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Lemma 1X.2.4

Lemma IX.2.4. If | (where | # R) is a regular left ideal of a ring R, then
| is contained in a maximal left ideal which is regular.
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Lemma 1X.2.4

Lemma IX.2.4. If | (where | # R) is a regular left ideal of a ring R, then
| is contained in a maximal left ideal which is regular.

Proof. Since [ is a regular left ideal of R, by Definition 1X.1.2 of
“regular,” there is e € R such that r — re € | for all r € R. If J is any left
ideal of R containing [ then for all r € R, r —re € I C J so that J is also
a regular left ideal of R. With | C J and e € J we have that re € J for all
r € R, since J is a left ideal of R, and so r — re € | C J implies
r=(r—re)+re € Jfor every r € R, whence we must have R = J.
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Lemma 1X.2.4

Lemma IX.2.4. If | (where | # R) is a regular left ideal of a ring R, then
| is contained in a maximal left ideal which is regular.

Proof. Since [ is a regular left ideal of R, by Definition 1X.1.2 of
“regular,” there is e € R such that r — re € | for all r € R. If J is any left
ideal of R containing [ then for all r € R, r —re € I C J so that J is also
a regular left ideal of R. With | C J and e € J we have that re € J for all
r € R, since J is a left ideal of R, and so r — re € | C J implies
r=(r—re)+re € Jfor every r € R, whence we must have R = J.
Therefore, if J is a left ideal of R containing / that is not equal to R then
r & J. Let S be the set of all left ideals L of R such that / C L C R. Put
a partial ordering on S using subset inclusion.

Modern Algebra October 6, 2018 3/ 35



Lemma 1X.2.4 (continued)

Lemma 1X.2.4. If | (where | # R) is a regular left ideal of a ring R, then
| is contained in a maximal left ideal which is regular.

Proof (continued). For any chain in S, say {L;}icx (where K denotes
some indexing set), define L’ = U;ckL;. As shown in the proof of Theorem
[11.2.18, L’ is a left ideal of R. Since e & L; for all i € K then e ¢ L’ so
that L’ C R and so L’ € S. So L’ is an upper bound of chain {L;};ck. So
by Zorn's Lemma, S has a maximal element of M. So M is a maximal left
ideal of R and since | C M then, as shown above, M is regular, as
claimed. O
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Lemma 1X.2.5

Lemma 1X.2.5. Let R be a ring and let K be the intersection of all regular
maximal left ideals of R. Then K is a left quasi-regular left ideal of R.
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Lemma IX.2.5

Lemma 1X.2.5

Lemma 1X.2.5. Let R be a ring and let K be the intersection of all regular
maximal left ideals of R. Then K is a left quasi-regular left ideal of R.

Proof. K is a left ideal by Corollary 111.2.3. For a € K, define

T ={r+ra|re R} If T =R then there exists r € R such that
r+ra=—a,orr+a+ ra=0 and hence a is left quasi-regular. So K is
left quasi-regular if T = R (for arbitrary a € K).
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Lemma 1X.2.5

Lemma 1X.2.5. Let R be a ring and let K be the intersection of all regular
maximal left ideals of R. Then K is a left quasi-regular left ideal of R.

Proof. K is a left ideal by Corollary 111.2.3. For a € K, define

T ={r+ra|re R} If T =R then there exists r € R such that
r+ra=—a,orr+a+ ra=0 and hence a is left quasi-regular. So K is
left quasi-regular if T = R (for arbitrary a € K). T is a left ideal by
Theorem I11.2.2 (since (n + na)—(n+mna)=(n—nrn)+(n—mr)aeT
and r(rp + ra) = (rn) + (rn)ae T). T is regular with e = —a since for
alreR, r—re=r—r(—a)=r+rac T. ASSUME T # R. Then T is
a proper regular left ideal of R and by Lemma 1X.2.4, T C Iy where Iy is a
regular maximal left ideal of R. (Notice that if R has no regular maximal
left ideals then T # R cannot hold so that T = R in this case, in keeping
with the set theoretic convention mentioned in Note IX.2.A.)
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Lemma IX.2.5 (continued)

Lemma 1X.2.5. Let R be a ring and let K be the intersection of all regular
maximal left ideals of R. Then K is a left quasi-regular left ideal of R.

Proof (continued). Since a € K C Iy, then ra € [y for all r € R (since Iy
is a left ideal of R). Thus since r+ra€ T C Iy, we must have
(r+ra)—ra=r¢clyforall r € R. Consequently, R = Ily. But this
CONTRADICTS the fact that Iy is a maximal left ideal of R (so that

lo # R by Definition 11.2.17). So the assumption that T # R is false and
hence T = R. Hence K is left quasi-regular, as explained above. O

Modern Algebra October 6, 2018 6 / 35



Lemma 1X.2.6

Lemma 1X.2.6

Lemma 1X.2.6. Let R be a ring that has a simple left R-module. If | is a

left quasi-regular left ideal R, then [ is contained in the intersection of all
the left annihilators of simple left R-modules.
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Lemma 1X.2.6

Lemma 1X.2.6. Let R be a ring that has a simple left R-module. If | is a
left quasi-regular left ideal R, then [ is contained in the intersection of all
the left annihilators of simple left R-modules.

Proof. ASSUME | ¢ N.A(A), where the intersection is taken over all
simple left R-modules A. Then [ is not the annihilator of some simple left
R-module B and so IB # {0}, whence Ib # {0} for some nonzero b € B.
Since [ is a left ideal then /b is a nonzero submodule of B (see Definition
IV.1.1 or “module”). Since B is simple, B = Ib and hence ab = —b for
some a € /.
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Lemma 1X.2.6

Lemma 1X.2.6. Let R be a ring that has a simple left R-module. If | is a
left quasi-regular left ideal R, then [ is contained in the intersection of all
the left annihilators of simple left R-modules.

Proof. ASSUME | ¢ N.A(A), where the intersection is taken over all
simple left R-modules A. Then [ is not the annihilator of some simple left
R-module B and so IB # {0}, whence Ib # {0} for some nonzero b € B.
Since [ is a left ideal then /b is a nonzero submodule of B (see Definition
IV.1.1 or “module”). Since B is simple, B = Ib and hence ab = —b for
some a € /. Since [ is left quasi-regular, by Definition 1X.2.2, there exists
r € R such that r + a+ ra = 0. Therefore

0=0b=(r+a+ra)b=rb+ab+rab=rb—b—rb=—b

and so b =0, a CONTRADICTION to the fact that b is nonzero. So the
assumption that | ¢ NA(A) is false and it must be that / C NA(A), as
claimed. O
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Lemma 1X.2.7

Lemma 1X.2.7. An ideal P of a ring R is left primitive if and only if P is
the left annihilator of a simple left R-module.
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Lemma IX.2.7

Lemma I1X.2.7

Lemma 1X.2.7. An ideal P of a ring R is left primitive if and only if P is
the left annihilator of a simple left R-module.

Proof. Suppose P is a left primitive ideal. Then by definition (Definition
IX.2.1), ring R/P is a left primitive ring. So by Definition IX.1.5
(“primitive ring"), there is a simple faithful left R/P-module A (so

A(A) = {0}; that is, (r + P)A = {0} if and only if r + P is the additive
identity in R/P). We claim that A is an R-module with ra defined as
(r+P)aforre R,ac A andr+P € R/P.
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Lemma IX.2.7

Lemma I1X.2.7

Lemma 1X.2.7. An ideal P of a ring R is left primitive if and only if P is
the left annihilator of a simple left R-module.

