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Chapter 2. Topological Spaces and Continuous Functions
Section 19. The Product Topology—Proofs of Theorems
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Theorem 19.1

Theorem 19.1. Comparison of the Box and Product Topologies.
The box topology on [, Xo has as a basis all sets of the form []
where U, is open in X, for each o € J. The product topology on
[I,c s Xa has as a basis all sets of the form [] ., U, where U, is open in
X, for each o € J and U, = X, except for finitely many values of a.

aGJ
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Theorem 19.1. Comparison of the Box and Product Topologies.
The box topology on [, Xo has as a basis all sets of the form []
where U, is open in X, for each o € J. The product topology on
[I,c s Xa has as a basis all sets of the form [] ., U, where U, is open in
X, for each o € J and U, = X, except for finitely many values of a.

aGJ

Proof. The claim about the box topology is just a restatement of the
definition of the box topology.
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The box topology on [, Xo has as a basis all sets of the form []
where U, is open in X, for each o € J. The product topology on
[I,c s Xa has as a basis all sets of the form [] ., U, where U, is open in
X, for each o € J and U, = X, except for finitely many values of a.

aGJ

Proof. The claim about the box topology is just a restatement of the
definition of the box topology. Let BB be the basis for the product topology
that subbasis S generates. Then B consists of all finite intersections of
elements of S by the definition of subbasis.
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Theorem 19.1

Theorem 19.1. Comparison of the Box and Product Topologies.
The box topology on [, Xo has as a basis all sets of the form []
where U, is open in X, for each o € J. The product topology on
[I,c s Xa has as a basis all sets of the form [] ., U, where U, is open in
X, for each o € J and U, = X, except for finitely many values of a.

aGJ

Proof. The claim about the box topology is just a restatement of the
definition of the box topology. Let BB be the basis for the product topology
that subbasis S generates. Then B consists of all finite intersections of
elements of S by the definition of subbasis. Notice that the intersection of
two elements of Sp is again an element of Sg (since

Wﬁ_l(Ug) Nmy Y(vp) = T5 Y(Us n V) for any Ug, V3 open in X3 and, of
course, Ug N V3 is open |n Xg), so by induction any finite intersection of
elements in Sg is again in Sg. So finite intersections of elements of S can
be described as finite intersections of elements of Sg for distinct, finite
number of (§'s.
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Theorem 19.1 (continued)

Theorem 19.1. Comparison of the Box and Product Topologies.
The box topology on [, Xo has as a basis all sets of the form [] ., Ua
where U, is open in X, for each o € J. The product topology on

[I,c s Xa has as a basis all sets of the form [, U, where U, is open in
X, for each o € J and U, = X, except for finitely many values of a.

Proof (continued). That is, elements of B are of the form

B = ﬂf’zlﬂ/gil(Ug,) where 5 € J, 1,52, ..., s are distinct, and Ug, is
open in Xg,. Notice x = (x + a) € [[,c, Xa asin ng(Uﬁ) if and only if
X3 € Ug.
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Theorem 19.1 (continued)

Theorem 19.1. Comparison of the Box and Product Topologies.
The box topology on [, Xo has as a basis all sets of the form [] ., Ua
where U, is open in X, for each o € J. The product topology on

[I,c s Xa has as a basis all sets of the form [, U, where U, is open in
X, for each o € J and U, = X, except for finitely many values of a.

Proof (continued). That is, elements of B are of the form

B = ﬂf’zlﬂ/gil(Ug,) where 5 € J, 1,52, ..., s are distinct, and Ug, is
open in Xg,. Notice x = (x + a) € [[,c, Xa asin ng(Uﬁ) if and only if
x3 € Ug. So 7T/;1(U5) = [locy Yo Where Y, = X, for a # 3 and

Yo = Ua for a = 3. So basis element B = N_ ;751 (Ug,) = [Toey Ya
where Y, = X, for a € {f1,02,...,0n} and Y, = U, for

a € {p1,02,...,0n}, as desired. O
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Theorem 19.5

