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Lemma T.1. Necessary conditions for a STS(n)
Lemma T.1

Lemma T.1. If STS(n) exists then n =1 or 3 (mod 6).
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Lemma T.1. Necessary conditions for a STS(n)
Lemma T.1

Lemma T.1. If STS(n) exists then n =1 or 3 (mod 6).

-1
Proof. The graph K, has <,27> = n(r12) total edges and a 3-cycle has
3 edges. Now the edge sets of the 3-cycles in a Steiner triple system

-1
partition the edge set of K, so it is necessary that 3 divides n(n2);

that is, we must have n(n — 1) =0 (mod 6). So we must have n=0or 1
(mod 3).
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Lemma T.1. Necessary conditions for a STS(n)
Lemma T.1

Lemma T.1. If STS(n) exists then n =1 or 3 (mod 6).

-1
Proof. The graph K, has <,27> = n(r12) total edges and a 3-cycle has
3 edges. Now the edge sets of the 3-cycles in a Steiner triple system

-1
partition the edge set of K, so it is necessary that 3 divides n(n2);

that is, we must have n(n — 1) =0 (mod 6). So we must have n=0or 1
(mod 3).

Next, the degree of each vertex in K, is n — 1 and the degree of each
vertex of a 3-cycle is 2, so we must also have n — 1 even, or n odd.
Therefore, it is necessary that n =1 or 3 (mod 6). O
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Lemma T.2. (A, k)-systems

Lemma T.2

Lemma T.2. An (A, k)-system exists if and only if k =0 or 1 (mod 4).
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Lemma T.2. (A, k)-systems

Lemma T.2

Lemma T.2. An (A, k)-system exists if and only if k =0 or 1 (mod 4).

Proof. If an (A, k)-system exists, then there is a partition of the set
{1,2,...,2k} into distinct pairs (ar, by) such that b, = a, + r (or,
equivalently, b, — a, =r)forr=1,2,..., k. So we must have
k(k+1 : .
Z b, — Z ar = z; (2) Also, since the (a,, b,) partition
r
2k

{1,2,...,2k}, thenZar+Zb_Z _ 2k(2k+1)

r=1 2
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Lemma T.2. (A, k)-systems

Lemma T.2

Lemma T.2. An (A, k)-system exists if and only if k =0 or 1 (mod 4).

Proof. If an (A, k)-system exists, then there is a partition of the set
{1,2,...,2k} into distinct pairs (ar, by) such that b, = a, + r (or,
equivalently, b, — a, =r)forr=1,2,..., k. So we must have

k(k+1
Z b, — Z ar = Z (2—1_) Also, since the (a,, b,) partition

r1
2k

2k(2k 41
{1,2,...,2k}, thenZar+Zb =>r _(2+).Addingthese
r=1

k(k 2k(2k +1
equations, we must have 2Zb,: (2+ )+ (2+ ):

r=1
k

K(k+1) 422k +1)) _ k(BK+3) S b - K5k +3)
2 2
k =0 or 1 (mod 4) is necessary.
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Lemma T.2. (A, k)-systems

Lemma T.2 (continued 1)

Proof (continued). Now suppose k =0 (mod 4), say k =4¢. If k =4
and ¢ = 1, consider the pairs (1,2), (5,7), (3,6), and (4,8). If Kk > 8 (and
so £ > 2) then consider the pairs
(4+i—-1,80—i+1) forie{l,2,...,20},
(i,40—i—1) forie{1,2,...,0—1},
(L+i+1,3¢—1i) forie{l,2,...,0—2},
(¢,0+1),(20,40 — 1), and (20 + 1,60).
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Lemma T.2. (A, k)-systems

Lemma T.2 (continued 1)

Proof (continued). Now suppose k =0 (mod 4), say k =4¢. If k =4
and ¢ = 1, consider the pairs (1,2), (5,7), (3,6), and (4,8). If Kk > 8 (and
so £ > 2) then consider the pairs

(40+i—1,80—i+1) forie{l,2,...,20),
(i,40—i—1) forie{1,2,....0—1},
(L+i+1,3¢—1i) forie{l,2,...,0—2},
(£,0+1), (20,40 — 1), and (20 + 1, 6¢).

