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Chapter 11. The Four-Colour Problem

Note. The two most historically important results in graph theory are probably

the Königsberg Bridge Problem (described in Section 3.3 in the context of Euler

tours) and the four-colour problem. The Four-Colour Problem simply involves

showing that for any map of countries, the countries can be assigned colours such

that any two countries sharing a border have difference colours.

Section 11.1. Colourings of Planar Maps

Note. In this section we give a bit of history of the Four-Colour Conjecture/Theorem.

We discuss the proof of the theorem, but only give a proof of Tait’s Theorem which

relates the 4-colourability of certain plane graphs to the edge colourability of the

graph.

Note. For much of the history of the problem, we reference Robin Wilson’s Four

Colors Suffice: How the Map Problem was Solved, Princeton: Princeton Univer-

sity Press (2002); we refer to this reference simply as “Wilson.” We also briefly

mentioned this source in 1.7. Further Reading.

https://faculty.etsu.edu/gardnerr/5340/notes-Bondy-Murty-GT/Bondy-Murty-GT-1-7.pdf
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A very detailed history based on Wilson’s book is given in Supplement. The Four-

Colour Theorem: A History, Part 1 and Supplement. The Four-Colour Theorem: A

History, Part 2. These are supplements to Section 15.2. The Four-Colour Theorem.

Note. Augustus De Morgan (1806–1871) of University College, London, and Irish

mathematician William Rowan Hamilton (1805–1865) of Dublin regularly corre-

sponded about science and mathematics. On October 23, 1852 De Morgan wrote

to Hamilton about a question from one of his students:

“A student of mine [Frederick Guthrie, brother of Francis] asked me

today to give him a reason for a fact which I did not know was a fact—

and do not yet. He says that if a figure be anyhow divided and the

compartments differently coloured so that figures with any portion of

common boundary line are differently coloured—four colours may be

wanted, but not more—the following is the case in which four colours

are wanted. Query cannot a necessity for five or more be invented. . . ”

https://faculty.etsu.edu/gardnerr/5340/notes-Bondy-Murty-GT/Supplement-Four-Color-Theorem1.pdf
https://faculty.etsu.edu/gardnerr/5340/notes-Bondy-Murty-GT/Supplement-Four-Color-Theorem1.pdf
https://faculty.etsu.edu/gardnerr/5340/notes-Bondy-Murty-GT/Supplement-Four-Color-Theorem2.pdf
https://faculty.etsu.edu/gardnerr/5340/notes-Bondy-Murty-GT/Supplement-Four-Color-Theorem2.pdf
https://faculty.etsu.edu/gardnerr/5340/notes-Bondy-Murty-GT/Bondy-Murty-GT-15-2.pdf
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This close-up image of the letter is from Wilson; Chapter 2 of Wilson is available on

the Princeton University Press webpage; a copy of the complete letter is available

on Wikipedia’s Four Color Theorem (accessed 1/16/2021). The little image with

regions “coloured” A, B, C, and D show that at least four colors are necessary.

Note. According to Wilson, the first known statement of the four-colour prob-

lem in print appeared in an unsigned review (dated April 14, 1860) of William

Whewell’s book The Philosophy of Discovery, Chapters Historical and Critical in

the popular literary journal Athenaeum. Whewell was a philosopher at Trinity

College, Cambridge. In the review, the four-colour problem is described and it is

claimed that it is familiar to cartographers. In 1860 De Morgan in the Athenaeum

pointed out that this “theorem” had never been proved. This brought the prob-

lem to the attention of the American mathematician and logician Charles Sanders

Peirce (1839–1914) who brought it to the attention of the American mathematical

community at Harvard University. Arthur Cayley was interested in the problem,

asked about it at an 1878 meeting of the London Mathematical Society and pub-

lished a short note on it in the April 1879 issue of the Proceedings of the Royal

Geographic Society in which he mentioned that he had made little progress on a

proof. One contribution of Cayley was that he showed it is sufficient to consider

cubic maps (in which there are exactly three countries at each meeting point; see

Note 11.1.A below).

Note. London lawyer and amateur mathematician (and a student of Cayley’s at

Trinity College) Alfred Bray Kempe (1849–1922) presented what Wilson (see Chap-

ter 5) describes as “the most famous fallacious proof in the whole of mathematics.”

http://assets.press.princeton.edu/chapters/s10116.pdf
https://en.wikipedia.org/wiki/Four_color_theorem#/media/File:DeMorganFourColour.png
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Kempe published “On the Geographical Problem of the Four Colours,” American

