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1.8 The Curvature Tensor and

the Theorema Egregium

Recall. A property of a surface which depends only on the metric form is an

intrinsic property. We have shown (Theorem I-5) that the Gauss curvature at

a point ~P is K( ~P ) = L/g where L is the Second Fundamental Form and g is

the determinate of the matrix of the First Fundamental Form (or metric form).

Therefore, to show that curvature is an intrinsic property of a surface, we need

to show that L is a function of the gij (and their derivatives) which make up the

metric form.

Recall. For a surface M determined by ~X(u1, u2) the coefficients of the Second

Fundamental Form are

Lij = ~Xij · ~U = ~Xij ·
~X1 × ~X2

‖ ~X1 × ~X2‖
(equation (20), page 44)

and

Li
j = Ljkg

ki (equation (27), page 54)

and the Christoffel symbols are

Γr
ij =

1

2
gkr

(

∂gik

∂uj
+

∂gjk

∂ui
− ∂gij

∂uk

)

(equation (37), Theorem 1.7.B). Also recall the formulas of Gauss

~Xjk = Γh
jk

~Xh + Ljk
~U (equation (17), page 43)

and the formulas of Weingarten

~Ui = −Lj
i
~Xj (equation (28), page 55).
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Lemma 1.8.A. The coefficients of the Second Fundamental Form and the Christof-

fel symbols are related as follows (for h = 1, 2):

∂Γh
ik

∂uj
−

∂Γh
ij

∂uk
+ Γr

ikΓ
h
rj − Γr

ijΓ
h
rk = LikL

h
j − LijL

h
k. (51)

Proof. Differentiating the formulas of Gauss:

∂ ~Xik

∂uj
=

∂Γh
ik

∂uj
~Xh + Γh

ik

∂ ~Xh

∂uj
+

∂Lik

∂uj
~U + Lik

∂ ~U

∂uj

or by defining ∂/∂uj with a subscript of j

~Xikj =
∂Γh

ik

∂uj
~Xh + Γh

ik
~Xhj +

∂Lik

∂uj
~U + Lik

~Uj.

Using the formulas of Gauss and Weingarten to rewrite ~Xhj and ~Uj we get

~Xikj =
∂Γh

ik

∂uj
~Xh + Γh

ik(Γ
r
hj

~Xr + Lhj
~U) +

∂Lik

∂uj
~U + Lik(−Lh

j
~Xh)

or (by interchanging h and r in the second term [since we are summing over both])

~Xikj =
∂Γh

ik

∂uj
~Xh + Γr

ik(Γ
h
rj

~Xh + Lrj
~U) +

∂Lik

∂uj
~U + Lik(−Lh

j
~Xh)

=

(

∂Γh
ik

∂uj
+ Γr

ikΓ
h
rj − LikL

h
j

)

~Xh +

(

Γr
ikLrj +

∂Lik

∂uj

)

~U. (49)

Interchanging j and k gives

~Xijk =

(

∂Γh
ij

∂uk
+ Γr

ijΓ
h
rk − LijL

h
k

)

~Xh +

(

Γr
ijLrk +

∂Lij

∂uk

)

~U (50)

(so we have ~Xijk broken into a component normal to surface M and components

which lie in the tangent plane to M at a given point; namely the components in

directions ~X1 and ~X2). We have assumed that ~X is sufficiently continuous that
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~Xikj = ~Xijk and so ~Xikj − ~Xijk = ~0. Subtracting (50) from (49) and using the fact

that the coefficients of ~X1 and ~X2 in the resultant are 0 we have

∂Γh
ik

∂uj
−

∂Γh
ij

∂uk
+ Γr

ikΓ
h
rj − Γr

ijΓ
h
rk − LikL

h
j + LijL

h
k = 0

for h = 1, 2 and the result follows.

Definition. For a surface M with Christoffel symbols as above, define

Rh
ijk =

∂Γh
ik

∂uj
−

∂Γh
ij

∂uk
+ Γr

ikΓ
h
rj − Γr

ijΓ
h
rk. (52)

These make up the Riemann-Christoffel curvature tensor (with h = 1, 2).

Note. Since the Christoffel symbols (Γk
ij’s) are intrinsic properties of surface M by

equation (37) of Theorem 1.7.B, the Riemann-Christoffel curvature tensor is also

an intrinsic property of M .