We now check these pairs to insure that they are a (A, k)-system. In the
following table we list the numbers covered by the pairs:

\ Pairs (a, b) [ Range of a, [ Range of b, |
(417 1,8 _i11)| 46,40+1,....66-1 | 60+1,60+2,.. .80
G40 —7-1) 12....0—1 30,30+ 1,...,40—2
C+7i+1,30=7) | 0+2,043,..,20—-1]20+2,20+3,...,30—1
.0+ 1) 7 71
f,40-1) 20 40— 1
(20 1 1, 60) W+ 1 6l
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Lemma T.2. (A, k)-systems

Lemma T.2 (continued 2)
Proof (continued).

(40+i—1,80—i+1) forie{l,2,...,20},
(i,40—i—1) forie{1,2,...,0—1},
(+i+1,3(—i) forie{l,2,....0—2},
(¢,0+1),(20,40 — 1), and (2¢ + 1,6¢).

We now check these pairs to insure that they are a (A, k)-system. In the
following table we list the values of b, — a,:

| Pairs (a,, by) [ br—ar | Range of b, — a, |
G+ 1,8 _711) |4 _2i+2 2.4,...,40 even
G4 —7—1) 4027 1] 201 1,2013,...,40 —30dd
C+it1,3-7 [20—2i—1 3,5...,20-3
0. 7+1) 1 1
0,40 —1) 201 20-1
(20+1,60) 47— 1 a7 —1
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Lemma T.2. (A, k)-systems

Lemma T.2 (continued 3)

Proof (continued). Now suppose k =1 (mod 4), say k =4¢+ 1. If
k =1 and ¢ = 0, consider the pair (1,2). If k =5 and ¢ =1, consider the
pairs (2,3), (8,10), (4,7), (5,9), and (1,6). If Kk > 9 (and so ¢ > 2) then
consider the pairs
(40+i+1,80—i+3) forie{l,2,...,20},
(i,40 —i—1) forie{l,2,...,¢},
(C+i+2,30—i+1) forie{l,2,....0—2}
(0+1,042),(20+1,60+2), and (20 + 2,40+ 1).
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Lemma T.2. (A, k)-systems

Lemma T.2 (continued 3)

Proof (continued). Now suppose k =1 (mod 4), say k =4¢+ 1. If
k =1 and ¢ = 0, consider the pair (1,2). If k =5 and ¢ =1, consider the
pairs (2,3), (8,10), (4,7), (5,9), and (1,6). If Kk > 9 (and so ¢ > 2) then
consider the pairs

(40+i+1,80—i+3) forie{l,2,...,20},

(i,40 —i—1) forie{l,2,...,¢},
(C+i+2,30—i+1) forie{l,2,....0—2}
(0+1,042),(20+1,60+2), and (20 + 2,40+ 1).

We now check these pairs to insure that they are a (A, k)-system. In the
following table we list the numbers covered by the pairs:

\ Pairs (a,, b,) [ Range of a, [ Range of b, |
(40+i+1,80_7+3) | 40+246+3, ..,60+1]60+3,60+4, .,80+2
(40— i+ 1) 12,....0 311,30+ 2,...,40
TFit230—i+1) 713,0+4,. .20 201+ 3,201 4,...,30
T+1,012) 741 752
011,607 2) 2011 60+ 2
(20+2,40+1) 20+ 2 11
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Lemma T.2. (A, k)-systems

Lemma T.2 (continued 4)

Proof (continued).

(404 i+1,80—i+3) forie{l,2,...,20,
(i,80—i+1) forie{l,2,....0}
(C+i+2,30—i+1) forie{l,2,....0—2}
(0+1,0+2),(20+1,60+2), and (20 + 2,40 +1).
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Lemma T.2. (A, k)-systems

Lemma T.2 (continued 4)
Proof (continued).

(404 i+1,80—i+3) forie{l,2,...,20,

(i,80—i+1) forie{l,2,....0}
(C+i+2,30—i+1) forie{l,2,....0—2}
(0+1,0+42),(20+1,60+2), and (20 +2,4¢ +1).

