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Lemma 58.1

Lemma 58.1. Let h, k : (X, x0) — (Y, y0) be continuous maps. If h and
k are homotopic and if the image of the base point xp € X remains fixed
at yp during the homotopy then the induced homomorphisms h, and k.

are equal.
Proof. Let H: X x | — Y be a homotopy between h and k such that
H(xo,t) = yp for all t € I. Let f be a loop in X based at xp. Consider the

composition

Ix 120 x By (1)
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Lemma 58.1

Lemma 58.1. Let h, k : (X, x0) — (Y, y0) be continuous maps. If h and
k are homotopic and if the image of the base point xp € X remains fixed
at yp during the homotopy then the induced homomorphisms h, and k.
are equal.

Proof. Let H: X x | — Y be a homotopy between h and k such that
H(xo,t) = yp for all t € I. Let f be a loop in X based at xp. Consider the
composition

fxID
—_—

x| X x5y (1)

Now H(x,0) = h(x) and H(x, 1) = k(x) by the definition of homotopy.

Also, (f x ID)(x,0) = (f(x),0) and (f x ID)(x,1) = (f(x),1) so
Ho (f x ID)(x,0) = h(f(x)) and Ho (f x ID)(x,1) = k(f(x)).
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Lemma 58.1

Lemma 58.1. Let h, k : (X, x0) — (Y, y0) be continuous maps. If h and
k are homotopic and if the image of the base point xp € X remains fixed
at yp during the homotopy then the induced homomorphisms h, and k.
are equal.

Proof. Let H: X x | — Y be a homotopy between h and k such that
H(xo,t) = yp for all t € I. Let f be a loop in X based at xp. Consider the
composition

Ix 120 x By (1)

Now H(x,0) = h(x) and H(x, 1) = k(x) by the definition of homotopy.
Also (f x ID)(x,0) = (f(x),0) and (f x ID)(x,1) = (f(x),1) so

o (f x ID)(x, 0) = h(f(x)) and Ho (f x ID)(x,1) = k(f(x)). So
H o (f x ID) is a homotopy from h(f(x)) = ho f and k(f(x)) =kof.
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Lemma 58.1 Continued

Since f is a loop based at xg, then ho f and ko f are loops based at yy
and since H maps {xo} X | to yp, the homotopy is a path homotopy.
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Lemma 58.1

Lemma 58.1 Continued

Since f is a loop based at xg, then ho f and ko f are loops based at yy
and since H maps {xo} X I to yp, the homotopy is a path homotopy. So,

hi[f] = [ho f]
= |k o f] because of the path homotopy (2)
= ki[f]

for all loops f based at xg. So h, = ki on m1(X, xp).

OJ
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Theorem 58.2

Theorem 58.2

Theorem 58.2. The inclusion map j : S” — R"*1\ {0} induces an

isomorphism of fundamental groups 71 (S”, xo) and 71 (R™\ {0}, xo) for
n>1.

Proof. Let X = R"t1\{0} and let by = (1,0,...,0). Define r: X — S" as
r(x) = X/|IX]-
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Theorem 58.2

Theorem 58.2

Theorem 58.2. The inclusion map j : S” — R"*1\ {0} induces an
isomorphism of fundamental groups m1(S", x9) and 1 (R™ 1\ {0}, xg) for
n>1.

Proof. Let X = R™1\{0} and let by = (1,0, ...,0). Define r : X — S" as
r(X) = X/||X||. Then r o is the identity map on S” and so

(r o)« = re o ji is the identity homomorphism on m1(S", by).
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Theorem 58.2

Theorem 58.2. The inclusion map j : S” — R"*1\ {0} induces an
isomorphism of fundamental groups m1(S", x9) and 1 (R™ 1\ {0}, xg) for
n>1.

Proof. Let X = R™1\{0} and let by = (1,0, ...,0). Define r : X — S" as
r(X) = X/||X||. Then r o is the identity map on S” and so

(r o)« = re o ji is the identity homomorphism on m1(S", by).

Now consider jor: x — x:
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Theorem 58.2 Continued

Now j o r is obviously not the identity map on X. But j o r is straight line
homotopic to the identity on X since

H(X,t) = (1 — t)X + tx/||X|| (4)

is a homotopy between the identity map on X (When t =0) and jor
(when t =1).
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Theorem 58.2 Continued

Now j o r is obviously not the identity map on X. But j o r is straight line
homotopic to the identity on X since

H(X,t) = (1 — t)X + tx/||X|| (4)

is a homotopy between the identity map on X (When t =0) and jor
(when t =1).