Proof. Suppose P is a left primitive ideal. Then by definition (Definition
IX.2.1), ring R/P is a left primitive ring. So by Definition IX.1.5
(“primitive ring"), there is a simple faithful left R/P-module A (so

A(A) = {0}; that is, (r + P)A = {0} if and only if r + P is the additive
identity in R/P). We claim that A is an R-module with ra defined as

(r+Plaforre R,acAandr+PeR/P. Forr,s€ Rand a,be Awe
have

(i) r(a+b)=(r+P)a+b)=(r+P)la+(r+P)b=ra+rb,
(i) (r+s)a=((r+s)+Pla=((r+P)+(s+Pla=
(r+P)a+(s+ P)a=ra+sa and
(iii) r(sa) = r((s+ P)a) = (r+ P)((s+ P)a) =
(r+ P)(s+ P))a= (rs+ P)a = (rs)a,
so by Definition IV.1.1 of “R-module,” A is an R-module.
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Lemma 1X.2.7 (continued 1)

Proof (continued). Notice that by our definition of ra, we have

RA = (R/P)A. Since A is a simple R/P-module then (R/P)A # {0} and
so RA # {0}. So every R-module of A is an R/P-submodule of A (with
our definition of ra. But A is a simple R/P-module, whence A is a simple

R-module.

Modern Algebra e



Lemma 1X.2.7 (continued 1)

Proof (continued). Notice that by our definition of ra, we have

RA = (R/P)A. Since A is a simple R/P-module then (R/P)A # {0} and
so RA # {0}. So every R-module of A is an R/P-submodule of A (with
our definition of ra. But A is a simple R/P-module, whence A is a simple
R-module. If r € R, then rA = {0} if and only if (r + P)A = {0}. But
(r+ P)A= {0} if and only if r + P is the additive identity in R/p (this is
where the fact that A is faithful and A(A) = {0} is used); that is, if and
only if r € P. So the left annihilator of R-module A is P. That is, P is the
left annihilator of some simple left R-module (namely A, a simple faithful
left R/P-module).
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Lemma 1X.2.7 (continued 1)

Proof (continued). Notice that by our definition of ra, we have

RA = (R/P)A. Since A is a simple R/P-module then (R/P)A # {0} and
so RA # {0}. So every R-module of A is an R/P-submodule of A (with
our definition of ra. But A is a simple R/P-module, whence A is a simple
R-module. If r € R, then rA = {0} if and only if (r + P)A = {0}. But
(r+ P)A= {0} if and only if r + P is the additive identity in R/p (this is
where the fact that A is faithful and A(A) = {0} is used); that is, if and
only if r € P. So the left annihilator of R-module A is P. That is, P is the
left annihilator of some simple left R-module (namely A, a simple faithful
left R/P-module).

Conversely, suppose P is the left annihilator of a simple R-module B. We
claim that B is a simple R/P-module with (r + P)b defined as rb for
reR beB,andr+P e R/P.
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Lemma 1X.2.7 (continued 2)

Proof (continued). For r + P,s+ P € R/P and a,b € B we have
(i) (r+P)a+b)y=r(a+b)=ra+rb=(r+P)a+(r+ P)b,
(i) ((r+P)+(s+P)b=((r+s)+P)b=(r+s)b=
rb+sb = (r+ P)b+ (s + P)b, and
(iii) (r+ P)((s+ P)b) = (r + P)(sb) = r(sb) = (rs)b =
(rs+ P)b=((r+ P)(s+ P))b,
so by Definition IV.1.1, A'is an R/P-module.
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Lemma 1X.2.7 (continued 2)

Proof (continued). For r + P,s+ P € R/P and a, b € B we have
(i) (r+P)a+b)y=r(a+b)=ra+rb=(r+P)a+(r+ P)b,
(i) ((r+P)+(s+P)b=((r+s)+P)b=(r+s)b=
rb+sb = (r+ P)b+ (s + P)b, and
(iii) (r+ P)((s+ P)b) = (r + P)(sb) = r(sb) = (rs)b =
(rs+ P)b=((r+ P)(s+ P))b,
so by Definition IV.1.1, Ais an R/P-module. As above,
RB = (R/P)B # {0} (since B is a simple R-module by hypothesis), so
every R/P-submodule of B is an R-submodule of B. Since B is a simple
R-module then B is a simple R/P-module. Furthermore, since P is the
left annihilator of B then (r + P)B = {0} implies rB = {0} (with our
definition of (r + P)b in R/P-module B) and so r € A(A) = P. Then
r + P = P (the additive identity in R/P; thatis, r+ P =0 in R/P).
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Lemma IX.2.7 (continued 3)

Lemma 1X.2.7. An ideal P of a ring R is left primitive if and only if P is
the left annihilator of a simple left R-module.

Proof (continued). So in R/P-module B, B is simple and the left
annihilator of B is A(B) = {0}. That is, B is a faithful R/P-module.
Therefore R/P is a left primitive ring by Definition IX.1.5, whence (by
Definition 1X.2.1) P is a left primitive ideal of R, as claimed. O
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Lemma 1X.2.8

Lemma 1X.2.8. Let / be a left ideal of ring R. If | is left quasi-regular,
then [ is right quasi-regular.
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Lemma 1X.2.8

Lemma 1X.2.8. Let / be a left ideal of ring R. If | is left quasi-regular,
then [ is right quasi-regular.

Proof. Since [ is left quasi-regular then by Definition 1X.2.2, for a € /
there exists r € R such that roa=r+a+ ra=20. Since | is a left ideal,
ra € | and hence r = —a — ra € |. Again since [ is left quasi-regular then
there is s € R such that sor =s+ r + sr =0, whence s is right
quasi-regular.
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Lemma 1X.2.8

Lemma 1X.2.8. Let / be a left ideal of ring R. If | is left quasi-regular,
then [ is right quasi-regular.

Proof. Since [ is left quasi-regular then by Definition 1X.2.2, for a € /
there exists r € R such that roa=r+a+ ra=20. Since | is a left ideal,
ra € | and hence r = —a — ra € |. Again since [ is left quasi-regular then
there is s € R such that sor =s+ r + sr =0, whence s is right
quasi-regular. Consequently,

a=0+a+0a=0ca=(sor)oa=(sor)+a+(sor)a
=s+r+sr+a+(s+r+sr)a=s+r+sr+a+sa+ratsra=s+(r+a+rs)

+s(r+a+ra)=so(r+a+ra)=so(roa)=s5s00=0+s+0s=s.

So a is a right quasi-regular element of /. Since a is an arbitrary element
of I then [ is a right quasi-regular left ideal of R. O
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Theorem 1X.2.3

Theorem 1X.2.3. If R is a ring, then there is an ideal J(R) of R such that:

(i) J(R) is the intersection of all the left annihilators of simple
left R-modules;

(i) J(R) is the intersection of all the regular maximal left ideals
of R:

(iii) J(R) is the intersection of all the left primitive ideals of R;

(iv) J(R) is a left quasi-regular left ideal which contains every
left quasi-regular left ideal of R;

(v) Statements (i)—(iv) are also true if “left” is replaced by
“right.”
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Theorem 1X.2.3

Theorem 1X.2.3. If R is a ring, then there is an ideal J(R) of R such that:
(i) J(R) is the intersection of all the left annihilators of simple
left R-modules;
(i) J(R) is the intersection of all the regular maximal left ideals
of R:
(iii) J(R) is the intersection of all the left primitive ideals of R;
(iv) J(R) is a left quasi-regular left ideal which contains every
left quasi-regular left ideal of R;
(v) Statements (i)—(iv) are also true if “left” is replaced by
“right.”