We now check these pairs to insure that they are a (A, k)-system. In the

following table we list the values of b, — a,:

\ Pairs (a,, b) [ b—a | Range of b, — a, |
0+ i+ 1,80_713) |4 _2i+2 2.4,....40 even
Gal—i+1) 4—2i+1|20+1,20+3,...,40—10dd
rit230—i+1) |20—2i—1 35,....20—3
(ESNE) 1 1
(011,607 2) 40+ 1 40+ 1
(201 2,40+ 1) 20— 1 201

O
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Lemma T.3. (B, k)-systems

Lemma T.3

Lemma T.3. A (B, k)-system exists if and only if kK =2 or 3 (mod 4).
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Lemma T.3. (B, k)-systems

Lemma T.3

Lemma T.3. A (B, k)-system exists if and only if kK =2 or 3 (mod 4).

Proof. If an (B, k)-system exists, then there is a partition of the set
{1,2,...,2k — 1,2k + 1} into distinct pairs (a,, b,) such that b, = a, + r

(or, equivalently, b, —a, = r) for r =1,2,..., k. So we must have
k k k
k(k+1 . ..
Z; by — z; ar = Zl r= (2) Also, since the (a,, b,) partition
r= r= r=

k k 2k—1
{1,2,...,2k— 1,2k + 1}, then Y "a,+> b= r+(2k+1)=
r=1 r=1

(2k_21)(2k)+(2k+1):(2k—1)k+(2k+1):_2k2+k+1_
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Lemma T.3. (B, k)-systems

Lemma T.3

Lemma T.3. A (B, k)-system exists if and only if kK =2 or 3 (mod 4).

Proof. If an (B, k)-system exists, then there is a partition of the set
{1,2,...,2k — 1,2k + 1} into distinct pairs (a,, b,) such that b, = a, + r

(or, equivalently, b, —a, = r) for r =1,2,..., k. So we must have
k

k k
k(k+1 : .
Z; b, — z; ar = Zl r= (2) Also, since the (a,, by) partition
r= r= r=

k k 2k—1
{1,2,...,2k— 1,2k + 1}, then Y "a,+> b= r+(2k+1)=
r=1 r=1

r=1
w+(2k+l) = (2k — 1)k + (2k + 1) = 2k® + k + 1. Adding

2
k
k(k+1
these equations, we must have 22 b, = (;—) + (K2 +k+1) =
r=1
k(k+1)+202k?> + k+1) k> +k+4k>+2k+2  5k*+3k+2
- 2 - 2 ’

Graph Theory e EE O



Lemma T.3. (B, k)-systems

Lemma T.3 (continued 1)

k
k? 43k +2
Proof (continued). ...or E b, = % So we need
r=1

5k%2 +3k +2 =0 (mod 4), and hence k = 2 or 3 (mod 4) is necessary.
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Lemma T.3. (B, k)-systems

Lemma T.3 (continued 1)

3k +2

k
k2
Proof (continued). ...or Z b, = 5%
r=1

5k%2 +3k +2 =0 (mod 4), and hence k = 2 or 3 (mod 4) is necessary.

. So we need

Now suppose k =2 (mod 4), say k =4+ 2. If k =2 and ¢ = 0, consider
the pairs (1,2) and (3,5). If k > 6 (and so £ > 1) then consider the pairs

(i,80—i+2) forie{1,2,...,20},
(40+i+3,80—i+4) forie{l,2....0—1},
(50+i+2,70—i+3) forie{l,2,....0—1}

(20 + 1,60+ 2), (40 + 2,60 + 3), (40 + 3,80 + 5) and (7€ + 3,7( + 4).
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Lemma T.3. (B, k)-systems
Lemma T.3 (continued 2)
Proof (continued).. ..

(i,40 —i+2) forie{l,2,...,2(},
(40+i+3,80—i+4) forie{l,2,....0—1},
(504 i4+2,70—i+3) forie{l,2... 01},
(204 1,60 + 2), (40 + 2,60+ 3), (4 + 3,80 + 5) and (7€ + 3,70 + 4).
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Lemma T.3. (B, k)-systems
Lemma T.3 (continued 2)
Proof (continued).. ..

(i,40 —i+2) forie{l,2,...,2(},
(40+i+3,80—i+4) forie{l,2,....0—1},
(504 i4+2,70—i+3) forie{l,2... 01},
(204 1,60 + 2), (40 + 2,60+ 3), (4 + 3,80 + 5) and (7€ + 3,70 + 4).