Notice H(x, t) is never 0 since (1 — t) + t||X|| is a number between 1 and
1/]|X||. Also, by = (1,0, ...,0) remains fixed during the homotopy since
lboll = 1.
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Theorem 58.2 Continued

Now j o r is obviously not the identity map on X. But j o r is straight line
homotopic to the identity on X since

H(X,t) = (1 — t)X + tx/||X|| (4)

is a homotopy between the identity map on X (When t =0) and jor
(when t =1).

Notice H(x, t) is never 0 since (1 — t) + t||X|| is a number between 1 and
1/]|X||. Also, by = (1,0, ...,0) remains fixed during the homotopy since
|lbo|| = 1. By Lemma 58.1, the induced homomorphism (jo r), = j.ory is
the identity homomorphism from m1(X, bp) to itself. So j, and r, are
invertible and hence one to one and onto (bijective).
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Theorem 58.2 Continued

Now j o r is obviously not the identity map on X. But j o r is straight line
homotopic to the identity on X since

H(X,t) = (1 — t)X + tx/||X|| (4)

is a homotopy between the identity map on X (When t =0) and jor
(when t =1).

Notice H(x, t) is never 0 since (1 — t) + t||X|| is a number between 1 and
1/]|X||. Also, by = (1,0, ...,0) remains fixed during the homotopy since
|lbo|| = 1. By Lemma 58.1, the induced homomorphism (j o r), = js o ry is
the identity homomorphism from m1(X, bp) to itself. So j, and r, are
invertible and hence one to one and onto (bijective). So j. induces an
isomorphism from 71(S", bg) to 71 (X, bo). O
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Lemma 58.4

Lemma 58.4

Lemma 58.4. Let h,k : X — Y be continuous maps. Let h(xp) = yo and
k(xo) = y1. if h and k are homotopic, there is a path v in Y from yp to yi
such that k. = & o h, (where k, and h, are induced homomorphisms on
the fundamental group and & : (Y, yo) — m1(Y, y1) is defined as

a&([f]) = [@] * [f] * [«]—see Figure Below). Indeed, if H: X x | — Y'is
the homotopy between h and k, then « is the path a(t) = H(xo, t).

h
TI'L(X, 33[]} m (Y-. 1-‘[]}

!

(Y, yl}
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Lemma 58.4

Proof. Let f be an arbitrary loop in X based at xg. We must show that

k([f]) = a(h.([f])) (5)
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Lemma 58.4

Lemma 58.4

Proof. Let f be an arbitrary loop in X based at xg. We must show that
ke([f]) = a(h.([f])) (5)
By definition of the induced homomorphism, their equation is equivalent

to [ko f] = &([ho f]) = [a] * [ho ] * [a] by the definition of &, where & is
the reverse of a.
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Lemma 58.4

Lemma 58.4

Proof. Let f be an arbitrary loop in X based at xg. We must show that

ke([f]) = a(h.([f])) (5)
By definition of the induced homomorphism, their equation is equivalent
to [ko f] = &([ho f]) = [a] * [ho ] * [a] by the definition of &, where & is
the reverse of a. Since [a] % [@] is the identity, the equation becomes

[a] ¥ [ko f]=[ho flx[a] () (6)
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Lemma 58.4

Proof. Let f be an arbitrary loop in X based at xg. We must show that

ke([f]) = a(h.([f])) (5)
By definition of the induced homomorphism, their equation is equivalent
to [ko f] = &([ho f]) = [a] * [ho ] * [a] by the definition of &, where & is
the reverse of a. Since [a] % [@] is the identity, the equation becomes

[a] « [ko f]=[ho f]x[a]  (*) (6)
Consider the loops fy and f; in the space X x | given as
fo(s) = (f(s),0) and fi(s) = (f(s),1) (7)
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Lemma 58.4

Proof. Let f be an arbitrary loop in X based at xg. We must show that

ke([f]) = a(h.([f])) (5)
By definition of the induced homomorphism, their equation is equivalent
to [ko f] = &([ho f]) = [a] * [ho ] * [a] by the definition of &, where & is
the reverse of a. Since [a] % [@] is the identity, the equation becomes

[a] « [ko f]=[ho f]x[a]  (*) (6)
Consider the loops fy and f; in the space X x | given as
fo(s) = (f(s),0) and fi(s) = (f(s),1) (7)
Consider the path c in X x | given by
c(t) = (%o, 1) (8)
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N — - 10 =15
Lemma 58.4 Continued

Since H is a homotopy between h and k, then

(f) Hofy = H(f(s),0) = h(f(s)) = hof and
(1) Ho fi = H(f(s),1) = k(f(s)) = ko f

While we define a(t) as H(xg,t) = Hoc. (177)
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Lemma 58.4

Lemma 58.4 Continued

Since H is a homotopy between h and k, then
(1) Hofy = H(f(s),0) = h(f(s)) = ho f and .
(t1) Ho i = H(f(s),1) = k(f(s)) = ko f 9)

While we define a(t) as H(xg,t) = Hoc. (177)

Notice that H(xp,0) = h(xo) = yo and H(xo,1) = k(x0) = y1. So in fact
« is a path from yy to y;.

