1.7. Geodesics 1

1.7 Geodesics

Note. A curve d(s) on a surface M can curve in two different ways. First, a can
bend along with surface M (the “normal curvature” discussed above). Second, &

can bend within the surface M (the “geodesic curvature” to be defined).

Recall. For curve @ on surface M, o” can be written as components tangent and

normal to M as @' = aY, + apor where

an
1 Tl Tl i\ Y
oy = W+ Thu"vw") X,

S _ i GINTT (29)
dhor = (Liju"w’")U

and the parameters on the right hand side are defined in Section 5. a4,y reflects
the curvature of @ due to the bending of M and &’t’an reflects the curvature of @
within M. Now

&»%lan U = {(urll + F%’LLUU]/)XT} .U=0

- Xl X XQ
(recall U = ———=—) and
|X > Xs|
=/ A/ v =l v =/ v
Qpgn O = OQgn @ +0=20,, & +apor- &

(recall @ = w'X; and X; - U = 0)
(&gan +dpor) @ =a"-d =0

(vecall | @] = [|&@(s)]| = 1 and 7 = d/ds).

Therefore o, | is orthogonal to both U and &@. If we define 7 as the unit vector
@ =U x @, then &

tap 18 @ multiple of i (and @ is a vector tangent to M).
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Definition I-7. Let d(s) be a curve on M where s is arc length. The geodesic

curvature of & at d(s) is the function k;, = ky(s) defined by

A op = kgl = ky(U x ). (30)

Recall. The scalar triple product of three vectors (in R?) satisfies:

—

(AxB)-C=(Bx(0)-A=(Cx A)-B.

Theorem 1.7.A. The geodesic curvature k, of curve & in surface M can be cal-

culated as
k,=U-d xda". (31)
. =/
Proof. Since kgw = oy WE have
— - —// - —// e —/
kgt - 0 = @y, - W = Ay, - (U X A)
or
. o~ o~ 7 —/
kg = (Gian + anor) - U x @

(since @y is parallel to U)

— 7 —/ —/ —//
= a Uxd=U-axa"

Definition I-8. Let @ = d(s) be a curve on a surface M. Then & is a geodesic if

=/

=/
Ytan

= 0 ( or equivalently, if @ = a%oy) at every point of &.
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Note. A geodesic on a surface is, in a sense, as “straight” as a curve can be on the
surface. That is, @ has no curvature within the surface. For example, on a sphere

the geodesics are great circles.

Note. If @ is a geodesic on M if and only if
u" + Thu"w" =0 for r = 1,2 (32a)
and
U-d xa =0. (32Db)

(We'll use these LOTS!)

Example (Exercise 1.7.4(a)). Prove that on a surface of revolution, every merid-

ian is a geodesic.

Proof. Suppose

—

X(u,v) = (f(u)cosv, f(u)sinv, g(u)).

Let mi(s) = (f(s)cosv, f(s)sinv, g(s)) be a meridian of the surface (where we

assume the curve has been parameterized in terms of arclength s). Then

m'(s) = (f'(s)cosv, f'(s)sinv, ¢'(s))
m" = (f"(s)cosv, f"(s)sinv, g"(s))
m' xm" = ((f'(s)g"(s) = f"(s)g'(s)) sinv, (= f'(s)g"(s) + " (5)g'(5)) cos v, 0).

Now
Xy x Xy = (—f(s)g'(s) cosv,— f(s)g(s) sinv, f'(s) f(s))
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and so

Xy x Xy _ (—f(5)9/(s) cosv, —f(s)g'(s) sinv, f'(5) f(s))

A I+ PO

Therefore

Therefore mi(s) is a geodesic (see equation (32b)). 1

Definition. Let X (u!,u?) be a surface and let g;; (see page 34) and I'7; (see page
43) be as defined in Sections 4 and 5. The Christoffel symbols of the first kind are

Uik = U7 9rm (33)

fori,5,k =1,2.

Definition. The I'}; defined in Section 1.5 are the Christoffel symbols of the second
kind.