We now check these pairs to insure that they are a (B, k)-system. In the
following table we list the numbers covered by the pairs:

\ Pairs (a,, b,) [ Range of a, [ Range of b, |

(1,40 — 712 1,2,...,20 20+2,20+3,.. ,40+1
(404+i+3,80—i+4) | 4+4,40+5,...,50+2 | 7(+5,70+6,...,80+3
(504+i+2,70—i+3) | 5¢+3,5(+4,...,60+1 | 60+4,60+5,...,70+2

(20+1,60+2) 20+1 60+ 2
(4€+2,60+3) 40+2 60+3
(40+3,80+5) 413 8 +5
(7€+3,70+ 4) 7013 70t 4

Graph Theory TR



Lemma T.3. (B, k)-systems
Lemma T.3 (continued 3)
Proof (continued).. ..

(i,40 —i+2) forie{l,2,...,2(},
(40+i+3,80—i+4) forie{l,2,....0—1},
(504 i4+2,70—i+3) forie{l,2... 01},
(204 1,60 + 2), (40 + 2,60+ 3), (4 + 3,80 + 5) and (7€ + 3,70 + 4).
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Lemma T.3. (B, k)-systems

Lemma T.3 (continued 3)

Proof (continued).. ..

(i,40 —i+2) forie{l,2,...,2(},
(40+i+3,80—i+4) forie{l,2,....0—1},
(504 i4+2,70—i+3) forie{l,2... 01},
(204 1,60 + 2), (40 + 2,60+ 3), (4 + 3,80 + 5) and (7€ + 3,70 + 4).

We now check these pairs to insure that they are a (B, k)-system. In the
following table we list the values of b, — a,:

\ Pairs (a,, by) [ b—a | Range of b, — a, |
(1,40 —i+2) 40 —2i 42 2,4,...,4¢ even
(40+i+3,80—i+4)|4—2i+1|20+3,20+5,...,40—1 odd

(5017 +2,70—i+3) |20—2i+1 3,5,...,20—1o0dd
(2¢0+1,6¢0+2) 40+ 1 4041
(401 2,601 3) 20+ 1 20+ 1
(47¥3,8015) 4012 4012
(703,701 4) 1 1
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Lemma T.3. (B, k)-systems

Lemma T.3 (continued 4)

Proof (continued). Now suppose k = 3 (mod 4), say k =4¢ — 1. If
k =3 and ¢ =1, consider the pairs (1,2), (3,5), and (4,7). If k > 7 (and
so £ > 2) then consider the pairs
(40+i,80—i—2) forie{l,2,...,20—2},
(i,4—i—1) forie{l1,2,...,0—1},
(C+i+1,3¢—1i) forie{l,2,...,0—2},
(¢,0+1),(20,40—1),(2¢+1,6¢ —1), and (4¢,8¢ —1).
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Lemma T.3. (B, k)-systems

Lemma T.3 (continued 4)

Proof (continued). Now suppose k = 3 (mod 4), say k =4¢ — 1. If

k =3 and ¢ =1, consider the pairs (1,2), (3,5), and (4,7). If k > 7 (and
so £ > 2) then consider the pairs

(40+i,80—i—2)

for i € {1,2,...,20— 2},
(i,40—i—1) forie{1,2,...,0—1},
for i € {1,2,...,0—2},

(C+i+1,30—i)

(0,0 +1), (20,40 — 1), (20 + 1,6¢ — 1), and (4£,8¢ — 1).

We now check these pairs to insure that they are a (B, k)-system. In the
following table we list the numbers covered by the pairs:

\ Pairs (a,, by)

Range of a,

Range of b, |
(417,872 |4l11,4012,...,60 2] 6660+1,....8_3
G4 —7-1) 12, ..0—1 30,30+1,...,40—2
CritL.30=0 | 1+2,0+3,..,20—1 [20+2,20+3,...,3(—1
G011 7 71
6,4 —1) 20 40— 1
(201 1,60 — 1) 20+ 1 60— 1
(4, 80— 1) a0 8—1

Graph Theory

May 21, 2022
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Lemma T.3. (B, k)-systems
Lemma T.3 (continued 5)
Proof (continued).. ..

(40+i,80—i—2) forie{l,2,...,20—2),
(i,40 —i—1) forie{l,2,...,0—1},
(C+i+1,30—i) forie{l,2,....0- 2},
(6,0+1), (26,40 — 1), (20 + 1,60 — 1), and (47,80 — 1).
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Lemma T.3. (B, k)-systems

Lemma T.3 (continued 5)

Proof (continued).. ..