Proof. Let J(R) be the intersection of all left annihilators of simple left
R-modules (so

if R has no simple left R-modules then J(R) = R ()

by the set theoretic convention of Note IX.2.A).
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Theorem 1X.2.3 (continued 1)

Proof (continued). Notice that we are sort of taking part (i) as the
definition of the Jacobson radical and proving that (ii) and (iii) are
equivalent classifications of J(R). J(R) is an ideal of R by Theorem IX.1.4
(which says that annihilator of modules are ideals) and Corollary 111.2.3
(which says that intersections of ideals are ideals).
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Theorem 1X.2.3 (continued 1)

Proof (continued). Notice that we are sort of taking part (i) as the
definition of the Jacobson radical and proving that (ii) and (iii) are
equivalent classifications of J(R). J(R) is an ideal of R by Theorem IX.1.4
(which says that annihilator of modules are ideals) and Corollary 111.2.3
(which says that intersections of ideals are ideals).

We first observe that R itself cannot be the annihilator of a simple left
R-module A, for this would imply that RA = {0}, in contradiction to the
definition of “simple left R-module.” So if J(R) = R then R has no simple
left R-modules. This, combined with (x), gives that the following are
equivalent:

(a) J(R)=R.

(b) R has no simple left R-modules.
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Theorem 1X.2.3 (continued 1)

Proof (continued). Notice that we are sort of taking part (i) as the
definition of the Jacobson radical and proving that (ii) and (iii) are
equivalent classifications of J(R). J(R) is an ideal of R by Theorem IX.1.4
(which says that annihilator of modules are ideals) and Corollary 111.2.3
(which says that intersections of ideals are ideals).

We first observe that R itself cannot be the annihilator of a simple left
R-module A, for this would imply that RA = {0}, in contradiction to the
definition of “simple left R-module.” So if J(R) = R then R has no simple
left R-modules. This, combined with (x), gives that the following are
equivalent:

(a) J(R)=R.

(b) R has no simple left R-modules.
By Theorem IX.1.3, A is a simple left R-module if and only if A= R/I for
some regular maximal left ideal / of R. So (b) holds if and only if:

(c) R has no regular maximal left ideals.
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Theorem 1X.2.3 (continued 2)

Proof (continued). By Lemma IX.2.7, we have a left annihilator of a
simple left R-module if and only if we have a left primitive ideal of R. So
(b) *no simple left R-modules) is equivalent to:

(d) R has no left primitive ideals.
Therefore, by the set theoretic convention of Note IX.2.A, (ii), (iii), and
(iv) hold if J(R) = R. So for the remainder of the proof we may assume
J(R) # R.
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Theorem 1X.2.3 (continued 2)

Proof (continued). By Lemma IX.2.7, we have a left annihilator of a
simple left R-module if and only if we have a left primitive ideal of R. So
(b) *no simple left R-modules) is equivalent to:

(d) R has no left primitive ideals.
Therefore, by the set theoretic convention of Note IX.2.A, (ii), (iii), and
(iv) hold if J(R) = R. So for the remainder of the proof we may assume
J(R) # R.

(i) Let K be the intersection of all the regular left ideals of R. We want to
show J(R) = K so that (i) is equivalent (ii). By Lemma IX.2.5, K is a left
quasi-regular left ideal of R. Then by Lemma 1X.2.6 (notice that R has a
simple left R-module since (a) is equivalent to (b) and we are supposing
(a) does not hold), K is contained in the intersection of all left annihilators
of simple left R-modules so that K C J(R). Now suppose ¢ € J(R).
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Theorem 1X.2.3 (continued 3)

Proof (continued). Since J(R) is by our definition the intersection of all
left annihilators of simple left R-modules, by Theorem 1X.1.3 (which
implies “simple left R-modules” if and only if “R/I for some regular
maximal left ideal”)

J(R) is the intersection of the left annihilators of the quotients R/I, (xx)

where | runs over all regular maximal left ideals of R. (Notice that a
simple left R-module A is isomorphic to R/, but that the annihilator of
both A and R// are elements of R due to our definition of (r 4+ /)a = ra
forre R, r+1€ R/I, and a € | as introduced in Lemma 1X.2.7.)
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Theorem 1X.2.3 (continued 3)

Proof (continued). Since J(R) is by our definition the intersection of all
left annihilators of simple left R-modules, by Theorem 1X.1.3 (which
implies “simple left R-modules” if and only if “R/I for some regular
maximal left ideal”)

J(R) is the intersection of the left annihilators of the quotients R/I, (xx)

where | runs over all regular maximal left ideals of R. (Notice that a
simple left R-module A is isomorphic to R/, but that the annihilator of
both A and R// are elements of R due to our definition of (r 4+ /)a = ra
forre R, r+1€R/I, and a € | as introduced in Lemma 1X.2.7.) For
each regular maximal left ideal / (by Definition 1X.1.2) ther exists e € R
such that ¢ — ce € I. Since c € J(R) C A(R/I) by (xx), then c(r+1) =1
(I=01in R/I) forall r € R and so cr € | for all r € R. In particular,
ce € |, and since ¢ — ce € | then ¢ € [. Since c is an arbitrary element of
J(R) and [ is an arbitrary regular maximal left ideal of R, then
J(R) C Ul = K. Therefore J(R) = K and so (ii) is equivalent to (i).
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Theorem 1X.2.3 (continued 4)

Proof (continued). (iii) Lemma IX.2.7 gives a one to one correspondence
between left primitive ideals of R and left annihilator of simple left
R-modules, so (i) is equivalent to (iii) (and hence by above, also
equivalent to (ii)).
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Theorem 1X.2.3 (continued 4)

Proof (continued). (iii) Lemma IX.2.7 gives a one to one correspondence
between left primitive ideals of R and left annihilator of simple left
R-modules, so (i) is equivalent to (iii) (and hence by above, also
equivalent to (ii)).

(iv) By (ii), J(R) is the intersection of all the regular maximal left ideals of
R. So by Lemma IX.2.5, J(R) is a left quasi-regular left ideal of R. Now
we are assuming J(R) # R in this case (we showed above that Theorem
1X.2.3 holds when J(R) = R), so in this case J(R) has a simple left
R-module (see the discussion above). By Lemma IX.2.6, based on our
definition of J(R), J(R) contains every left quasi-regular left ideal of R.
So (iv) holds.
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Theorem 1X.2.3 (continued 4)

Proof (continued). (iii) Lemma IX.2.7 gives a one to one correspondence
between left primitive ideals of R and left annihilator of simple left
R-modules, so (i) is equivalent to (iii) (and hence by above, also
equivalent to (ii)).

(iv) By (ii), J(R) is the intersection of all the regular maximal left ideals of
R. So by Lemma IX.2.5, J(R) is a left quasi-regular left ideal of R. Now
we are assuming J(R) # R in this case (we showed above that Theorem
1X.2.3 holds when J(R) = R), so in this case J(R) has a simple left
R-module (see the discussion above). By Lemma IX.2.6, based on our
definition of J(R), J(R) contains every left quasi-regular left ideal of R.
So (iv) holds.

