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Theorem 1.8.A

Theorem 1.8.A. In the normal error regression model, the likelihood
function L(fBo, B1,0?) is minimized at (o, 31, 62 where 39 = bg, 31 = b1,

" (Y — Y:)2 o 5 A
i ) where Y; = B + (1.X1.

n

and 62 =
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Theorem 1.8.A. In the normal error regression model, the likelihood
function L(fBo, B1,0?) is minimized at (o, 31, 62 where 39 = bg, 31 = b1,

7 (Y= Y)? o A
and 4% = iz ) where Y; = B + B1.X1.

n

Partial Proof. Since the likelihood function L(By, 31,0?) is positive and
the natural logarithm function is increasing, then the maximum of

L = L(Bo, B1,02) and the maximum of log(L) = log(L(53o, £1,02)) occur
at the same values of 3y, 51, and o2. We have

_n n 5 1 < 5
log L = —5 log(2r) — > log(c?) — 53 ;(Y; — Bo — B1Xi)2.
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Theorem 1.8.A (continued 1)

Partial Proof (continued). The partial derivatives with respect to the
variables (g, (1, and o2 are

dlog L 1<
(aoﬁgo) — EZ(Y;—ﬁo—ﬁlxi)
i=1
dlog L 1 <
(a°§1> = 5 Y X(Yi— o= (LX)
=1
d(log L 1 ¢
(a(;i) = st 5 2 (Vi o X,
i=1
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Theorem 1.8.A (continued 2)

Partial Proof (continued). Setting each partial equal to zero in order to
find critical point(s) we have:

n

Y (Yi—Bo—pX) = 0 (%)

i=1

> Xi(Yi—fo— X)) = 0 ()

i=1

> iz (Yi = Bo — B1Xi) 2

. = 0o (5 % %)

Now () and (xx) are the same as (%) and (xx) in the proof of Theorem

A

1.6.A, and so again we have the solutions to () and () are By = [p and
(1 = 1 where. ..
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Theorem 1.8.A (continued 3)

Partial Proof (continued).

Ny b Sx ) and B - (X = X)(Yi = Y)
—n<;v, m;x) dfpi=b = ST 6 XE

(Y = Yi)?

With Y; = B0 + 3:X;, we have from (x x ) that §% = -

A

when Y,- = @0 + @1X,-.
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Theorem 1.8.A (continued 3)

Partial Proof (continued).

A 1/ n R (X N
fo=bo =~ Yi— b Xi| and By = b1 = '—1n !
n (/Z; :z—; > Z 1(Xi—X)2

With V; = By + (3, X;, we have from (s * %) that 62 =
when Y; = @0 + @1X,-.

We still need to confirm that the critical point corresponds a maximum of
L. To do so, we must address the second derivative test. This requires us
to show that the 3% x 32 = 9 x 9 “Hessian matrix" is negative definite at
the critical point. We leave this as an (imposing) exercise. For details on
extrema of functions of more than two variables, see my online notes for
Vector Analysis (MATH 4317/5317) on Section 3.3. Extrema of
Real-Valued Functions (these notes are in preparation). O
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