Theorem 19.5. Let {X,} be an indexed family of spaces and let A, C X,
for each av € J. If [] X, is given either the product or the box topology

then [] Ax = [[ Aa.
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Theorem 19.5

Theorem 19.5. Let {X,} be an indexed family of spaces and let A, C X,

for each a € J. If [ Xa is given either the product or the box topology
then [T Aa =[] Aa-

Proof. Let x = (x,) € [[ Aa- Let O be an open set in either the box or
product topology that contains x.
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Theorem 19.5. Let {X,} be an indexed family of spaces and let A, C X,
for each av € J. If [] X, is given either the product or the box topology

then [] Ax = [[ Aa.

Proof. Let x = (x,) € [[ Aa- Let O be an open set in either the box or
product topology that contains x. Then there is U =[] U, a basis
element for either th ebox or product topology that contains x. Then

Xo € Ag for each a € J and so there is y,, € U, N A, by Theorem 17.5(a).
Theny = (ya) €E[[Us=Uandsoyec UN[]A. C O.
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Theorem 19.5. Let {X,} be an indexed family of spaces and let A, C X,
for each av € J. If [] X, is given either the product or the box topology

then [] Ax = [[ Aa.

Proof. Let x = (x,) € [[ Aa- Let O be an open set in either the box or
product topology that contains x. Then there is U =[] U, a basis
element for either th ebox or product topology that contains x. Then

Xo € Ag for each a € J and so there is y,, € U, N A, by Theorem 17.5(a).
Theny = (ya) € [[Us=Uandsoy € UNJ[A, C O. Since O is an
arbitrary open set containing x then x € [[ A, by Theorem 17.5(a) and so

[TA. C [T Aa
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Theorem 19.5 (continued 1)

Theorem 19.5. Let {X,} be an indexed family of spaces and let A, C X,
for each aw € J. If [[ X, is given either the product or the box topology

then [T As = [ Aa.

Proof (continued). Conversely suppose x = (x,) € [[ Aa (Where the
closure is taken in either topology).
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Theorem 19.5 (continued 1)

Theorem 19.5. Let {X,} be an indexed family of spaces and let A, C X,
for each aw € J. If [[ X, is given either the product or the box topology

then [T As = [ Aa.

Proof (continued). Conversely suppose x = (x,) € [] Ao (Where the
closure is taken in either topology). Let 5 € J and let Vj be an arbitrary
open set of X3 containing xg. Since ng(Vg) is open in [[ X, in either
topology so by Theorem 17.5(a) it contains a point y = (yo) € [[ Aa. So
yg € Vg N Az.
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Theorem 19.5. Let {X,} be an indexed family of spaces and let A, C X,
for each aw € J. If [[ X, is given either the product or the box topology

then [T As = [ Aa.

Proof (continued). Conversely suppose x = (x,) € [] Ao (Where the
closure is taken in either topology). Let 5 € J and let Vj be an arbitrary
open set of X3 containing xg. Since ng(Vg) is open in [[ X, in either
topology so by Theorem 17.5(a) it contains a point y = (yo) € [[ Aa. So
ys € VgN Ag. Since V3 is an arbitrary open set in Xz containing xg then
by Theorem 17.5(a) we have x5 € Ag. Since 8 € J is arbitrary then

Xo € Aq forall a € J an dx = (x,) € [[ A+
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Theorem 19.5 (continued 1)

Theorem 19.5. Let {X,} be an indexed family of spaces and let A, C X,
for each aw € J. If [[ X, is given either the product or the box topology

then [T As = [ Aa.