Note. Since I'}; = I'; (see (17), page 43) then I';jz = Tju; that is, there is
symmetry in the first two indices of the Christoffel symbols of the first kind. Also,

since (g;)~! = (¢"), we have T'J} = T'yj,¢"™.
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Theorem 1.7.B. Let X (u!,u2) be a surface and let g;; and I'7; be as defined in

Sections 4 a

and

nd 5. Then
Tijk = Xij - X (34)
1 (Ogix | Ogjk  Oij
Dy = = 22k Gk 990 36
w0 (8u3 T w T ub (36)

Proof. Since )Z'Z-j = F%X’T + LZ-JU (by definition, see page 43) then

Xij - Xy = F%X’T - Xp + (LijU) - X = Thgon + 0 = Ty,

J

establishing the first identity (recall g, = X, X k). Next,
dg 0 = o e s o
o= 5K K] = Xy X+ Koy Ko =Tip+ D (350)
Permuting the indices:
995 Do,
aijk —T,4 + iy and % = Thi; + . (35b and 35c¢)
Now
1 1
Lijr = =(20k) = =(Tije + Ljir)

2 2

1 :
§(Fijk + Ukji = Urji + Urij — Trij + Tjix) since Tijp = Ty by

symmetry in the first two indices

1 )
5{(Fijk + ki) + (Trij + Djie) — (Djgi + Digj) } since Ty = T'jp; and

I'kij = I'ijr by symmetry in the first two indices
1 (Ogir N dgj 09
2\ 0w Out  OuF
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and the second identity is established. Finally, multiplying this identity on both

sides by ¢*, summing over k and using the definition of [';; we have

1 0gir.  0gjx 0y
FT:FZ kT:_ kr Z. J' . )
K il 27 (8u3 T ou T dub

(recall (¢¥) = (gi;)~'), and the third identity is established. |

Note. Since the Christoffel symbols depend only on the metric form (or First

Fundamental Form), they are part of the intrinsic geometry of the surface M.

Definition. Let X (u',u?) be a surface. Then the coordinates X; and X, are

—

orthogonal if g12 = go1 = 0. (This makes sense since g;; = X'Z - X))

Corollary 1.7.A. Let X (u',u?) be a surface and let g;; and I'7; be as defined in
Sections 4 and 5. If X 1 and )52 are orthogonal coordinates, then

7 = 1 ang 1 agjf _ i
I 2¢g., \OW  Ou Our

(no sums over any of i, j, 7).

Proof. Since g1 = go1 = 0, then ¢g'? = ¢?! = 0 and g™ = 1/g11, g% = 1/g9s. The

result follows from the above theorem. |

Corollary 1.7.B. With the hypotheses of the previous corollary (with ¢, j,r = 1, 2),

when 7 =7
- 1 d¢g,, 1 0 1 |
ir - = = - |11 Gy
2¢, Ou 2 Ou’ B
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1 y
FI’L — - ag’” .
20y ou”

Proof. Follows from ¢12 = go;1 = 0. |

and when i = j #r

Note. By symmetry, I'}; = I';, and so the previous two corollaries cover all possible
cases of orthogonal coordinates when i, 5,7 € {1,2} (i.e., when we deal with two
dimensions). In dimensions 3 and greater (in particular, in the 4 dimensional
spacetime of Chapter III) we have a third case which we state now, and address in

detail later:

Theorem 1.7.C. In dimensions 3 and greater, if coordinates are mutually orthog-
onal, then for i, j,  all distinct, I'}; = 0. (In the event that one or more of i, j, r are

equal, the above corollaries apply.)

Note. In the case of orthogonal coordinates, if we return to Gauss’ notation:
gi=F, gou=g1=F=0, gn=_G

we have the First Fundamental Form (or metric form) ds?> = Edu? + Gdv? on

surface X (u,v). In this notation, the Christoffel symbols are then

1 _ FE, 2 _ Gy
I'y= 5% I = 38
F12 - F21 — 9F F21 - F12 - 2G (40)
G
2F

1 2 _ B,
Fzz—_ Fll__@'
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Example 17, page 62. In the Euclidean plane, ds?> = du® 4+ dv?>. Therefore
E = G =1 and all the Christoffel symbols are 0. Therefore a geodesic @ satisfies

1! TS
u™ 4+ Tuu” =0

for r = 1,2, or v = 0 for r = 1,2. That is, v" =« = 0 and v* = v" = 0.
Therefore u(s) = as + b and v(s) = ¢s + d for some a, b, ¢, d. Therefore, geodesics

in the Euclidean plane are straight lines.

