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Theorem 1.6.A

Theorem 1.6.A. For data points (X, Y;) where i =1,2,...,n, the values
of By and (1 which minimize

Q=> (Yi—Bo—pX)
i=1
are

by = Z=12():(_XX)_(;)2_ ) and by — % (Z Yi - blzX> =Y-bX,

respectively.
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Theorem 1.6.A

Theorem 1.6.A. For data points (X, Y;) where i =1,2,...,n, the values
of By and (1 which minimize

Q=> (Yi—Bo—pX)
i=1
are

by = Z=12():(_XX)_(;)2_ ) 4nd by = (Z Y — blzX> =Y-bhiX,

respectively.

Proof. We define Q as a function of 3y and 31 (in terms of the given
data (X, Yi)):

n

Q5o 51) = Y _(Yi — o — B1.Xi)>.

i=1
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Theorem 1.6.A (continued 1)

Proof. To find critical points of Q, we consider the partial derivatives:

Q< R _ vy
. > =2(Yi—Bo— X)) and oo =D =2Xi(Y; — fo — fuXi).

i—1 b H
Expanding the partial derivatives:
@ = zn:—2(Y~ — fo— i Xi) = zn:(—2Y- + 2060 + 261 Xi)
8ﬁ0 i 0 I i 0 1IN

i=1 i=1

=23 Vi +2n60 + 261 > Xi
i=1 i=1
and

gﬂQl =3 —2X(Vi—fo— X)) = —2 > XiVit 200 > X200 > X2,
i=1 i=1 = =
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Theorem 1.6.A (continued 2)

Proof. Setting each partial derivative equal to 0 gives the following two
equations in unknowns [y and fSi:

no+/ Y Xi=>» Y ()
i=1

i=1

and . . .
502)(,'-1-512)(;2 :ZXIYI- (%)
i—1 i—1 i—1

(These are called the normal equations.)
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Theorem 1.6.A (continued 2)

Proof. Setting each partial derivative equal to 0 gives the following two
equations in unknowns [y and fSi:

no+/ Y Xi=>» Y ()
i=1 i=1
and

n n n
Bod Xi+ B X2 =D XV (%)
i=1 i=1 i=1

(These are called the normal equations.) This is a system of two linear
equations in two unknowns and has solution Gy = by and (3; = b; where:

XX = X)(Yi—Y) 1 _ — Y- X
by = 127:1()([_?)2 and by = n(ZY blzX>_Y nX.
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Theorem 1.6.A (continued 3)

Proof. Finally, we need to check a second partial derivative of Q(0o, 51)
at the critical point (bg, b1). We have

PQ 9 [0Q] 0 2
aﬁf_aﬁl[aﬁl] 8ﬁllzng+2ﬂozx+2ﬂlzx

=24 Zn:x,? > 0.
i=1

So by the Second Derivative Test for Local Extreme Values (see my online
Calculus 3 [MATH 2110] notes on Section 14.7. Extreme Values and
Saddle Points, the critical point (So, 51) = (bo, b1) yields a local
minimum. Since there is only one critical point, this must yield an
absolute (or “global”) minimum. O
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Theorem 1.6.B

Theorem 1.6.B. For data points (X, Y;) where i =1,2,..., n, estimated
regression model Y = bg + b1 X, and residuals ¢, = Y; — Y,, we have the
following properties.

1.
2.
3.

6.

The sum of the residuals is zero: Y 7, e; = 0.

The sum of the squared residuals, > 7_; €2, is a minimum.

The sum of the observed values Y; equals the sum of the
fitted values Y;: >0 ; Yi=>", Y.
The sum of the weighted residuals is zero when the residual

in the ith trial is weighted by the level of the predictor
variable in the ith trial. Thatis, > ; Xje; = 0.

The sum of the weighted residuals is zero when the jth trial
is weighted by the fitted value of the response variable for
the ith trial. Thatis, Y1, Yie; = 0.

The regression line always goes through the point (X, Y).
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Theorem 1.6.B (continued 1)

Theorem 1.6.B. For data points (X, Y;) where i =1,2,..., n, estimated
regression model Y = bg + b1 X, and residuals ¢, = Y; — Y,, we have the
following properties.

