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Chapter 5. Fourier Series

Section 5.1. The Coefficients

Note. In this section, we define Fourier series and give some results and examples.

Definition. A Fourier sine series in the interval (0, ¢) is a series of the form

. nww
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Note. It is shown in Calculus 2 (using summation an difference equations) that

for m,n € N
nTr . mmx

¢
/()sinTSin / dr =0

if m # n.
Theorem. If o(z) = > A, sin(nmz/l) then

9 [t
A, = E/o @(x) sin m;m: dx.

Proof. Fix m and consider

‘ ¢
/0 sin m;xgp(x) dr = /0 (Z A, sin ntﬁ) sin m;m:
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- 3 4, / sin ”7 sin m;x dz (TRUST ME!)
0

n=1
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and the claim follows. |
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Note. The solution to the Dirichlet diffusion boundary problem

U = kug,, 0 <z <l,t>0
u(0,t) = u(l,t) =
u(z,0) = ¢(z)
1S
ZAG (om0 Rt i ~ where A, 2/€g0( )sin@d:z:
" E ¢ Jo 14

Note. The solution to the Dirichlet wave boundary value problem

Uy = CUpy, 0 < < L
u(0,t) = u(l,t) =
’LL(:E,O) = @(x)yut(%o) = 77b(33)

18

- t t
u(x,t) = Z (An Ccos WZC + B, sin WEC ) sin n;x

n=1

where

¢
2
An:—/ o(x )sinntﬁda: and B, = — ¢( )Sinntﬁd;};
0
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Note. We now consider Fourier cosine series. As with sine functions, for m,n € N

¢ nmwT MmmTx
COS —— COS dr =0
0

14 14

if m # n. From this we get:
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1. The Neumann diffusion boundary problem

U = kug,, 0 <z <l,t>0
uz(0,1) = u,(€,1) =0
u(z,0) = p(x)

has solution
0%k 2 ¢ nmw
u(x,t) = —Ao + ZAne (nm/O7kE E " where A, =7 /o () cos — du,

and n > 0.

2. The Neumann wave boundary problem

Uy = CUpy, 0 < < L
uz(0,t) = u,(€,1) =0
u(,0) = p(x), u(r,0) = P(z)

has solution

1 1 - t t
u(z,t) = §A0 + §Bot + nz_; (An oS WZC + B, sin WZC ) oS %
where
2 [ 2
An:Z/O o(x )cosntﬁdxandB —% ¢( )cos%daz,nZO.

Definition. The (full) Fourier series of p(z) in the interval —¢ < x < £ is

:—AO+Z<A cos—+B sin?)
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Theorem. If ¢ has a Fourier series as given above, then
¢ ¢
1
A, = —/ @(x) cos 7% 4o and B, = —/ @(x) sin 72 da.
CJ 14 CJ 14

Proof. Let’s introduce the notation

Then notice

cosntg - sin mry _ 0 for all n,m € N
nmww mmx . nwxr . mnT 0 4
COS —— - COS = sin —— - sin =0forn#m
l l l 14
1-cos$:1-sinntgzo,
cog TFE | PAT L NAT L AT
: —— =sin - sin =
l l 14 l
1-1=2.
So
nrx 1 [* nmwx
A, = p(x)-cos— =-= [ (x)cos —dx
l 0 ), l
Conmx 1 [f . nmx
B, = ¢(x)-sin— = - [ ¢(z)sin — dz.
l CJ)_, l

Example. Page 108 Number 4a. Find the Fourier cosine series for |sinz| on

(—m, 7).

Solution. We try first to find a series on (0, 7). We want

. 1 - nwx
|sinz| = 5140 + ;An €os ——,
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so we need

2 ™
Ay = —/ | sin x| cos nx dx.
T Jo

With n = 0 we have

2 (7 2 " 2 4
AO:—/ sinrxdr = ——cosz| =——(-1—-1)=—.
0 0 v v

™ ™

For general n € N we recall a trig identity:

1 1
sin Acos B = 5 sin(A — B) + 5 sin(A + B).

Then
2 [T 2 [T/1 . L.
A, = — | sinzxcosnzdr =— —sin(1 —n)x 4+ =sin(n+ 1)z | dz
™ Jo T Jo \2 2
1 -1 1 -1 i
= ;1_ncos(l—n)x+;n+lcos(n+1)azO
( 1 1 ) +1—11if nis odd
= — X
m(n—1) w(n+1) —1 —1if nis even
_ —% (ﬁ—#l) if n is even
0 if n is odd.
So
, 2 o 4 1 2 4 1
|sm:z:|:;+ 3 oy qeosne = —+ ; [z cosna.

Notice this series is “even” and so is valid for (—m, 7). O
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