Note. We will show in Theorem I-9 that the shortest path on a surface joining two
points is a geodesic. This theorem, combined with the previous example PROVES
that the shortest distance between two points in a plane is a straight line. Oddly

enough, you’ve probably never seen this PROVED before!

Example 18, page 62. Consider a sphere of radius r with “geographic coordi-
nates” (like latitude and longitude) v and v. Then the sphere is given by

—

X (u,v) = (rcosucosv, rsinucosv,rsinv)

(see Example 7, page 23). The metric form is (see page 33) ds®> = 72 cos® vdu? +
r2dv? (since there is no dudv term, F' = g12 = go1 = 0 and these coordinates are
orthogonal). Therefore E = r?cos?v and G = r? (a constant). Then E, = G, =
G, = 0 and the nonzero Christoffel symbols are

E, —2r2 cos v sin v

1
r,=ri = = = —tanwv
i op 212 cos? v
9 —E, 2r’cosvsinv ,
', = = 5 = COs v sIn v.
2G 2r

It is shown in Exercise 1.7.14 (at the end of this section) that this implies geodesics

are great circles.



1.7. Geodesics 9

Note. In Example 19 page 62, it is shown that the Euclidean plane when equipped
with polar coordinates (which are orthogonal coordinates) yields geodesics which

are lines (as expected).

Note. In general, to determine the geodesics for a surface, requires that one solve
differential equations. This can be difficult (sometimes impossible to do in terms
of elementary functions). In Chapter III we will compute some geodesics in 4-

dimensional spacetime (in fact, planets and light follow geodesics if 4-D spacetime).

Theorem I1-9. Let @(s), s € [a,b] be a curve on the surface M : X (u!, u?), where s
is arclength. If @ is the shortest possible curve on M connecting its two end points,

then & is a geodesic.

Idea of Proof. We will vary d(s) by a slight amount ¢. Then comparing the
arclength of & from d(a) to d@(b) with the arclength of the slightly varied curve
from @(a) to a(b) and assuming @ to yield the minimal arclength, we will show

that @ satisfies equation (32a) and is therefore a geodesic.

Proof. Let d@(s) = X (u!(s), u%(s)). Consider the family of curves of the form
U'(s,e) = u'(s) + ev'(s)

for i = 1,2, s € [a,b] where v’ are smooth functions with v'(a) = v'(b) = 0 for
i =1,2 (so X(U',U?) still joins @(a) and @(b)), X(U*,U?) C M, but otherwise v*
are arbitrary. We take @.(s) = X (U(s,¢), U%(s,¢)).
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5 M
7} (7(5, €) @,
() a(a) :
ev(s) a(b)
Let L(e) denote the length of a.:
b
L(e) :/ A(s,e)d
where s
ou' ou’
— (1T 172 -
)\(375) - {gm(U 7U ) (98 (93 }

(the square root of the metric form of M along a.).

e =0 so

%[L(g)] = % [/ab A(s,€) ds] = /ab%[)\(s,g)] ds

(since A and OA/0e are continuous) satisfies

/85 (s,0)]

Now
oA 0 LU aUI
0 Oe (gij(U U)ﬁs 85)
1 (0 QU U
— L(Ms.9) { gyt v 2

=0.

gm(Ul U2)

0
Oe

|

ou’
0s

ou’

Os

10

Now L has a minimum at
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ou' o [ou’
1772
(U U)as(%[@s]}

1 ) LU 9 QU QU U
- 2)\(3,5){(8U1[”(U Uz + aozlos U U5 ) 55 s

i j
+29ij(U17U2)8U 2 [aU ]}

0s Oc | Os
1 0 oU*\ oU oU’
— o Ul U2
A (5,2) {(aUk 9:a(U" U5z ) 95 05
1 0gi; o 8Ui8_Uj+2 ._8_(]1'82Uj
oA(s,¢) L\oUF ) Bs as ' 55 9z 0s
over k here since we treat the partial derivative with respect to U*

QQij(Ul, U2)

ouUt 92U
0s Oe 0s

} (notice that we sum

as if it were a subscript)

ou* ou’ :
since e = v*. With e = 0, = v/ and A(s,0) = 1 (because A(s,¢€) ds|.—g =
£

||| ds = 1ds; s is arclength on & = &) we have

O 99, |
g(s’ 0) (agi kUlejl + QQikUz/,Ukl>

and since € = 0 implies U’ = u’, then

o\ 1 [ 0g;
8_(370) — 5 (ﬂvkuzluj/ + 29@ il k/)
€

and so
/ agz] ir i i,
L(O):§ kY w'oF + 2g;u ds = 0.

