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Theorem 7.1. Holder's Inequality

Theorem 7.1. Let E be a measurable set, 1 < p < o0, and g the

conjugate of p. If f € LP(E) and g € L9(E), then fg is integrable over E

and

/ gl < 1Foliglla.
E

This is Holder’s Inequality. Moreover, if f # 0, then the function

£ If|lp Psgn(f)|fIP~L if p>1
- sgn(f) if p=1

is an element of L9(E),

/ff* = 171l
E
and ||f*||4 = 1.

For 1 < p < oo and g the conjugate of p, for any positive a and b,

Proof. Consider g(x) = xP/p+1/q — x. Then g’(x) = xP~1 — 1 and so
g'(x) < 0 when x € (0,1) and g’(x) > 0 when x € (1,00). Therefore g
has a minimum at x = 1 (of 0). So g(x) > 0 for x > 0. Therefore

x < xP/p+1/q for x > 0. With x = a/b971 > 0 we have

a 1 a \p 1
SICOIRE

ba—1 ba-1 q
lafP 1
= —— + — since —1)=aq,
obi T g pla—1)=q
orab<aP/p+bi/q. O
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Theorem 7.1. Holder's Inequality (continued 1)

Proof. If p=1 and g = oo then

Ifelly = [¢ Ifg| < llglloc [¢ If] = lIfll1]l&]loc. and Halder's Inequality
holds. With p =1, f* = sgn(f) and so ff* = |f| and

Je = [eIfl = flls = [[fllp- Also,

1F*llg = l[f*[lcc = ess supxeglf*(x)] = 1.

Consider p > 1. The results are trivial if f =0 or g = 0. “It is clear” that
if Holder's Inequality is true for “normalized” f/||f||, and g/|/gl/q, then it
is true for all ¥ and g (as appropriate). So without loss of generality,
assume ||f||, = ||gl|lqg = 1. Since |f|P and |g|9 are integrable over E, then
f and g are finite a.e. on E (Proposition 4.13). By Young's Inequality

Ifg| = |f|lg| < |f|IP/p+ |g|9/q on E. By the Integral Comparison Test, fg
is integrable over E and

Hfglllz/ gl < /|f|P /|g|q— —1—Hf|| el
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Theorem 7.1. Holder's Inequality (continued 2)

Proof (continued). Finally,

ff* = fI|fll, Psen(F)If1P~* = If]l5 PIfIP,

[ el W i P F T
JE JE

and
1 1|9 Y
7l = { L e esenciee i}
1/q
= {/|f|p} since g(p— 1) =
E
1/p p/q
- ({/mp} ) — Pl
E
L]
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Minkowski's Inequality

Minkowski's Inequality (continued)

Proof (continued). Now [ |[f(f + g)*| < ||f|lolI(f + g)*|lq by Holder’s
Inequality and f(f 4+ g)* < |f(f + g)*| on E, so by the Integral
Comparison Test (Proposition 4.16),

/Ef(f—i—g ’/ (f+g)°

Similarly [z g(f +g)* < llgllpll(f + &)*[lq- Hence

/|f F+ &) < IFIIblI(F + 2)"llg-

If+gllp = /Ef(f+g)* +/Eg(f+g)*
< fll(F +&)*llg + llgllpli(F +&)*llq
= |Ifllp + llgllq since ||(f + g)*||¢ = 1 by Holder's Inequality
(the “Moreover” part).
L]
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Minkowski's Inequality

Minkowski's Inequality

Minkowski’s Inequality.
Let E be measurable and 1 < p < oco. If f and g belong to LP(E), then
f+gelLP(E) and

If+&llp < [Ifllp + llgllp-

Proof. We have already seen that the Triangle Inequality holds for p =1
(in Example 7.1.B) and for p = oo (see Example 7.1.C). So, without loss
of generality, we suppose p € (1,00). We saw in Example 7.1.A that for all
a, b € R we have |a+ b|P < 2P{|a|P + |b|P}, and so by monotonicity of
integration (Theorem 4.10), f + g € LP(E). The result holds if f + g =0,
so suppose without loss of generality, f + g # 0. Consider the conjugate of
f+g (f+8) =IIf +gllp "sen(f +g)|f +g|°~1. We now have

If+glp = /(f+g)(f+g)* by Theorem 7.1
E

/E f(f+g)* + /;g(f%—g)*.
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Corollary 7.3

Corollary 7.3

Corollary 7.3. Let E be measurable, m(E) < oo, and 1 < p; < p2 < 0.
Then LP2(E) C LPY(E). Furthermore, ||f]|p, < c||f||p, for all f € LP2(E)
where ¢ = (m(E))(P2=P1)/(P1P2) if p, < 00 and ¢ = (m(E))Y/P if py = oo

Proof. Assume p, < oo. Define p = py/p1 > 1 and let g be the conjugate
of p Let f € LP2(E). Then |f|P* € LP(E) and g = xg € L9(E) since
) < co. By Holder's Inequality,

/\frplz/ (FPg) < Il FP oligllq =

(Lo ™ L[ < { L} { [er) -

1F112:(m(E))9 and so { [ |FP}Y/P* < [|F]lp, (m(E))/(P) where

1 1 _ 1 _p/p-1_p-p
p p2/p1 '
qp1 <ﬁ> p1 (m/pH> p1 P2 p1P2
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Corollary 7.3 (continued)

Corollary 7.3. Let E be measurable, m(E) < oo, and 1 < p; < pp < o0.
Then LP?(E) C LPL(E). Furthermore, ||f||p, < c||f||p, for all f € LP2(E)
where ¢ = (m(E))(P2=PI/(P1P2) if py < 00 and ¢ = (m(E))Y/P if py = 0.

Proof (continued). If pp = oo and f € LP?(E) = L*°(E), then
/ |f1Pt < m(E)(ess sup(f))* = m(E)||f||5 < oo
JE
and f € LP'. Also,
1/p Y .
1Fllp = {/E ’f\pl} < {m(E)IIFIEP = (m(EDYP | Flloo = cl|Flpy

where ¢ = (m(E))Y/Pr. O



