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Chapter 6. Harmonic Functions

Section 6.1. Laplace’s Equation

Note. In this section, we explore a common second order PDE and state some

theorems related to it.

Note. At equilibrium in the wave and diffusion equations, u; = 0 and these

equations reduce to the Laplace equation

Upp = 0
Au = Upy + Uy, = 0

Au = Upy + Uyy +u,, = 0.

Definition. A solution to Laplace’s equation is said to be harmonic.

Definition. Poisson’s equation is the nonhomogeneous version of Laplace’s equa-

tion: Au = f.

Theorem. The Maximum Principle.
Let D be a connected bounded open set (in R? or R?). Let u(z,y) (or u(z,y,2))
be harmonic in D and continuous in D = D U bdy(D). Then the maximum and

minimum values of n are attained on bdy(D) and nowhere in D unless u is constant.
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Theorem. The Uniqueness of Solutions to the Dirichlet Problem.

The Dirichlet problem

Au = f in open connected D

uw = h on the boundary of D

has at most one solution.

Proof. Suppose not, suppose both u and v are solutions. Then u — v is a solution

to

Au = 0 in open connected D

u = 0 on the boundary of D

and so by the Maximum Principle (since u — v is harmonic), the maximum and

minimum of v — v both occur on bdy(D) and are therefore 0. So u = v. 1

Definition. A translation in R? is a transformation
¥ = x+4a

/

y = y+b.
A rotation in R? through angle « is a transformation

r = xcosa—+ ysinw

Yy = —xsina+ ycosa.
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Theorem. Invariance in 2-Dimensions.
The Laplace Equation is invariant under translations and rotations in R? (i.e.,

Uy + Uy = Uy + Uyyy ).

Note. The proof of the above theorem is given on pages 150 and 151. In the proof,

it is shown that in polar coordinates (r,6) the Laplace operator satisfies:
82+82_82+18+182
ox2  Oy2  or2  ror  r2of?

A =

Example. Page 154 Number 5. Solve

Upy + Uy = 1 for r < a
u=0 forr =a,

where r represents a distance from the origin (so r is a polar coordinate).

Solution. We search for a “rotationally invariant” solution (i.e., one independent

of #). In polar coordinates, the PDE becomes

Pu  10u 1
+-——=1or uy+—u, =1 o0r ru, +u, =r.
T

or2 ' ror

By the Product Rule, this becomes (ru,), = r and so ru, = %Tz + ¢ or u, =

%r + ¢1/r and hence u = irz — c1logr + ¢co. Since u = 0 for r = a we require
iaz —c1loga + co = 0, so we get co = c1loga — iaz. So the solution in terms of
parameter c; is

u(r,0) = irz —cylogr +ciloga — iaz. O
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