Now by Integration by Parts
b
/ QQiku“vk'ds Let u = 2¢;u” and dv = M ds.

Then du = ag[Qgikui']ds and v = /vk'(s)ds =",
S

. 9 .
— 21 o k_ 21 ik
{ Giru" v /—as[gku Jv ds}

b

a
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/ [2giru”|v¥ds since v*(a) = v*(b) = 0.

/ 1 59@] i ]/ k 3 i, k
- = Z I — 2 1 !
L'(0) 2/ ( S[gku J0* | ds

— 1 agl] il j _g 7 k
= 2/ (8uk aS[QQZku ]) v'ds
0.

Since the integral must be zero for all arbitrary v* (and since f; f(s)g(s)ds =0

Therefore

for arbitrary g(s) implies f(s) = 0), then the remaining part of the integrand must

be zero: 5 5
1 Gij ir g i/
- i — g "N —0
20uk 8s[gku]

for kK =1,2. Now when ¢ =0, U’ = ¢ and

Sgs’] = o lgaud, w2

1 du? (9gzk du du”

ds
il ) 1.2
( oul ds | o ds)u +gd‘ﬁ(u’u)als
a (3 (3 3 3
( Gik ul 4 dg ku2/> i gik(U17 u2)uz//

(9u1

agzk w 0, !

) u” + gppu™ = + ggu™

(9uﬂ

Therefore 5 5
1 gl] g1 !
7 — —Ig; [C0 p— O
28ukuu 8s[gku]
for £ = 1,2 implies
189@] ir, i G, i3
200 T oui "

for k = 1,2, or using the notation of equations (35a, 35b, 35¢)

gmku =0

1 .
{§(Fikj + Djri) — (Diji + Fijk)} u'v! — g™ =0 (%)
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for k = 1,2. Since [ju"w’ = Tjuv’ (interchanging dummy variables i and )

and ['y;; = ' (symmetry in the first and second coordinates) then
1F r r Ul = 1F r r Y =0
5( ikj T jki)_ kji ¢ WU = 5( jki T jki)_ jki ¢ WU =
and the above equation (%) becomes
Ly’ u” + gpu™ =0
for k = 1,2. Multiplying by ¢*" and summing over k:
Fijkgkrui/uj/ + gkrgmkum// — 0 or ngui/uj/ + ur// -0

for r = 1,2. This is equation (32a) and therefore @ is a geodesic of M. 1

Note. Again, Theorem I-9 along with Example 17 shows that the shortest distance
between two points in the Fuclidean plane is a “straight line.” Theorem I-9 along
with Example 18 show that the shortest distance between two points on a sphere is

part of a great circle (explaining apparently unusual routes on international airline

flights).

Note. The converse of Theorem I-9 is not true. That is, there may be a geodesic
joining points which does not minimize distance. (Recall that we set L'(0) = 0,
but did not check L"”(0); we may have a maximum of L!) For example, we can
travel the six miles from Johnson City to Jonesborough (along a very small piece
of a geodesic), or we can travel in the opposite direction along a very large piece of
a geodesic (= 24,000 miles) and travel around the world to get to Jonesborough

(NOT a minimum distance).
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Note. Not all surfaces may allow one to create a geodesic joining arbitrary points.

For example, the Euclidean plane minus the origin does not admit a geodesic from
(1,1) to (=1, -1).

Note. In the next theorem, we prove that for any point on a surface, there is a

unique (directed) geodesic through that point in any direction.

Theorem I-10. Given a point P on a surface M and a unit tangent vector v at

P, there exists a unique geodesic @ such that @(0) = P and & (0) = .