(40+i,80—i—2) forie{l,2,...,20—2),
(i,40 —i—1) forie{l,2,...,0—1},
(C+i+1,30—i) forie{l,2,....0- 2},
(6,0+1), (26,40 — 1), (20 + 1,60 — 1), and (47,80 — 1).

We now check these pairs to insure that they are a (B, k)-system. In the
following table we list the values of b, — a,:

[ Pairs(ar,b) [ br—a | Range of b, — a, |
@l+i,80—7—2)|4_2i—2 2.4,...,40 — 4 even
(,40—7i—1) |40—2i—1|20+1,20+3,...,40—3 odd
C+rit1,3-7) [20—2i—1 3,5,...,2/—3 odd
0. 7+1) 1 1
f,40 1) 20—1 201
(20+1,60—1) -2 a2
(46,80 —1) 40— 1 401

O
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Lemma T.4. Cyclic STS(n) for n = 1 (mod 6)

Lemma T.4

Lemma T.4. There exists a cyclic STS(n) for all n =1 (mod 6).
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Lemma T.4. Cyclic STS(n) for n = 1 (mod 6)

Lemma T.4

Lemma T.4. There exists a cyclic STS(n) for all n =1 (mod 6).

Proof. Let n =1 (mod 6), say n = 6k + 1. Let the (a,, b;)'s be from a
(A, k)-system when kK =0 or 1 (mod 4) and from a (B, k)-system when
k =2 or 3 (mod 4). The triples

{[/,r+j,br—|—k+j]\rE{1,2,...,k},j€{0,1,...,n—1}}

form a STS(n). This is because a (A, k)-system and a (B, k)-system give
solutions to Heffter's First Difference Problem and hence can be used to
give the “base blocks” for cyclic STS(n). O
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Lemma T.6. Cyclic STS(n) for n = 3 (mod 6)

Lemma T.6

Lemma T.6. There exists a cyclic STS(n) for all n =3 (mod 6), n # 9.
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Lemma T.6. Cyclic STS(n) for n = 3 (mod 6)

Lemma T.6

Lemma T.6. There exists a cyclic STS(n) for all n =3 (mod 6), n # 9.

Proof. Let n =3 (mod 6), say n = 6k + 3 where n > 15. Let the
(ar, br)'s be from a (C, k)-system when k =0 or 1 (mod 4) and from a
(D, k)-system when k =2 or 3 (mod 4). The triples

{U,r+Jj,br+k+j]re{l,2,...,k},j€{0,1,...,n/3—1}}

U{[j,2k + 14,4k +2+j]1|j=0,1,...,n—1}}

form a STS(n). This is because a (C, k)-system and a (D, k)-system give
solutions to Heffter's Second Difference Problem and hence can be used to
give the “base blocks” for cyclic STS(n). O

Graph Theory May 21,2022 16 / 17



Theorem T.1. Necessary and sufficient conditions for a STS(n)

Theorem T.1

Theorem T.1. A STS(n) exists if and only if n=1 or 3 (mod 6).
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Theorem T.1. Necessary and sufficient conditions for a STS(n)

Theorem T.1

Theorem T.1. A STS(n) exists if and only if n=1 or 3 (mod 6).

Proof. The necessary conditions are given in Lemma T.1. A STS(n),
where n =1 (mod 6), is shown to exist in Lemma T.4. A STS(n), where
n=3(mod 6), n# 9, is shown to exist in Lemma T.6.
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Theorem T.1. Necessary and sufficient conditions for a STS(n)

Theorem T.1

Theorem T.1. A STS(n) exists if and only if n=1 or 3 (mod 6).

Proof. The necessary conditions are given in Lemma T.1. A STS(n),
where n =1 (mod 6), is shown to exist in Lemma T.4. A STS(n), where
n=3(mod 6), n# 9, is shown to exist in Lemma T.6. For n=9, a
STS(9) is given by the triples {[0,1,2],[4,3,0],[2,8,4],]0,5,6],
[4,7,5],[2,6,7],[0,7,8],[4,6,1],[2,5,6],[1,3,7],[3,8,6],[8,1, 5]}
Therefore, a STS(n) exists if and only if n =1 or 3 (mod 6). O

Graph Theory May 21,2022 17 / 17
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