Journal of Mathematics 2, 193–200 (1879) (reprinted in N. L. Biggs, E. K. Lloyd,

and R. J. Wilson’s Graph Theory: 1736-1936 2nd edition, NY: Clarendon Press,

1986). A preview of the paper appeared in Nature 20, 79 (July 17, 1879) and

a simplified version appeared in Proceedings of the London Mathematical Society,

10, 229-31 (1878-79) and also in Nature 21, 399–400 (February 2, 1880). In this,

Kempe presents his “proof” of the four-colour problem. However, he makes a sub-

tle error which goes undetected for 11 years (see Chapter 5 of Wilson for a fairly

detailed but nontechnical discussion). Peter Guthrie Tait (1831–1901), influenced

by Cayley and Kempe, took an interest in the problem and in 1880 found a re-

lationship between face colourings and edge colourings (stated below as Theorem

11.4). Tait was of the opinion at the time that, following an easy inductive proof

of a certain lemma, his result would imply the Four-Colour Theorem. Ultimately,

his lemma ended up being as complicated to prove as the Four Colour Theorem

itself (see Chapter 6 of Wilson); it is stated as Conjecture 11.5 below.

Note. Detection of the error in Kempe’s paper is credited to Percy Heawood

(1861–1955), a mathematics lecturer at Durham College. Heawood’s paper “Map-

Colour Theorem,” Quarterly Journal of Mathematics, 24, 332–38 (1890) (partially

reprinted in Graph Theory: 1736-1936) states: “The present article does not profess

to give a proof of [The Four-Colour Theorem]; in fact its aims are so far rather

destructive then constructive, for it will be shown that there is a defect in the

now apparently recognized proof [of Kempe].” Kempe himself admitted the error

in Proceedings of the London Mathematical Society, 22, 263 (1890-91) on April 9,
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1891 at a meeting of the society (see Chapter 7 of Wilson). Heawood goes on to

give a proof that five colours are sufficient to colour a map (in fact, he employed

Kempe’s approach in his proof). We’ll explore the Five-Colour Theorem in the

next section.

Note. Kenneth Appel (1932–2013) and Wolfgang Haken (1928–2022) of the Uni-

versity of Illinois in June 1976 announced a successful proof of the Four Color

Theorem. They, along with John Koch of Wilkes University (he still has an ac-

tive faculty webpage, accessed 1/16/2021) who assisted with computational work,

presented the results in two papers:

1. K. Appel and W. Haken, “Every Planar Map is Four Colorable, Part I: Dis-

charging,” Illinois Journal of Mathematics 21, 429–90 (1977); available on

Project Euclid (accessed 1/16/2021), and

2. K. Appel, W. Haken, and J. Koch “Every Planar Map is Four Colorable, Part

II: Reducibility,” Illinois Journal of Mathematics 21, 491–567 (1977); available

on Project Euclid (accessed 1/16/2021).

https://www.wilkes.edu/campus-directory/john.koch.aspx
https://www.wilkes.edu/campus-directory/john.koch.aspx
https://projecteuclid.org/download/pdf_1/euclid.ijm/1256049011
https://projecteuclid.org/download/pdf_1/euclid.ijm/1256049012
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Their approach was to argue that if the Four-Colour Conjecture is false, then there

is a smallest planar graph (in terms of the number of faces) that requires five colours.

In looking for such a counterexample, they considered two ideas. First, that such a

counterexample has a unavoidable set, similar to the role that K5 and K3,3 play in

the setting of planar graphs. Second, a reducible configuration is an arrangement

of faces of a planar graph that cannot occur in a minimal counterexample; if a

graph contains such a configuration then the graph can be reduced to a smaller

graph (hence the name of the second paper) which is checked for four colourability.

If the smaller graph is four colourable then so is the original graph, and if it

is not four colourable then the original graph is not minimal. The process of

checking for four colourability involves “discharging rules” (hence the name of the

first paper). The original papers involved 487 discharging rules and 1482 reducible

configurations (and the papers were supplemented with a microfiche containing 450

pages of further diagrams and details). See Chapters 9 and 10 of Wilson. Some of

the history is from the Wikipedia webpage on The Four Color Theorem (accessed

1/16/2021).

Figure 44 of Part II. Some reducible configurations.

https://en.wikipedia.org/wiki/Four_color_theorem
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Note. The heavy reliance on computers in Appel and Haken’s proof was immedi-

ately a topic of discussion and concern in the mathematical community. The issue

was the fact that no individual could check the proof; of special concern was the

reductibility part of the proof because the details were “hidden” inside the com-

puter. Though it isn’t so much the validity of the result, but the understanding

of the proof. Appel himself commented: “. . . there were people who said, ‘This

is terrible mathematics, because mathematics should be clean and elegant,’ and I

would agree. It would be nicer to have clean and elegant proofs.” See page 222 of

Wilson. By the early 1980s rumors of errors in Appel and Haken’s work were circu-

lating. In 1981 a master’s student, Ulrich Schidt, at Aachen Technische Hochschule

found an error that took Haken two weeks to correct. A few misprints were also

found. A minor error in one configuration was found in 1985. Other than this and

few additional misprints, no significant error has been found. Appel and Haken

published Every Planar Map is Four Colorable, Contemporary Mathematics Vol-

ume 98, American Mathematical Society (1989), a 741 page work that gave more

details of the proof, proved some related results, corrected all the known errors,

and included a printed version of the microfiche pages.