To complete the proof, we must show that (i)—(iv) are true with “right” in
the place of “left.” Let J1(R) be the intersection of all right annihilators
of all simple right R-modules.
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Theorem 1X.2.3 (continued 5)

Proof (continued). Since Lemmas 1X.2.4 through 1X.2.8 hold with “left”
and “right” interchanged (see Hungerford's comment on page 426), then
the preceding proof holds for J;(R) (so we need to establish that

J1(R) = J(R)). Since J(R) is a left quasi-regular ideal of R by (iv) above,
then by Lemma 1X.2.8, J(R) is also right quasi-regular. Hence by our
definition of J1(R), J(R) C A(R).
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Theorem 1X.2.3 (continued 5)

Proof (continued). Since Lemmas 1X.2.4 through 1X.2.8 hold with “left”
and “right” interchanged (see Hungerford's comment on page 426), then
the preceding proof holds for J;(R) (so we need to establish that

J1(R) = J(R)). Since J(R) is a left quasi-regular ideal of R by (iv) above,
then by Lemma 1X.2.8, J(R) is also right quasi-regular. Hence by our
definition of J1(R), J(R) C J1(R). Similarly, J1(R) is right quasi-regular
by (iv) (modified with “left” and “right” interchanged) Ji(R) is also left
quasi-regular. So by our definition of J(R), Ji(R) C J(R) and hence

J(R) = Ji(R), as needed. O
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Theorem IX.2.A

Theorem IX.2.A. Let R be a commutative ring with identity which has a
unique maximal ideal M (such a ring is a local ring; see Definition
[11.4.12). Then J(R) = M.
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Theorem IX.2.A

Theorem IX.2.A. Let R be a commutative ring with identity which has a
unique maximal ideal M (such a ring is a local ring; see Definition
[11.4.12). Then J(R) = M.

Proof. By Theorem I11.4.13(ii), all nonunits of R are contained in some
ideal of R (and this ideal is not equal to R), and since R has a unique
maximal ideal then M contains all nonunits of R. By Note IX.2.B,

J(R) # R. By Theorem 111.3.2, u is a unit in R if and only if u | r for all

r € R so that the only ideal containing v is R itself. So proper ideals of R
can only contain nonunits of R and so J(R) contains only nonunits so that
J(R) C M.
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Theorem IX.2.A

Theorem IX.2.A. Let R be a commutative ring with identity which has a
unique maximal ideal M (such a ring is a local ring; see Definition
[11.4.12). Then J(R) = M.

Proof. By Theorem I11.4.13(ii), all nonunits of R are contained in some
ideal of R (and this ideal is not equal to R), and since R has a unique
maximal ideal then M contains all nonunits of R. By Note IX.2.B,

J(R) # R. By Theorem 111.3.2, u is a unit in R if and only if u | r for all

r € R so that the only ideal containing v is R itself. So proper ideals of R
can only contain nonunits of R and so J(R) contains only nonunits so that
J(R) C M. On the other hand, if r € M then 1g + r ¢ M (otherwise

gr € M and then M = R, but M # R). Consequently gg + r is a unit and
by Exercise 1X.2.1(c), element r is left quasi-regular and so ideal M is left
quasi-regular. By Theorem IX.2.3(iv), J(R) contains every quasi-regular
left ideal of R, so M C J(R). Therefore J(R) = M, as claimed. O
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Theorem 1X.2.10

Theorem 1X.2.10. Let R be a ring.
(i) If R is primitive, then R is semisimple.
(i) If R is simple and semisimple, then R is primitive.
(iii) If R is simple, then R is either a primitive semisimple ring or
a radical ring.
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Theorem 1X.2.10

Theorem 1X.2.10. Let R be a ring.
(i) If R is primitive, then R is semisimple.
(i) If R is simple and semisimple, then R is primitive.
(iii) If R is simple, then R is either a primitive semisimple ring or
a radical ring.

Proof. (i) If R is primitive, then (by Definition 1X.1.5) R has a simple
faithful left R-module A; that is, A is a simple left R-module and its left
annihilator satisfies A(A) = {0}. By Theorem [X.2.3(i),

J(R) c A(A) = {0}. So J(R) = {0} and R is semisimple.
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Theorem 1X.2.10

Theorem 1X.2.10. Let R be a ring.
(i) If R is primitive, then R is semisimple.
(i) If R is simple and semisimple, then R is primitive.
(iii) If R is simple, then R is either a primitive semisimple ring or
a radical ring.

Proof. (i) If R is primitive, then (by Definition 1X.1.5) R has a simple
faithful left R-module A; that is, A is a simple left R-module and its left
annihilator satisfies A(A) = {0}. By Theorem [X.2.3(i),

J(R) c A(A) = {0}. So J(R) = {0} and R is semisimple.

(ii) Let R be simple and semisimple. Then R # {0} since R is simple. If
there is no simple left R-module then by Theorem IX.2.3(i) (and Note
IX.2.A), J(R) = R # {0}; but this contradicts the semisimplicity of R. So
there is some simple left R-module A. The left annihilator A(A) is an ideal
of R by Theorem 1X.1.4.
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Theorem 1X.2.10 (continued)

Theorem 1X.2.10. Let R be a ring.
(i) If R is primitive, then R is semisimple.
(i) If R is simple and semisimple, then R is primitive.

(iii) If R is simple, then R is either a primitive semisimple ring or
a radical ring.

Proof (continued). Since RA # {0} because A is a simple left R-module
(see Definition IX.1.1, “simple left module”) then A(A) # R. Also by
Definition IX.1.1, the simplicity of R then implies that A(A) = {0}. So
(by Definition 1X.1.5) A is faithful (and so a simple faithful R-module) and
R is primitive.
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Theorem 1X.2.10 (continued)

Theorem 1X.2.10. Let R be a ring.
(i) If R is primitive, then R is semisimple.
(i) If R is simple and semisimple, then R is primitive.
(iii) If R is simple, then R is either a primitive semisimple ring or
a radical ring.

Proof (continued). Since RA # {0} because A is a simple left R-module
(see Definition IX.1.1, “simple left module”) then A(A) # R. Also by
Definition IX.1.1, the simplicity of R then implies that A(A) = {0}. So
(by Definition 1X.1.5) A is faithful (and so a simple faithful R-module) and
R is primitive.

(i) Let R be simple. Then ideal J(R) of R is either R or {0}. If
J(R) = R then R is a radical ring. If J(R) = {0} then R is semisimple
and so, by part (i), R is primitive. O
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Theorem IX.2.B

Theorem 1X.2.B. Let D be a division ring. Then the ring of all n x n
matrices over D, Mat,(D), is semisimple.
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Theorem IX.2.B

Theorem 1X.2.B. Let D be a division ring. Then the ring of all n x n
matrices over D, Mat,(D), is semisimple.

Proof. By Theorem VII.1.4, Mat,(D) is isomorphic to the ring of
endomorphisms Homp/(V/, V) where V is a (left) vector space over some
division ring D’'.
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Theorem IX.2.B

Theorem 1X.2.B. Let D be a division ring. Then the ring of all n x n
matrices over D, Mat,(D), is semisimple.

