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Section 2.4. Diffusion on the Whole Line

Note. In this section we solve an IVP for the diffusion equation u; = kug..

Note. We now solve the IVP

U = Ky, —00 < x <00,t>0
u(z,0) = p(z).

We need the following properties of the diffusion equation u; = ki,

(1) If u(x,t) is a solution, then for any fixed y, u(z — y,t) is also a solution.
(2) Any derivative of a solution is also a solution.

(3) Any linear combination of solutions if also a solution.

(4) If S(x,t) is a solution, then so is

v(x,t) :/ S(z —y,t)g(y) dy
for any g(y) provided the integral converges.

(5) If u(x,t) is a solution, then so is u(y/ax, at) for any a > 0.

Lemma. A solution to
Qr = kQqz
lifz>0
Oifz <0
is

VTt
Q(x,t) = = + —/ e dp.
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Proof. We look for a solution of the form Q(x,t) = g(p) where p = x/\/4kt

(motivated by (5) above). Now

1 =z

Qi = —5 \/4—ktg’(p)
1 /
Qs = NI (p)

. 1 "
Qur = T (p)

and so

0=0Q; —kQuw = % (—%pg’(p) = ig"(p)>

or ¢’ + 2pg’ = 0. Multiplying by the integrating factor e”", we get
e g" +2pg =0,

or e”’ ¢’ = constant. Therefore g(p) = ¢; ]l e ? dp + ¢5 and we choose

x/VAkt )
Q(z,t) = 01/ e dp+ cs.
0

Now to evaluate ¢; and ¢o. If > 0 and t — 07, then z/v4kt — oo and so

1 = lim Q(z,t) = cl/ e ?’ dp + ¢ = clﬁ + C9.
t—0+ 0 2

If x <0andt— 0, then x/vV4kt — —o0 and so

0= lim Q(x,t) = cl/ eV’ dp + ¢ = —clﬁ + co.
0

t—o™T 2

We get ¢; = 1//m and ¢3 = 1/2. So

11 VR
- —* dp.
Qe =z+—= [
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Theorem. The unique solution to

U = kgy, —00 < 00,1 >0
u(z,0) = o()

where p(z) = 0 for |z| > R for some R, is

u(z,t) =

\/W p(y) dy.

Proof. With the notation of the above lemma, define

g — Q) _ 1 o~/ (4kt)

Ox 2V Tkt

By property (2), S is a solution to the diffusion equation. Also

L t>0.

u(z,t) = /Oo Sz —y,t)p(y)dy, t >0

—00

is a solution by property (2) above. Now we need only show u(z,0) = ¢(z). Well,

> oQ

wat) = [ G- vDewdy = [ S0 - ptlet) dy

o

:_(gp(y w0~ [QE -y )dy)‘_m | et -nosw

So
ww0) = [ Q- p0 W) dy
= /:C ¢’ (y) dy sinceQ(x —y,0) =0forz —y <Oory >z
)
So

o0 [0 @) 1 5
S(z—y,t dy = / e~ ()7 /(4kt) dt.
/_Oo (z =y, t)o(y) dy T o(y)
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The result follows.

Definition. The error function is

Erf(z) = —/ e dp.
0

Note. We have

1 1
Qz,t) = 5t §Efr (\/jlj_kt> :

Example. Page 52 Number 16. Solve the IVP:

U — kg +bu =0, —00 < < 00
u(x,0) = p(x).
Solution. We let u(x,t) = e "v(z,t). Then
u = —be w(x,t) + e v (x,t)
Upy = € vg(x,t).
S0

Up — Kty + bu = (=be Pv(x,t) + e oz, 1)) — ke My, (2, 1) + be Mu(z, t) = 0,

which implies

v — kvg, =0, —00 < < 00

v(x,0) = u(z,0) = p(x).
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So from the first theorem of this section

v(x,t) =

VAarkt

and so the solution to the given IVP is

u(z,t) =

VAarkt

Revised: 3/22/2019



