—-MUd|| <cz ==

ITloS—Id]| = ||[Tto(S—T)|since T~1is linear
< |IT7YIS = T since || T o S|| < ||S|||| T|| in general
< 1
Replacing S in (3) with 7710 S we have
T 1oS—1d
STt T —1d|| < H_|___7Hom|___&_.
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Theorem 22.2

Theorem 22.2 (continued 5)

Theorem 22.2. Let E be a Banach space. Then the general linear group
of E, GL(E), is a topological group with respect to the group operator of
operator composition and the topology induced by the operator norm on
L(E).
Proof (continued). ...and so
L <
L= THIT =S|
Therefore for all S € O we have
ITHPIT - S|l
L= T7HIIT =S|
2T P
AT
Therefore, inversion is continuous at arbitrary T € GL(E) and hence
inversion is continuous on GL(E). Therefore GL(E) is a topological

group.
- 0

2.

ST —T71 <

<2[THAIT -S|

= €.
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