Proof. By Theorem VII.1.4, Mat,(D) is isomorphic to the ring of
endomorphisms Homp/(V/, V) where V is a (left) vector space over some
division ring D’. In the Example after Definition IX.1.5, it is shown that

R = Homp/(V, V) is a primitive ring. So by Theorem X.1.10(i),

R = Homp/(V, V) is semisimple. Since R = Mat,(D), then Mat,(D) is
semisimple. []
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Theorem 1X.2.12

Theorem 1X.2.12. If R is a ring, then every nil right or left ideal is
contained in the Jacobson radical J(R).
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Theorem 1X.2.12

Theorem 1X.2.12. If R is a ring, then every nil right or left ideal is
contained in the Jacobson radical J(R).

Proof. Let a be in a nil ideal. Then a” = 0 for some n € N. Let
r=—-a+a*—a>+---+(=1)"1a"" 1 Then
r+ratra=(-at+a’—-a+---+(-1)"1a" ) +a
H(—at P B R (_1)n713n71)a
— (2=t (—1) A ) (2B (1) = (—1)" L = 0

and similarly r + a4+ ar = 0. Hence a is both left and right quasi-radical.
So the nil ideal is a quasi-regular ideal. By Theorem 1X.2.3(iv) and (v),
the nil ideal is contained in J(R). O
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Theorem 1X.2.13

Proposition 1X.2.13. If R is a left (right) Artinian ring, then the radical
J(R) is a nilpotent ideal. Consequently every nil left or right ideal of R is
niplotent and J(R) is the unique maximal nilpotent left (right) ideal of R.
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Theorem 1X.2.13

Proposition 1X.2.13. If R is a left (right) Artinian ring, then the radical
J(R) is a nilpotent ideal. Consequently every nil left or right ideal of R is
niplotent and J(R) is the unique maximal nilpotent left (right) ideal of R.

Proof. Let J = J(R) and consider J, J?, J3,... (again, JX is the set of all
sums of products of k elements of J). Since J(R) is an ideal of R by
Theorem 1X.2.3, then for any

a=(ar1a21 -ak1) + (a12a22 - ak2) + -+ + (a1.pd20 - akn) € X
and for any r € R we have
ra=((ra11)ay1 - ak1)+((rasp)ass - ak2)+- - +((ravn)azn - - k) € J*

since J is an ideal of R and so ra;; € J for i =1,2,...,n. Since Jis an
ideal (and hence a subring) of R then
ajapaz---ay = (ar1ap)az---ax = d'az-- - ax for some a’ € J and so
Jk=1' 5 Jk for each k = 2,3, . ...
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Theorem 1X.2.13 (continued 1)

Proof (continued). Similarly, any product of two products of k elements
of J can be written as a product of k elements of J:

(ara2---ak)(biba-- - by) = a1a2- - - ak—1(akbr) b2 - - - by

= alaz~~-(ak,1b’)b2---bk = ajay---ax_1b"by--- by
=...=pKpy... b € JK,

so JX is closed under products and is a subring of R.
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Theorem 1X.2.13 (continued 1)

Proof (continued). Similarly, any product of two products of k elements
of J can be written as a product of k elements of J:

(araz---ak)(bibs- - bx) = a1az - - - ak—1(akb1) bz - - - by
= alaz~~-(ak,1b’)b2---bk = ajay "'3k—1b//b2"'bk
=...=pKpy... b € JK,

so J¥ is closed under products and is a subring of R. Hence

J D J?2D B> is adescending chain of (left) ideals of R. By
hypothesis there exists k € N such that J' = J¥ for all i > k. We claim
Jk ={o0}.
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Theorem 1X.2.13 (continued 1)

Proof (continued). Similarly, any product of two products of k elements
of J can be written as a product of k elements of J:

(ara2---ak)(biba-- - by) = a1a2- - - ak—1(akbr) b2 - - - by

= alaz~~-(ak,1b’)b2---bk = ajay---ax_1b"by--- by
=...=pKpy... b € JK,

so J¥ is closed under products and is a subring of R. Hence

J D J?2D B> is adescending chain of (left) ideals of R. By
hypothesis there exists k € N such that J' = J¥ for all i > k. We claim
Jk = {0}. ASSUME J¥ = {0}. Then the set S of all left ideals / such
that J¥I # {0} contains | = J¥ since JKJK = J?k = Jk £ {0}. By
Theorem VIII.1.4, set S has a minimal element Iy € S. Since Iy € S then
JkIy # {0}, so there is nonzero a € Iy such that J¥a # {0}.

Modern Algebra October 6, 2018 25 / 35



Theorem 1X.2.13 (continued 2)

Proof (continued). Since J¥ is a subring of R then J¥a is a subring of R
(it is “clearly” closed under addition and multiplication; notice

a € Iy € J) and since JX is a left ideal of R (so rJ* C Jk for all r € R)
then J¥a is a left ideal of R (for ja € J¥a and r € R,

r(ja) = (rj)a = j'a € J*a for some j' € JX). Since Iy € S is a left ideal of
R and a € Iy then J¥a C k.
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Theorem 1X.2.13 (continued 2)

Proof (continued). Since J¥ is a subring of R then J¥a is a subring of R
(it is “clearly” closed under addition and multiplication; notice

a € Iy € J) and since JX is a left ideal of R (so rJ* C Jk for all r € R)
then J¥a is a left ideal of R (for ja € J¥a and r € R,

r(ja) = (rj)a = j'a € J*a for some j' € JX). Since Iy € S is a left ideal of
R and a € Iy then JXa C ly. Furthermore, since

JK(Jka) = J?<a = Jka # {0} then Jka € S. Consequently, since Iy is a
minimal element of S, Jka € S, and JXa C Iy, then JKa = Iy. Thus for
some nonzero r € JX, ra = a. Since J* is a ring, —r € J* C J = J(R) and
by Theorem 1X.2.3(iv) all elements of J(R) are quasi-regular, then —r is
quasi-regular.
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Theorem 1X.2.13 (continued 2)

Proof (continued). Since J¥ is a subring of R then J¥a is a subring of R
(it is “clearly” closed under addition and multiplication; notice

a € Iy € J) and since JX is a left ideal of R (so rJ* C Jk for all r € R)
then J¥a is a left ideal of R (for ja € J¥a and r € R,

r(ja) = (rj)a = j'a € J*a for some j' € JX). Since Iy € S is a left ideal of
R and a € Iy then JXa C ly. Furthermore, since

JK(Jka) = J?<a = Jka # {0} then Jka € S. Consequently, since Iy is a
minimal element of S, Jka € S, and JXa C Iy, then JKa = Iy. Thus for
some nonzero r € JX, ra = a. Since J* is a ring, —r € J* C J = J(R) and
by Theorem 1X.2.3(iv) all elements of J(R) are quasi-regular, then —r is
quasi-regular. Whence s — r — sr = 0 (by Definition 1X.2.2) for some

s € R. Consequently (using ra = a):

a=ra=—(—ra)=—(—ra+0)=—(—ra+sa—sa)
=—(—ra+sa—s(ra))=—(—r+s—sr)Ja=—-0a=0.

But by choice, a is nonzero so this is a CONTRADICTION.
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Theorem 1X.2.13 (continued 3)

Proposition 1X.2.13. If R is a left (right) Artinian ring, then the radical
J(R) is a nilpotent ideal. Consequently every nil left or right ideal of R is
niplotent and J(R) is the unique maximal nilpotent left (right) ideal of R.