1. The sum of the residuals is zero: > ; e = 0.
Proof. (1) The ith residual is (by definition) e; = Y; — ¥; and the
estimated regression model is Y = by + b1 X, so

n

Ze, —Z = V)= (Y~ (bo — b1X)))

i=1 i=1

n

:Z)/,-—Zn:bo—i—blzn:X,-:Zn:\/,-—nbo—blzn:X,-zo,
i=1 i=1 i=1 i=1 i=1

as claimed, since Y. ; Yi = nby+ b1 >_1_; X; by the first normal equation
given as (x) in the proof of Theorem 1.6.A above.
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Theorem 1.6.B (continued 2)

Theorem 1.6.B. For data points (X, Y;) where i =1,2,..., n, estimated
regression model Y = bg + b1 X, and residuals ¢, = Y; — Y,, we have the
following properties.

2. The sum of the squared residuals, 27:1 e,-2, is a minimum.
3. The sum of the observed values Y; equals the sum of the

fitted values Yi: S0, Vi =31, Vi

Proof (continued). (2) By Theorem 1.6.A, the values of 3y and f3; that
minimize quantity Q@ = Y1, (Yi — B0 — 1X;)? are by and by, respectively.
When we replace Gy and 31 with by and by, respectively, we get that the
minimum quantity is Y . (Y; — bo — b1X) Now Y; = by — b1 X;, so the
minimum quantity is > 1(Y Yi)2 =327 | €2, as claimed.
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Theorem 1.6.B (continued 2)

Theorem 1.6.B. For data points (X, Y;) where i =1,2,..., n, estimated
regression model Y = bg + b1 X, and residuals ¢, = Y; — Y,, we have the
following properties.

2. The sum of the squared residuals, 27:1 e,-2, is a minimum.

3. The sum of the observed values Y; equals the sum of the
fitted values Y;: Y1, Yi=>",Y,

Proof (continued). (2) By Theorem 1.6.A, the values of 3y and f3; that
minimize quantity Q@ = Y1, (Yi — B0 — 1X;)? are by and by, respectively.
When we replace Gy and 31 with by and by, respectively, we get that the
minimum quantity is Y . (Y; — bo — b1X) Now Y; = by — b1 X;, so the
minimum quantity is > 1(Y Yi)2 =327 | €2, as claimed.

(3) The proof of this is to be given in Exercise 1.35.
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Theorem 1.6.B (continued 3)

Theorem 1.6.B. For data points (X, Y;) where i =1,2,..., n, estimated
regression model Y = by + b1 X, and residuals ¢, = Y; — Y}, we have the
following properties.

4. The sum of the weighted residuals is zero when the residual
in the ith trial is weighted by the level of the predictor
variable in the ith trial. That is, 27:1 Xie; = 0.

Proof (continued). (4) Since e; = Y; — Y;, then ej = Y; — (by + b1 .X;)
and

Z"jx,-e,- = Z"jx,-(v,- — by — b1 X)) = znjx,-v,- - boijx,- - blznjx,?.
i=1 i=1 i=1 i=1 i=1

Now > X;Y; = bo > 7y Xi + 81 D7, X? by the second normal
equation given as (**) in the proof of Theorem 1.6.A above. Therefore,
Son, Xiei =0, as claimed.
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Theorem 1.6.B (continued 4)

Theorem 1.6.B. For data points (X, Y;) where i =1,2,..., n, estimated
regression model Y = bg + b1 X, and residuals ¢, = Y; — Y,, we have the
following properties.

5. The sum of the weighted residuals is zero when the ith trial
is weighted by the fitted value of the response variable for
the jth trial. Thatis, >.7 ; Yije; = 0.

6. The regression line always goes through the point (X, Y).

Proof (continued). (5) The proof of this is to be given in Exercise 1.36.
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Theorem 1.6.B (continued 4)

Theorem 1.6.B. For data points (X, Y;) where i =1,2,..., n, estimated
regression model Y = bg + b1 X, and residuals ¢, = Y; — Y,, we have the
following properties.

5. The sum of the weighted residuals is zero when the ith trial
is weighted by the fitted value of the response variable for
the jth trial. Thatis, >.7 ; Yije; = 0.

6. The regression line always goes through the point (X, Y).

Proof (continued). (5) The proof of this is to be given in Exercise 1.36.

(6) By Note 1.6.B, the alternative form of the estimated regression model
(i.e., the regression line) is Y = Y + b1(X — X). So when the predictor
variable X takes on the value X, we have

V=Y +b(X-X)=Y.

That is, the regression line goes through the point (X, Y), as claimed. [J
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