Note. Interchanging j and k we trivially have Rh
ijk = −Rh

ikj. (53)

Theorem I-11. Gauss’ Theorema Egregium.

The Gauss curvature of a surface is an intrinsic property. That is, the Gauss

curvature of a surface is a function of the coefficients of the metric form and their

derivatives.

Proof. From the Lemma 1.8.A and definition of Rh
ijk we have

Rh
ijk = LikL

h
j − LijL

h
k. (54)
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Now define Rmijk = gmhR
h
ijk = gmrR

r
ijk. Then Rr

ijk = gmrRmijk. Now the Riemann-

Christoffel curvature symbols Rh
ijk are intrinsic and therefore Rmijk are also intrin-

sic. Multiplying (54) by gmh gives (summing over h = 1, 2)

gmhR
h
ijk = gmhLikL

h
j − gmhLijL

h
k = ghmLikL

h
j − ghmLijL

h
k

or Rmijk = LikLjm − LijLkm since gimLi
j = Ljm (equation (27′) in the notes and

page 54 in the line after equation (27) in the book). In particular, with m, j = 1

and i, k = 2

R1212 = L22L11 − L21L21

= L11L22 − L12L21 (since Lij = Lji; by equation (20), page 44)

= det(Lij) = L.

Therefore, since Rmijk are intrinsic, then L is intrinsic since, by Theorem I-5,

K = L/g = R1212/g is intrinsic!

Note. We now give an explicit equation for K in terms of the metric form.

Corollary 1.8.A. For a surface M determined by ~X(u, v) = ~X(u1, u2) the curva-

ture is given by

K =
1

g

[

Fuv −
1

2
Evv −

1

2
Guu + (Γh

12Γ
r
12 − Γh

22Γ
r
11)grh

]

where

g11 = ~X1 · ~X1 = E

g12 = ~X1 · ~X2 = F = g21

g22 = ~X2 · ~X2 = G

g = det(gij)
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and

Γr
ij =

1

2
gkr

(

∂gik

∂uj
+

∂gjk

∂ui
− ∂gij

∂uk

)

where (gij)
−1 = (gij).

Proof. Since Rmijk = gmhR
h
ijk (by the definition of the Riemann-Christoffel curva-

ture tensor; equation (55), page 76) and

Rh
ijk =

∂Γh
ik

∂uj
−

∂Γh
ij

∂uk
+ Γr

ikΓ
h
rj − Γr

ijΓ
h
rk

(equation (52), page 75) then

gmhR
h
ijk = gmh

∂Γh
ik

∂uj
+ gmhΓ

r
ikΓ

h
rj − gmh

∂Γh
ij

∂uk
− gmhΓ

r
ijΓ

h
rk

or

Rmijk = gmh
∂Γh

ik

∂uj
+ ghmΓh

rjΓ
r
ik − gmh

∂Γh
ij

∂uk
− ghmΓh

rkΓ
r
ij (since ghm = gmh)

= gmh
∂Γh

ik

∂uj
+ ΓrjmΓr

ik − gmh

∂Γh
ij

∂uk
− ΓrkmΓr

ij (∗)

since Γijk = Γr
ijgrk (equation (33), page 59). Now, interchanging the indices in

equation (33) we have gmhΓ
h
ik = Γikm or differentiating with respect to uj

∂gmh

∂uj
Γh

ik + gmh
∂Γh

ik

∂uj
=

∂Γikm

∂uj

or

gmh
∂Γh

ik

∂uj
=

∂Γikm

∂uj
− Γh

ik

∂ghm

∂uj
. (∗∗)

Now using (∗∗) in (∗) we have

Rmijk =

(

∂Γikm

∂uj
− Γh

ik

∂ghm

∂uj

)

+ ΓrjmΓr
ik −

(

∂Γijm

∂uk
− Γh

ij

∂ghm

∂uk

)

− ΓrkmΓr
ij.
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Replacing r by h in the products of Γ’s gives

Rmijk =

(

∂Γikm

∂uj
− Γh

ik

∂ghm

∂uj

)

+ ΓhjmΓh
ik −

(

∂Γijm

∂uk
− Γh

ij

∂ghm

∂uk

)

− ΓhkmΓh
ij.