Proof (continued). So the assumption that J¥ # {0} is false and hence
Jk=1{0}. So J(R)=JD S>> --- D> J={0} and so J is a nilpotent
ideal of R (by Definition 1X.2.11), as claimed.
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Theorem 1X.2.13 (continued 3)

Proposition 1X.2.13. If R is a left (right) Artinian ring, then the radical
J(R) is a nilpotent ideal. Consequently every nil left or right ideal of R is
niplotent and J(R) is the unique maximal nilpotent left (right) ideal of R.

Proof (continued). So the assumption that J¥ # {0} is false and hence
Jk=1{0}. So J(R)=JD S>> --- D> J={0} and so J is a nilpotent
ideal of R (by Definition 1X.2.11), as claimed.

By Theorem 1X.2.12, every nil left or right ideal of R is contained in J(R).
Since we have shown J(R) to be nilpotent, then every nil left or right ideal
of R is also nilpotent as claimed. Also, since J(R) contains all nil left or
right ideals of R and i f/ is any nilpotent ideal then / is also a nil ideal (by
definition 1X.2.11 and the Note after it) and so / C J(R). Hence J(R) is

the unique maximal nilpotent left (or right) ideal of R, as claimed. O
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Theorem 1X.2.14

Theorem 1X.2.14. If R is a ring, then the quotient ring R/J(R) is
semisimple.
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Theorem 1X.2.14

Theorem 1X.2.14. If R is a ring, then the quotient ring R/J(R) is
semisimple.

Proof. Let 7 : R — R/J(R) be the canonical epimorphism mapping

r— r+ J(R). Denote w(r) = r+ J(R) =7 for each r € R. Let C be the
set of all regular maximal left ideals of R. Then by Theorem 1X.2.3(ii),
J(R) =Njecl, so if I € C then J(R) C I. By Theorem IV.1.10 (which
describes all submodules of R/J(R)), w(l) = I/J(R) is a maximal left
ideal of R/J(R).
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Theorem 1X.2.14

Theorem 1X.2.14. If R is a ring, then the quotient ring R/J(R) is
semisimple.

Proof. Let 7 : R — R/J(R) be the canonical epimorphism mapping

r— r+ J(R). Denote w(r) = r+ J(R) =7 for each r € R. Let C be the
set of all regular maximal left ideals of R. Then by Theorem 1X.2.3(ii),
J(R) =Njecl, so if I € C then J(R) C I. By Theorem IV.1.10 (which
describes all submodules of R/J(R)), w(l) = I/J(R) is a maximal left
ideal of R/J(R). Since I is regular, there is e € R such that r — re € | for
allre R, and w(r —re) =7 —7e € n(/l) for all r € R (and so for all

R € R/J(R)). Therefore, (1) is regular (by Definition 1X.1.2) for every

I €C).
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Theorem 1X.2.14

Theorem 1X.2.14. If R is a ring, then the quotient ring R/J(R) is
semisimple.

Proof. Let 7 : R — R/J(R) be the canonical epimorphism mapping

r— r+ J(R). Denote w(r) = r+ J(R) =7 for each r € R. Let C be the
set of all regular maximal left ideals of R. Then by Theorem 1X.2.3(ii),
J(R) =Njecl, so if I € C then J(R) C I. By Theorem IV.1.10 (which
describes all submodules of R/J(R)), w(l) = I/J(R) is a maximal left
ideal of R/J(R). Since I is regular, there is e € R such that r — re € | for
allre R, and w(r —re) =7 —7e € n(/l) for all r € R (and so for all

R € R/J(R)). Therefore, (1) is regular (by Definition 1X.1.2) for every

I €C).

Let 7 € Njeem(l) = Nyecl /J(R). ASSUME r ¢ J(R). Then
R=r+J(R) # J(R). So coset r + J(R) € I/J(R) for all | € C. Now the
cosets of J(R) in [ partition / for each | € C, so these partitions each
include J(R) and r 4+ J(R).
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Theorem 1X.2.14 (continued)

Proof (continued). So cosets in (N;ec!) /J(R) include both J(R) and
r+ J(R). However, Njecl = J(R), so (Njecl) /J(R) = J(R)/J(R) = {0}
and so J(R)/J(R) includes only the identity coset J(R), a
CONTRADICTION. So the assumption that r ¢ J(R) is false and it must
be that for all 7 € Njec! = Niec! /J(R), we have r € J(R).
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Theorem 1X.2.14 (continued)

Proof (continued). So cosets in (N;ec!) /J(R) include both J(R) and
r+ J(R). However, Njecl = J(R), so (Njecl) /J(R) = J(R)/J(R) = {0}
and so J(R)/J(R) includes only the identity coset J(R), a
CONTRADICTION. So the assumption that r ¢ J(R) is false and it must
be that for all 7 € Njec! = Niec! /J(R), we have r € J(R). That is,

Niec! Cm(J(R)). (%)
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Theorem 1X.2.14 (continued)

Proof (continued). So cosets in (N;ec!) /J(R) include both J(R) and
r+ J(R). However, Njecl = J(R), so (Njecl) /J(R) = J(R)/J(R) = {0}
and so J(R)/J(R) includes only the identity coset J(R), a
CONTRADICTION. So the assumption that r ¢ J(R) is false and it must
be that for all 7 € Njec! = Niec! /J(R), we have r € J(R). That is,

Niec! Cm(J(R)). (%)

Consequently, by applying Theorem 1X.2.3(ii) to ring R/J(R), we have
that J(R/J(R)) is the intersection of all regular maximal left ideals of
R/J(R). Since each (/) is a maximal left ideal of R/J(R) for all I € C as

shown above, then
JRIJR)) € Preen(l)

C 7w(J(R)) by (x)

= J(R)/J(R) = {0}.
So J(R/J(R)) = {0} and by Definition 1X.2.9, R/J(R) is semisimple, as
claimed. m
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Lemma 1X.2.15

Lemma 1X.2.15. Let R be a ring and a € R.
(i) If —a? is left quasi-regular, then so is a.
(i) a € J(R) if and only if Ra is a left quasi-regular left ideal.
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Lemma IX.2.15

Lemma 1X.2.15

Lemma 1X.2.15. Let R be a ring and a € R.
(i) If —a? is left quasi-regular, then so is a.
(i) a € J(R) if and only if Ra is a left quasi-regular left ideal.

Proof. (i) If —a2% is left quasi-regular then, by Definition IX.2.2, there is
r € R such that r + (0a?) + r(—a®) = 0. let s=r —a— ra. Then
stat+sa=(r—a—ra)+a+(r—a—ra)a
—r—a—rat+a+tra—a’—ra’=r+(-a°)+r(—a%) =0,
and so a is left quasi-regular.
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Lemma 1X.2.15

Lemma 1X.2.15. Let R be a ring and a € R.
(i) If —a? is left quasi-regular, then so is a.
(i) a € J(R) if and only if Ra is a left quasi-regular left ideal.

Proof. (i) If —a2% is left quasi-regular then, by Definition IX.2.2, there is
r € R such that r + (0a?) + r(—a®) = 0. let s=r —a— ra. Then
stat+sa=(r—a—ra)+a+(r—a—ra)a
—r—a—ratatra—a’—ra®=r+(-a°)+r(—a%) =0,
and so a is left quasi-regular.