Introduction to Topology February 25, 2018 9 /16



Lemma 58.4 Continued

Since H is a homotopy between h and k, then

(t) Hofo = H(f(s),0) = h(f(s)) =hof and 9)
(1) Hofi = H(f(s),1) = k(f(s)) = ko f
While we define a(t) as H(xp,t) = Hoc. (1171)

Notice that H(xp,0) = h(xo) = yo and H(xo,1) = k(x0) = y1. So in fact
« is a path from yy to y;.

Let F:/ x| — X x | be the map F(s,t) = (f(s),t). Consider the
following paths in I x | which run along the four edges of | x [:

Bo(s) = (s,0) Bi(s) = (s,1)
PYO(t) = (07 t) Vl(t) = (17 t)
Then F o 3y = F(s,0) = (f(s),0) and F o 31 = F(s,1) = (f(s),1), while
F o~y = F(0,t) = (f(0),t) = (x0, t) = c(t) and
Foy = F(1,t) = (f(1),t) = (%0, t) = c(1).
Introduction to Topology February 25, 2018 9 /16
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Lemma 58.4

Lemma 58.4 Continued

Now paths 3y * 1 and 7o * (31 are paths in | x I (along the boundary)
from (0,0) to (1,1). Since I x I is convex (See Example 51.1), there is a
path homotopy G between them (say from [y * y1 to 7o * 51).
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Lemma 58.4 Continued

Now paths 3y * 1 and 7o * (31 are paths in | x I (along the boundary)
from (0,0) to (1,1). Since I x I is convex (See Example 51.1), there is a
path homotopy G between them (say from [y * y1 to 7o * 51).

Then for Fo G : (X x 1) x | we have (F o G)(fo *71,0) = F(Bo * 1),

(FoG)(Box71,0) = F(Box1) = F(Bo) * F(71) = (£(s),0) xc(t) = foxc,
and

(FoG)(Bo*71,1) = F(yo*B1) = F(v0) * F(B1) = c(t) x(f(s),1) = cxfi.
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Lemma 58.4 Continued

Now paths 3y * 1 and 7o * (31 are paths in | x I (along the boundary)
from (0,0) to (1,1). Since I x I is convex (See Example 51.1), there is a
path homotopy G between them (say from [y * y1 to 7o * 51).

Then for Fo G : (X x 1) x | we have (F o G)(fo *71,0) = F(Bo * 1),
(FoG)(Bo*1,0) = F(Boxy1) = F(Bo) * F(y1) = (f(s),0) xc(t) = foxc,
and

(FoG)(Box1,1) = FhoxP1) = F(ro) * F(B1) = c(t) #(f(s),1) = cxh.
So F o G is a path homotopy in X x | from fy * ¢ to ¢ * f;. Now consider

Ho(FoG). Recall H: X x I — Y and notice that fyx c,cxf; € X x |
(See Figure 58.3)
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Lemma 58.4 Continued

Apply Ho (F o G) to (8o * 71,0) gives
Ho (Fo G)(Bo*1,0) = H(fy*c)
= H(fo) * H(c) = (Hofy) x (Hoc) (11)
= (hof)*a by (t)and (T 11)

and
HO(FO G)(ﬂo*’yl,l) = H(C*ﬂ)
— H(c)* H(R) = (Hoc)x (Hof)  (12)
=ax(kof) by(ft)and (T 11)
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Lemma 58.4 Continued

Apply Ho (F o G) to (8o * 71,0) gives
Ho (F o G)(Bo*71,0) = H(fy x c)
= H(fo) « H(c) = (Hofo) x(Hoc)  (11)
= (hof)*a by(f)and (T11)
and
Ho (Fo G)(Bo*71,1)=H(cxh)
=H(c)xH(fi)=(Hoc)x(Hof) (12)
=ax(kof) by (ft)and (1 1 1)

So Ho (F o G) is a path homotopy between (ho f) x o and a * (k o f).
That is,

[ax(kof)]=[(hof)*a] or
[a] x [k o f] =[hof]x*][a]

This is the equation (*) that we needed to verify O
Introduction to Topology February 25, 2018 11 /16
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Corollary 58.5

Corollary 58.5

Corollary 58.5. Let h, k : X — Y be homotopic continuous maps. Let
h(xo) = yo and k(xg) = y1. If induced homomorphism h, is injective (one
to one), surjective (onto), or trivial then so is the induced homomorphism
ks

Proof. By Lemma 58.4, there exists a path from yp to y1, such that
ke = & o h,.
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Corollary 58.5

Corollary 58.5

Corollary 58.5. Let h, k : X — Y be homotopic continuous maps. Let
h(xo) = yo and k(xg) = y1. If induced homomorphism h, is injective (one
to one), surjective (onto), or trivial then so is the induced homomorphism
ks

Proof. By Lemma 58.4, there exists a path from yp to y1, such that

k. = &co h,. By Theorem 52.1, & is a group isomorphism and so is one to
one and onto.
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Corollary 58.5

Corollary 58.5

Corollary 58.5. Let h, k : X — Y be homotopic continuous maps. Let
h(xo) = yo and k(xg) = y1. If induced homomorphism h, is injective (one
to one), surjective (onto), or trivial then so is the induced homomorphism
Ky.