Now

Γikm =
1

2

(

∂gim

∂uk
+

∂gmk

∂ui
− ∂gki

∂um

)

(equation (36), page 60)

and

∂ghm

∂uj
= Γhjm + Γmjh (equation (35), page 60)

= Γhjm + Γr
mjgrh (equation (33), page 59)

so

Rmijk =
∂

∂uj

[

1

2

(

∂gim

∂uk
+

∂gmk

∂ui
− ∂gki

∂um

)]

+ Γh
ikΓhjm − Γh

ik(Γhjm + Γr
mjgrh)

− ∂

∂uk

[

1

2

(

∂gim

∂uj
+

∂gmj

∂ui
− ∂gji

∂um

)]

− Γh
ijΓhkm + Γh

ij(Γhkm + Γr
mkgrh)

=
1

2

(

∂2gim

∂uj ∂uk
+

∂2gmk

∂uj ∂ui
− ∂2gki

∂uj ∂um

)

+ Γh
ikΓhjm − Γh

ik(Γhjm + Γr
mjgrh)

−1

2

(

∂2gim

∂uk ∂uj
+

∂2gmj

∂uk ∂ui
− ∂2gji

∂uk ∂um

)

− Γh
ijΓhkm + Γh

ij(Γhkm + Γr
mkgrh)

=
1

2

(

∂2gkm

∂uj ∂ui
− ∂2gjm

∂ui ∂uk
+

∂2gij

∂uk ∂um
− ∂2gik

∂uj ∂um

)

+ (Γh
ijΓ

r
mk − Γh

ikΓ
r
mj)grh.

So with m = j = 1 and i = k = 2

R1212 =
1

2

(

∂2g21

∂u1 ∂u2
− ∂2g11

∂u2 ∂u2
+

∂2g21

∂u2 ∂u1
− ∂2g22

∂u1 ∂u1

)

+(Γh
21Γ

r
12 − Γh

22Γ
r
11)grh

=
1

2
(Fuv − Evv + Fuv − Guu) + (Γh

21Γ
r
12 − Γh

22Γ
r
11)grh.

Since K = R1212/g (equation (57), page 76), and the result follows.
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Corollary 1.8.B. For a surface M determined by ~X(u, v) with orthogonal coordi-

nates ( ~X1 · ~X2 = F = 0) the curvature is

K = − 1

2
√

EG

(

∂

∂u

[

Gu√
EG

]

+
∂

∂v

[

Ev√
EG

])

.

Proof. With F = 0 and equation (40) of page 62 (which gives the Christoffel

symbols in an orthogonal coordinate system in terms of E and G) we have

K =
1

EG

{

−1

2
Evv −

1

2
Guu + ((Γ1

12)
2 − Γ1

22Γ
1
11)g11 + ((Γ2

12)
2 − Γ2

22Γ
2
11)g22

}

(since g12 = g21 = 0 and det(gij) = g11g22 = EG)

=
1

EG

{

−1

2
Evv −

1

2
Guu +

(

(

Ev

2E

)2

−
(

−Gu

2E

)(

Eu

2E

)

)

E

+

(

(

Gu

2G

)2

−
(

Gv

2G

)(

−Ev

2G

)

)

G

}

=
1

EG

{

−1

2
Evv −

1

2
Guu +

(

E2
v

4E2
+

EuGu

4E2

)

E +

(

G2
u

4G2
+

EvGv

4G2

)

G

}

= − 1

EG

{

1

2
Evv +

1

2
Guu −

EE2
v + EEuGu

4E2
− GG2

u + EvGGv

4G2

}

=
−1

2EG
√

EG

{√
EGEvv +

√
EGGuu −

√
EG

(

E2
v + EuGu

2E

)

−
√

EG

(

G2
u + EvGv

2G

)}

=
−1

2EG
√

EG

{√
EGEvv +

√
EGGuu −

GE2
v + EuGGu

2
√

EG

−EG2
u + EEvGv

2
√

EG

}

=
−1

2EG
√

EG

{√
EGEvv +

√
EGGuu −

Gu(EGu + EuG)

2
√

EG

−Ev(EGv + EvG)

2
√

EG

}
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=
−1

2
√

EG







√
EGGuu − Gu(EGu+EuG)

2
√

EG

EG
+

√
EGEvv − Ev(EGv+EvG)

2
√

EG

EG







=
−1

2
√

EG

{

∂

∂u

[

Gu√
EG

]

+
∂

∂v

[

Ev√
EG

]}

.