(ii) Suppose a € J(R). Since J(R) is an ideal of R by Theorem 1X.2.3,
then Ra C J(R). Now J(R) is a left quasi-regular left ideal of R by
Theorem 1X.2.3(iv), so each element of Ra is left quasi-regular; also, Ra is
a left ideal of R and so Ra is a left quasi-regular left ideal, as claimed.
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Lemma 1X.2.15

Lemma 1X.2.15. Let R be a ring and a € R.
(i) If —a? is left quasi-regular, then so is a.
(i) a € J(R) if and only if Ra is a left quasi-regular left ideal.

Proof. (i) If —a2% is left quasi-regular then, by Definition IX.2.2, there is
r € R such that r + (0a?) + r(—a®) = 0. let s=r —a— ra. Then

stat+sa=(r—a—ra)+a+(r—a—ra)a
—r—a—ratatra—a’—ra®=r+(-a°)+r(—a%) =0,
and so a is left quasi-regular.

(ii) Suppose a € J(R). Since J(R) is an ideal of R by Theorem 1X.2.3,
then Ra C J(R). Now J(R) is a left quasi-regular left ideal of R by
Theorem 1X.2.3(iv), so each element of Ra is left quasi-regular; also, Ra is
a left ideal of R and so Ra is a left quasi-regular left ideal, as claimed.
Conversely, suppose Ra is a left quasi-regular left ideal of R. Consider
K={ra+na|reR,neZ}.
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Lemma IX.2.15 (continued)

Lemma 1X.2.15. Let R be a ring and a € R.
(i) If —a? is left quasi-regular, then so is a.

(i) a € J(R) if and only if Ra is a left quasi-regular left ideal.
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Lemma IX.2.15 (continued)

Lemma 1X.2.15. Let R be a ring and a € R.
(i) If —a? is left quasi-regular, then so is a.

(i) a € J(R) if and only if Ra is a left quasi-regular left ideal.

Proof (continued). Then

(na+ ma) — (na+ma)=(n—n)a+(n —n)ac K and for any r € R
we have r(rna+ ma) = rna+ nyra= (rr + ngr)a € K. So by Theorem
112.2, K is a left ideal of R. Also, a € K (take r=0€ Rand n=1¢€ Z)

and Ra C K (take n =0 ¢€ Z). If s = ra+ na € K then —s? € Ra since Ra
is a ring.
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Lemma IX.2.15 (continued)

Lemma 1X.2.15. Let R be a ring and a € R.
(i) If —a? is left quasi-regular, then so is a.

(i) a € J(R) if and only if Ra is a left quasi-regular left ideal.

Proof (continued). Then

(na+ ma) — (na+ma)=(n—n)a+(n —n)ac K and for any r € R
we have r(rna+ ma) = rna+ nyra= (rr + ngr)a € K. So by Theorem
112.2, K is a left ideal of R. Also, a € K (take r=0€ Rand n=1¢€ Z)
and Ra C K (take n =0 ¢€ Z). If s = ra+ na € K then —s? € Ra since Ra
is a ring. So by hypothesis —s? is left quasi-regular and so, by part (i), s is
left quasi-regular. So every element of K is left quasi-regular and so K is a
left quasi-regular left ideal of R. Since a € K then a is left quasi-regular.
Since a is an arbitrary element of J(R) then J(R) is left quasi-regular, as
claimed. O
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Theorem 1X.2.16

Theorem 1X.2.16.
(i) If an ideal I of a ring R is itself considered as a ring, then
J(I) =1nJ(R).
(i) If R is semisimple, then so is every ideal of R.
(iii) J(R) is a radical ring.
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Theorem 1X.2.16

Theorem 1X.2.16.
(i) If an ideal I of a ring R is itself considered as a ring, then
J(I) =1nJ(R).
(i) If R is semisimple, then so is every ideal of R.
(iii) J(R) is a radical ring.

Proof. (i) Consider / N J(R). By Theorem 1X.2.3, J(R) is an ideal of R
(and so for each r € I, rJ(R) C J(R) and J(R)r C J(R)), so
r(INJ(R)) cINJ(R) and (INJ(R))f C INJ(R). Thatis, INJ(R) is
an ideal of /.
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Theorem 1X.2.16

Theorem 1X.2.16.
(i) If an ideal I of a ring R is itself considered as a ring, then
J(I) =1nJ(R).
(i) If R is semisimple, then so is every ideal of R.
(iii) J(R) is a radical ring.

Proof. (i) Consider / N J(R). By Theorem 1X.2.3, J(R) is an ideal of R
(and so for each r € I, rJ(R) C J(R) and J(R)r C J(R)), so

r(InJ(R)) Cc INJ(R) and (INJ(R))f C INJ(R). Thatis, INJ(R) is
an ideal of /. If a € I N J(R) then a is left quasi-regular in R by Theorem
1X.2.3(iv), whence r +a+ra=0forsomere R. Butr=—-a—rae |l
(since a € I and [ is an ideal of R). Thus every element of / N J(R) is left
quasi-regular in | (since r + a+ ra = 0 where r € I). Therefore by
Theorem 1X.2.3(iv) (applied to ring 1), I N J(R) C J(I).
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Theorem 1X.2.16 (continued)

Proof (continued). Suppose a € J(I). For any r € R,

—(ta)? = —(rar)a € 1J(I) (since J(R) is a [two-sided] ideal of R) and
1J(1) € J(1I) (since J(I) is an ideal of 1), so that —(ra)? € J(I). Whence,
by Theorem 1X.2.3(iv) applied to ring I, —(ra)? is left quasi-regular in /.
Consequently, by Lemma 1X.2.14(i), ra is left quasi-regular in /, and hence
in R (see Definition 1X.2.2).
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Theorem 1X.2.16 (continued)

Proof (continued). Suppose a € J(I). For any r € R,

—(ta)? = —(rar)a € 1J(I) (since J(R) is a [two-sided] ideal of R) and
1J(1) € J(1I) (since J(I) is an ideal of 1), so that —(ra)? € J(I). Whence,
by Theorem 1X.2.3(iv) applied to ring I, —(ra)? is left quasi-regular in /.
Consequently, by Lemma 1X.2.14(i), ra is left quasi-regular in /, and hence
in R (see Definition 1X.2.2). Since r € R is arbitrary, Ra is a left
quasi-regular left ideal of R, whence a € J(R) by Lemma 2.15(ii).
Therefore, a € J(I)NJ(R) C I N J(R). Since a is an arbitrary element of
J(I), then J(I) C I N J(R) and, since I N J(R) C I as shown above,

J(I) =10 J(R).
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Theorem 1X.2.16 (continued)

Proof (continued). Suppose a € J(I). For any r € R,

—(ta)? = —(rar)a € 1J(I) (since J(R) is a [two-sided] ideal of R) and
1J(1) € J(1I) (since J(I) is an ideal of 1), so that —(ra)? € J(I). Whence,
by Theorem 1X.2.3(iv) applied to ring I, —(ra)? is left quasi-regular in /.
Consequently, by Lemma 1X.2.14(i), ra is left quasi-regular in /, and hence
in R (see Definition 1X.2.2). Since r € R is arbitrary, Ra is a left
quasi-regular left ideal of R, whence a € J(R) by Lemma 2.15(ii).
Therefore, a € J(I)NJ(R) C I N J(R). Since a is an arbitrary element of
J(I), then J(I) C I N J(R) and, since I N J(R) C I as shown above,

J(I) =10 J(R).