Proof. By Lemma 58.4, there exists a path from yp to y1, such that

k. = &co h,. By Theorem 52.1, & is a group isomorphism and so is one to
one and onto. So if h, is one to one/onto/trivial, then so is k. O
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Corollary 58.6

Corollary 58.6. Let h: X — Y. If his nulhomotopic, then h, is the
trivial homomorphism.

Proof. Let h be homotopic to a constant with h(xp) = yo. Define

i(x) = yo for all x € X, then by Theorem 58.4, we have that ¢, = & o h,
where « is a path from yy to yg.
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Corollary 58.6

Corollary 58.6. Let h: X — Y. If his nulhomotopic, then h, is the
trivial homomorphism.

Proof. Let h be homotopic to a constant with h(xp) = yo. Define

i(x) = yo for all x € X, then by Theorem 58.4, we have that ¢, = & o h,
where « is a path from yg to yy. The constant map ¢ induces the trivial

homomorphism, so & o h, must be the trivial homomorphism and h, must
be trivial. OJ
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Theorem 58.7

Theorem 58.7. Let f : X — Y be continuous. Let f(xp) = yo.
If f is a homotopy equivalence, then the induced homomorphism

o mi(X,%0) = mi(Y, o) (14)

is an isomorphism.

Proof. Every homotopy is invertible, so let g : Y — X be a homotopy
inverse for f. Consider the maps

(X, x0) = (Yoy0) & (X, x1) & (Y, 0) (15)

where x1 = g(y) and y1 = f(x1).
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Theorem 58.7

Theorem 58.7. Let f : X — Y be continuous. Let f(xp) = yo.
If f is a homotopy equivalence, then the induced homomorphism

o mi(X,%0) = mi(Y, o) (14)

is an isomorphism.
Proof. Every homotopy is invertible, so let g : Y — X be a homotopy
inverse for f. Consider the maps

(X, x0) = (Yoy0) & (X, x1) & (Y, 0) (15)

where x1 = g(y0) and y1 = f(x1). The corresponding induced
homomorphisms (which depend on the base point and this is indicated
when necessary with subscript):

fx * % fx *
11X x0) T (Vo) £ m(Xox) E (o) (16)
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Theorem 58.7

Since g is a homotopy inverse then
gof:(X,x0)— (X,x1) (17)

is homotopic to the identity map, so by Lemma 58.4 there is a path « in
X from xg to x1 such that

(gof)e=0ao0(1x)s =& (18)

since the identity map induces the identity group homomorphism.
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Theorem 58.7

Since g is a homotopy inverse then
gof:(X,x0)— (X,x1) (17)

is homotopic to the identity map, so by Lemma 58.4 there is a path « in
X from xg to x1 such that

(gof)e=0ao0(1x)s =& (18)

since the identity map induces the identity group homomorphism. Now &
is a group isomorphism by Theorem 52.1, so
& = (gof).=geo(fy)« is an isomorphism.
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Theorem 58.7

Since g is a homotopy inverse then
gof:(X,x0)— (X,x1) (17)

is homotopic to the identity map, so by Lemma 58.4 there is a path « in
X from xg to x1 such that

(gof)e=0ao0(1x)s =& (18)

since the identity map induces the identity group homomorphism. Now &
is a group isomorphism by Theorem 52.1, so
& = (gof).=geo(fy)« is an isomorphism.

Similarly, because f o g is homotopic to the identity map ¢, the
homomorphism (f o g). = ()« © g« is an isomorphism.
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Theorem 58.7

The fact that g, o (£, )« is an isomorophism implies that g, is surjective
(onto). The fact that (£ )« © g« is an isomorphism implies that g is
injective (one to one).
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Theorem 58.7

Theorem 58.7

The fact that g, o (£, )« is an isomorophism implies that g, is surjective
(onto). The fact that (£ )« © g« is an isomorphism implies that g is
injective (one to one). So g is an isomorphism and hence so is (gi)~!.
Since g, o (£, )« = & from above, then (f,)s = (g«) Lo @ is an
isomorphism as claimed. O
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