Note. In 1994, Neil Robertson, Daniel Sanders, Paul Seymour, and Robin Thomas

gave their own proof using the same general approach that Appel and Haken used.

However, their work involved only 633 reducible configurations (versus Appel and

Haken’s 1482) and only 32 discharging rules (versus Appel and Haken’s 487). Their

work was described in “The Four-Colour Theorem,” Journal of Combinatorial The-

ory, Series B, 70, 2–44 (1997). We now return to Bondy and Murty and introduce
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the definitions we need to translate the Four-Colour Theorem into specific graph

theoretic terms.

Definition. A k-face colouring of a plane graph is an assignment of k colours to

its faces. The colouring is proper if no two adjacent faces are assigned the same

colour. A plane graph is k-face colourable if it has a proper k-face colouring.

Note. Since every “map” can be thought of as a plane graph without cut edges

(a cut edge would represent a boarder between a country and itself so that a plane

graph with cut edges cannot have a proper face colouring), then the Four-Colour

Conjecture is equivalent to the following.

Conjecture 11.1. The Four-Colour Conjecture (Face Version).

Every plane graph without cut edges is 4-face colourable.

Note. We can now state Appel and Haken’s result (“The Four-Colour Theorem”)

as follows.

Theorem 11.2. The Four-Colour Theorem.

Every plane graph without cut edges is 4-face colourable.

Note. We now look at vertex colourings and edge colourings, and translate The

Four-Colour Conjecture into these settings.
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Definition. A k-vertex-colouring of a graph, or simply a k-colouring, is an assign-

ment of k colours to its vertices. The colouring is proper if no two adjacent vertices

are assigned the same colour. A graph is k-colourable if it has a proper k-colouring.

Note. Since adjacent pairs of vertices of a plane graph correspond to adjacent

faces of its dual, the Four-Colour Problem is equivalent to the problem of finding

a 4-colouring of every loopless plane graph. Notice that this does not refer to

any particular embedding. This gives the following version of The Four-Colour

Conjecture.

Conjecture 11.3. The Four-Colour Conjecture (Vertex Version).

Every loopless planar graph is 4-colourable.

Note 11.1.A. To establish the vertex version of The Four-Colour Conjecture, it

suffices to show that all simple connected planar graphs are 4-colourable (since any

parallel arcs can be subdivided and the new vertices 4-coloured as needed). In

Exercise 11.1.1/11.2.1 (different printings of the text book have slight differences,

in particular in the location of exercises in this chapter) it is to be shown that the

Four-Colour Conjecture is true provided that it is true for all simple 3-connected

maximal planar graphs. By Corollary 10.21, a simple planar graph on at least

three vertices satisfies m ≤ 3n− 6, so a maximal (in terms of edges) simple planar

graph satisfies m = 3n − 6 which implies (also be Corollary 10.21) that every

planar embedding is a triangulation. So the Four-Colour Conjecture is equivalent

to the claim that every 3-connected triangulation is 4-colourable. Note the dual of
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a triangulation is cubic by Proposition 10.11 and by Exercise 10.2.9 the dual of a

simple 3-connected plane graph is also simple and 3-connected. So by considering

the dual, the Four-Colour Conjecture is also equivalent to the claim that every

3-connected cubic plane graph is 4-face-colourable.

Definition. A k-edge-colouring of a graph is an assignment of k colours to its edges

The colouring is proper if no two adjacent edges are assigned the same colour. A

graph is k-edge-colourable if it has a proper k-edge colouring.

Theorem 11.4. Tait’s Theorem.

A 3-connected cubic plane graph is 4-face-colourable if and only if it is 3-edge-

colourable.

Note. By Note 11.1.A and Tait’s Theorem, we have another version of the Four-

Colour Conjecture.

Conjecture 11.5. The Four-Colour Conjecture (Edge Version).

Every 3-connected cubic planar graph is 3-edge-colorable.

Note. If a cubic graph (in which every vertex is of degree 3) is Hamiltonian

(in which case n is even by Theorem 1.1) then the edges of the Hamilton cycle

can be properly coloured with two colours (by just alternating the edge colours

on the cycle). The remaining edges can be coloured with a third colour so that

such a graph is 3-edge-colourable. So if every 3-connected cubic planar graph

is Hamiltonian, then Conjecture 11.5 would hold. Peter Tait thought this result
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would follow easily (as commented above) so that his Theorem 11.4 would imply

the Four-Colour Conjecture. However, it was shown by Tutte in 1946 that a non-

Hamiltonian 3-connected cubic planar graph exists; see W. T. Tutte, “On Hamilton

Cycles,” Journal of the London Mathematical Society, 21, 98–101 (1946).
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