Note. The equation given in the previous corollary will be useful in the exercises

in this section.

Note. Some symmetry relations in Rmijk are given at the end of the section.

Example (Exercise 2, page 80). Let

~X(u, v) = (f(u) cos v, f(u) sin v, g(u))

be a surface of revolution whose profile curve ~α(u) = (f(u), 0, g(u)) has unit speed.

Show that K = −f ′′/f .

Solution. By Exercise 1.4.5, page 39, E = g11 = (f ′(u))2 + (g′(u))2, F = g12 =

g21 = 0 (coordinates are orthogonal), G = g22 = (f(u))2. So by equation (59), page

78,

K =
−1

2
√

(f(u))2{(f ′(u))2 + (g′(u))2}

×
{

∂

∂u

[

2f(u)f ′(u)
√

(f(u))2{(f ′(u))2 + (g′(u))2}

]

+
∂

∂v
[0]

}

.
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Now assuming ‖~α′‖ =
√

(f ′(u))2 + (g′(u))2 = 1 and f(u) ≥ 0:

K =
−1

2f(u)

{

∂

∂u
[2f ′(u)]

}

=
−f ′′(u)

f(u)
.

Example (Exercise 5 (b), page 81). The pseudosphere may be represented as

the surface of revolution

~X(u, v) =
(

a sinu cos v, a sin u sin v, a
[

cos u + ln
(

tan
u

2

)])

for u ∈ (0, π/2). Show that K = −1/a2 (and so the pseudosphere has constant

negative curvature).

Solution. In Exercise 5 (a), you will show that E = a2 cot2 u and G = a2 sin2 u.

Therefore by equation (59), page 78:

K =
−1

2
√

a4 cot2 u sin2 u

(

∂

∂u

[

2a2 sin u cos u√
a4 cot2 u sin2 u

]

+
∂

∂v
[0]

)

=
−1

2a4 cot2 u sin2 u

∂

∂u

[

2a2 sin u cos u

a4 cot2 u sin2 u

]

since u ∈ (0, π/2)

=
−1

2a4 cot2 u sin2 u

∂

∂u
[2 sin u]

=
−1

2a4 cot2 u sin2 u
(2 cos u) =

− cot u

a2 cot u
=

−1

a2
.
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Note. The pseudosphere looks like (from: http://virtualmathmuseum.org/

Surface/pseudosphere/pseudosphere.html):

Note. In the zx−plane, the profile curve of the pseudosphere is (from: http:

//xahlee.info/SpecialPlaneCurves dir/Tractrix dir/tractrix.html):

We get the point (z, x) = (0, 1) for u = π/2. Let’s calculate the arclength s for u
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ranging from π/2 to u∗:

s = −
∫ u∗

π/2

√

(x′(u))2 + (z′(u))2 du (since u∗ < π/2)

=

∫ π/2

u∗

√

cos2(u) +

(

− sin u +
sec2(u/2)

2 tan(u/2)

)2

du

=

∫ π/2

u∗

√

cos2 u +

(

− sin u +
1

2 sin(u/2) cos(u/2)

)2

du

=

∫ π/2

u∗

√

cos2 u +

(

− sin u +
1

sin u

)2

du

=

∫ π/2

u∗

√

cos2 u + sin2 u − 2 + csc2 u du

=

∫ π/2

u∗

√

csc2 u − 1 du =

∫ π/2

u∗
| cot u| du

=

∫ π/2

u∗
cot u du = ln(sin u)

∣

∣

∣

∣

∣

π/2

u∗

= − ln(sinu∗).

Therefore exp(−arclength) = e−s = e−(− ln(sin u∗)) = sin u∗ = x∗. So we have x = e−s

where s is arclength. This curve is called a tractrix. It can be generated by placing

a box at point (0, 1) and dragging it by attaching a 1 unit rope and pulling along

the z−axis (therefore the tangent line at any point meets the z−axis 1 unit from

the point of tangency; based on the previous figure):
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