(i) If R is semisimple then, by Definition 1X.2.9, J(R) = {0}. If | is any
ideal of R then by part (i), J(/) C INJ(R) = {0} and so I is semisimple.

Modern Algebra October 6, 2018 33 / 35



Theorem 1X.2.16 (continued)

Proof (continued). Suppose a € J(I). For any r € R,

—(ta)? = —(rar)a € 1J(I) (since J(R) is a [two-sided] ideal of R) and
1J(1) € J(1I) (since J(I) is an ideal of 1), so that —(ra)? € J(I). Whence,
by Theorem 1X.2.3(iv) applied to ring I, —(ra)? is left quasi-regular in /.
Consequently, by Lemma 1X.2.14(i), ra is left quasi-regular in /, and hence
in R (see Definition 1X.2.2). Since r € R is arbitrary, Ra is a left
quasi-regular left ideal of R, whence a € J(R) by Lemma 2.15(ii).
Therefore, a € J(I)NJ(R) C I N J(R). Since a is an arbitrary element of
J(I), then J(I) C I N J(R) and, since I N J(R) C I as shown above,

J(I) =10 J(R).

(i) If R is semisimple then, by Definition 1X.2.9, J(R) = {0}. If | is any
ideal of R then by part (i), J(/) C INJ(R) = {0} and so I is semisimple.

(iii) Since I = J(R) is an ideal of R by Theorem 1X.2.3, then part (i)
implies JJ(R)) = J(R)NJ(R) = J(R). So by Definition IX.2.9 of radical
ring, | = J(R) is a radical ring. O
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Theorem 1X.2.17

Theorem 1X.2.17. If {R; | i € I} is a family of rings, then
J (Il Ri) = ITics J(R:)-
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Theorem 1X.2.17

Theorem 1X.2.17. If {R; | i € I} is a family of rings, then
J (Il Ri) = ITics J(R:)-

Proof. First, we claim that {a;} € [[ R; is a left quasi-regular element in
[I R; if and only if a; is left quasi-regular in R; for each i € /. If each a; is
left quasi-regular in R; then, by Definition 1X.2.2, there is r; € R; such that
ri + a;j + ria; = 0;. Then for {r;} € [] R;, we have

(i} +{ai} + {nHaid = {r + a +iaiy = {a}y =0 [ R

and so {a;} is left quasi-regular in [[ R;.
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Theorem 1X.2.17

Theorem 1X.2.17. If {R; | i € I} is a family of rings, then
J (Il Ri) = ITics J(R:)-

Proof. First, we claim that {a;} € [[ R; is a left quasi-regular element in
[I R; if and only if a; is left quasi-regular in R; for each i € /. If each a; is
left quasi-regular in R; then, by Definition 1X.2.2, there is r; € R; such that
ri + a;j + ria; = 0;. Then for {r;} € [] R;, we have

(i} +{ai} + {nHaid = {r + a +iaiy = {a}y =0 [ R

and so {a;} is left quasi-regular in [[ Ri. Conversely, if a = {a;} is left
quasi-regular in [[ R;, then there is r = {r;} € [[ Ri such that

r+at+ra={n}+{a} +{rHa} ={r+a+ra}={0}=0e]]R
So ri+a;+ r,a; =0; forall i € l. That is, a; is left quasi-regular in R; for

each i € [.
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Theorem 1X.2.17 (continued)

Proof (continued). Now J(R;) is a left quasi-regular ideal of R; by
Theorem 1X.2.3(iv) (so every element of J(R;) is left quasi-regular in R;),
so [[J(Ri) is a left quasi-regular ideal in [ R;. So by Theorem 1X.2.3(iv)

again, [[J(R)) € J(I] R))-
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Theorem 1X.2.17 (continued)

Proof (continued). Now J(R;) is a left quasi-regular ideal of R; by
Theorem 1X.2.3(iv) (so every element of J(R;) is left quasi-regular in R;),
so [[J(Ri) is a left quasi-regular ideal in [ R;. So by Theorem 1X.2.3(iv)
again, [[J(R:) € J(I] Ri)-

For each k € I, let mx : [[ Ri — Rx be the canonical projection. Consider
Ik = mk(J(IT Ri))- Now J(I] Ri) is an ideal of [[ R; by Theorem 1X.2.3, so
Ik = m(J(IT Ri)) is an ideal of Ry (by Theorem I11.2.2, say, where we can
use certain closure of J([] R;) in [] Ri to set the corresponding closure of
Ik in Rg). Let ax € I. Then {a;} € J(]] R;), for some a; € R; for

i€l i#k.

Modern Algebra b (AN 6 &8



Theorem 1X.2.17 (continued)

Proof (continued). Now J(R;) is a left quasi-regular ideal of R; by
Theorem 1X.2.3(iv) (so every element of J(R;) is left quasi-regular in R;),
so [[J(Ri) is a left quasi-regular ideal in [ R;. So by Theorem 1X.2.3(iv)
again, [[J(R:) € J(I] Ri)-

For each k € I, let mx : [[ Ri — Rx be the canonical projection. Consider
Ik = mk(J(IT Ri))- Now J(I] Ri) is an ideal of [[ R; by Theorem 1X.2.3, so
Ik = m(J(IT Ri)) is an ideal of Ry (by Theorem I11.2.2, say, where we can
use certain closure of J([] R;) in [] Ri to set the corresponding closure of
Ik in Rg). Let ax € I. Then {a;} € J(]] R;), for some a; € R; for
i€l,i# k. Applying Theorem IX.2.3(iv) to ring [[ Ri, J(I[ Ri) is a left
quasi-regular ideal of [][ R; and so {a;} is a left quasi-regular element of
[1Ri. So there is {r;} € ] R; such that {r;} + {a;} + {ri}{ai} = {0;}. In
particular, ri + ax + rcax = 0k and ay is left quasi-regular in Ry. Since ak
is an arbitrary element of /i, then /I, is left quasi-regular in Rj.
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Theorem 1X.2.17 (continued)

Proof (continued). Now J(R;) is a left quasi-regular ideal of R; by
Theorem 1X.2.3(iv) (so every element of J(R;) is left quasi-regular in R;),
so [[J(Ri) is a left quasi-regular ideal in [ R;. So by Theorem 1X.2.3(iv)
again, [[J(R:) € J(I] Ri)-
For each k € I, let mx : [[ Ri — Rx be the canonical projection. Consider
Ik = mk(J(IT Ri))- Now J(I] Ri) is an ideal of [[ R; by Theorem 1X.2.3, so
Ik = m(J(IT Ri)) is an ideal of Ry (by Theorem I11.2.2, say, where we can
use certain closure of J([] R;) in [] Ri to set the corresponding closure of
Ik in Rg). Let ax € I. Then {a;} € J(]] R;), for some a; € R; for
i€l,i# k. Applying Theorem IX.2.3(iv) to ring [[ Ri, J(I[ Ri) is a left
quasi-regular ideal of [][ R; and so {a;} is a left quasi-regular element of
[1Ri. So there is {r;} € ] R; such that {r;} + {a;} + {ri}{ai} = {0;}. In
particular, ri + ax + rcax = 0k and ay is left quasi-regular in Ry. Since ak
is an arbitrary element of I, then I, is left quasi-regular in Ri. By
Theorem 1X.2.3(iv), Ik C J(Rk). Since this holds for each k € I,
J(ITRi) C I1J(Ri). Therefore, J(ITRi) = [[J(Ri). as claimed. O
0
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