Proof. Let P = X(u},u2) and @ = v'X;(u},u2). We need two functions u’(t),
r = 1,2 where
u” + Thuu! = forr =1,2
{ u"(0) = ug, u”'(0) =o" forr=1,2.
This is a system of two ordinary differential equations in two unknown functions,
each with two initial conditions. Such a system of IVPs has a unique solution (check
out the chapter of an ODEs book entitled “Existence and Uniqueness Theorems”)
u”(t) for r = 1,2. We now only need to establish that ¢ represents arclength. With

s equal to arclength,

ds\ > du 2 du dv dv\ > .
Y _p (L) pop (BT DY g =
(dt) (dt) i (dt dt>+G(dt> g = (1)

is the metric form and if we show this quantity is 1, then |t| = s and ¢ equals
arclength (we need @(0) = ¥ to eliminate the negative sign; this is insured by the

initial conditions). Well,

F0) = gij(up ug)u” (0)u?'(0) = Xi(ug, ug) - X; (up, ug)u” (0)u” (0)
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— 7= |l =
Next,
/ agi] ki3 u ! T
f(t) Dk u” + giuu’ + gijutu’”
Since
agij . .
Yk Lik; + T'jri (equation (35b), page 60)
u
= I'.9rj + Tpgri (equation (33), page 59)
= gl + gi 1, (symmetry of g;;)
then

ri ol

fl(t) = (g]TF:k_{—gzr ;k)u ’U,]/ k/—f—gmu u]/+gzru u
= gipu" (W + D" u™) + goju? (u™ + Thu'"u)

= 0 (from the first condition of the ODE).

25\ 2
Therefore f(t) is a constant and f(¢) = 1. Hence (d—j> = f(t)=1land t = s

(that is, ¢ is arclength). Therefore d@(s) = X (u!(s), u?(s)) is the desired geodesic.
|

Example (Exercise 1.7.14(a)). If M has metric form ds? = Edu® + Gdv* with
E, =G, =0, then a geodesic on M satisfies

du G

dv~ VEVE -1

for some constant h (see Exercise 1.7.12). Use this above equation to show that a

geodesic on the geographic sphere

X (u,v) = (Rcosucos v, Rsinucosv, Rsinv)
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satisfies
du h sec v hsecZv

dv VR —h2sec2v VRZ— K2 — B2 tanZv
where h is a constant.

Solution. First,

X7 = (—Rsinucosv, Rcosucoswv,0)

Xy = (—Rcosusinv, —Rsinusinv, Rcosv)

E = gn= )?1 : X’l = R?cos®v

G = 922=)Z'2-)Z'2:stin2v+choszv:Rz.
Then

du hv R?
dv V R2 cos?2 vv/R2 cos2 v — h2

hR
— Rcosov/R2 ot v — 12 since v € (—7/2,7/2)
o hsecv B sec?
cos vV R2 — h2sec? v \/R2 h2 1+ tan? v)
hsec?v

VR2 —h?2 — h2tan’v

Example (Exercise 1.7.14(b)). Substitute w = htanwv and integrate the above

equation to obtain cos(u — ug) + v tanv = 0 where uy and  are constants.

Solution. With w = htanv, dw = hsec? v dv and so

/ 2sec?v J
U = v
\/R2 — h2tan?v

— w
= — — 2dw:—cos_1 N + uyg.
VR? —h? —w VRZ—h
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Therefore
w htanv

V-2 V-

cos(u — ug) =
With v = —h/v/ R? — h? we have

cos(u — ug) + ytanv = 0.

Example (Exercise 1.7.14(c)). Show that the equation given in (b) when writ-
ten in Cartesian coordinates is a linear equation of the form ax + By + vz = 0 and
so represents the intersection of the sphere with a plane passing through the origin

(and therefore the geodesic is a great circle).

Solution. Multiplying by R cosv on each side of the equation gives R cos v cos(u —

up) + YR sinv = 0 or Rcoswv(cos ucos ug + sinusinug) + yRsinv = 0 or
(cosug) R cosucosv + (sinug)Rsinucosv + yRsinv = 0.

In cylindrical coordinates, p, 8, ¢, we have the relationships x = rcosfsing, y =
psin @sin ¢, and z = pcos ¢. Here, our R corresponds to cylindrical coordinates’ p
and our u corresponds to cylindrical coordinates’ 8. However, our v does not cor-
respond to ¢ of cylindrical coordinates but instead corresponds to 7/2 — ¢ (see my
Calculus 3 notes http://faculty.etsu.edu/gardnerr/2110/notes-12e/c15s7.pdf).
Our coordinates relate to rectangular coordinates as = Rcosusin(n/2 — v) =
Rcosucosv, y = Rsinusin(n/2 — v) = Rsinucosv, and z = Rcos(n/2 — v) =
Rsinv. So the above equation is of the form ax + By + vz = 0 where a = cos uy,

B = sinwug, and -y is a constant (as given in part (b)).
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