Proof (continued). Conversely suppose x = (x,) € [] Ao (Where the
closure is taken in either topology). Let 5 € J and let Vj be an arbitrary
open set of X3 containing xg. Since ng(Vg) is open in [[ X, in either
topology so by Theorem 17.5(a) it contains a point y = (y,) € [[ Aa- So
ys € VgN Ag. Since V3 is an arbitrary open set in Xz containing xg then
by Theorem 17.5(a) we have x5 € Ag. Since 8 € J is arbitrary then

Xo € Aq for all a € J an dx = (x,) € [[Ara. Thatis, [[Aa C [] Aa.
Hence, HA704 = m as claimed. O
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Theorem 19.6

Theorem 19.6. Let f : A — ] ., Xa be given as f(a) = (fa(a))acy
where f, : A — X, for each a € J. Let [[ X, have the product topology.
Then the function f is continuous if and only if each functions £, is
continuous.
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Theorem 19.6. Let f : A — ] ., Xa be given as f(a) = (fa(a))acy
where f, : A — X, for each a € J. Let [[ X, have the product topology.

Then the function f is continuous if and only if each functions £, is
continuous.

Proof. Let 75 : [[ X, — X3 be the projection mapping. The function 73
is continuous since for open Ug € X3 we have ng(Ug) =] Ya where
Yo = X, for a # 3 and Y, = U, if a = 3, and this is an element of the
subbasis for the product topology and so is open.
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Theorem 19.6

Theorem 19.6. Let f : A — ] ., Xa be given as f(a) = (fa(a))acy
where f, : A — X, for each a € J. Let [[ X, have the product topology.
Then the function f is continuous if and only if each functions £, is
continuous.

Proof. Let 75 : [[ X, — X3 be the projection mapping. The function 73
is continuous since for open Ug € X3 we have ng(Ug) =] Ya where
Yo = X, for a # 3 and Y, = U, if a = 3, and this is an element of the
subbasis for the product topology and so is open. So for f : A — [[ X,
continuous, the function fg = mg o f is continuous by Theorem 18.2(c).
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Theorem 19.6 (continued)

Proof (continued). Conversely, suppose each f, is continuous for a € J.
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Theorem 19.6 (continued)

Proof (continued). Conversely, suppose each f, is continuous for a € J.
To prove f is continuous, it suffices to prove that the inverse image under
f of each subbasis element is open in A (since each open set in [[ X, is a
union of finite intersections of subbasis elements and the inverse image of
a union or intersection is the union or intersection of inverse images). A
typical subbasis element for the product topology on [[ X, is of the form
ﬂﬁ_l(Uﬁ) where 3 € J and Ug is open in X3 (by Theorem 19.1 and the
form of B € B as given in the proof).
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Proof (continued). Conversely, suppose each f, is continuous for a € J.
To prove f is continuous, it suffices to prove that the inverse image under
f of each subbasis element is open in A (since each open set in [[ X, is a
union of finite intersections of subbasis elements and the inverse image of
a union or intersection is the union or intersection of inverse images). A
typical subbasis element for the product topology on [[ X, is of the form
ﬂﬁ_l(Uﬁ) where 3 € J and Ug is open in X3 (by Theorem 19.1 and the
form of B € B as given in the proof). Now

F(m5 (Up)) = (mp 0 F) "1 (Up) = f;51(Up) since f3 = mg o f. Since f3 is
hypothesized to be continuous, then fﬁ_l(Ug) is continuous and so inverse
images under f of sets of the form ﬂlgl(Ug) are open sets.
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Proof (continued). Conversely, suppose each f, is continuous for a € J.
To prove f is continuous, it suffices to prove that the inverse image under
f of each subbasis element is open in A (since each open set in [[ X, is a
union of finite intersections of subbasis elements and the inverse image of
a union or intersection is the union or intersection of inverse images). A
typical subbasis element for the product topology on [[ X, is of the form
ﬂﬁ_l(Uﬁ) where 3 € J and Ug is open in X3 (by Theorem 19.1 and the
form of B € B as given in the proof). Now

F(m5 (Up)) = (mp 0 F) "1 (Up) = f;51(Up) since f3 = mg o f. Since f3 is
hypothesized to be continuous, then fﬁ_l(Ug) is continuous and so inverse
images under f of sets of the form ﬂlgl(Ug) are open sets. So inverse
images under f of subbasis elements (and hence open set under the
product topology) are open. That is, f is continuous. []
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