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Lemma 2.1.A (continued)
Proof (continued). So
n n n n
Z(X,—Y)(Y,—V):Z(X, 7)YI_Z()<I_7)V: (XI_X)YI
i=1 i=1 i=1 i=1

Then we have

by = ZiaX - XY - V) S - XY ¢
27:1(Xi - X)? 27:1()(:' - X)? i1
X;i— X ,
where k; = v o &S claimed.
i1 (Xi = X)

Applied Linear Statistical Models, Part 1

October 1, 2022

4/ 10

Lemma 2.1.A

Lemma 2.1.A
Lemma 2.1.A. Statistic by is a linear combination of the observations Y;:
n —
Xi— X
b]_ = Zk,\/, where k,' = <=n /v v\
i=1 >im1 (X = X)
Proof. First, we have
n n n
DX =X)(Yi=Y)=> (X = X)Yi= Y (Xi = X)Y
i=1 i=1 i=1

But
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Theorem 1.11

Theorem 1.11. The Gauss-Markov Theorem for the Normal Error
Regression Model.

Consider the data points (Xj, Y;) for i = 1,2,...,n and the normal error
linear regression model Y; = By + ($1.X1 + €; given in (1.1) with the added
hypothesis that each error term has a N(0, o2) distribution. The least
squares estimators

" (Xi—X)Yi-Y 1 (< - > .
b = E’:l(n )(_ ) and by = — Z Y — blZXi =Y-bhX
Zizl(Xi - X)? n\'= i=1

are unbiased (that is, E{by} = By and E{b1} = (1) and have minimum
variance among all unbiased linear estimators (i.e., linear combinations of
the Y;).

Proof. First we have by Lemma 2.1.A and the linearity of expectation (see
my online notes for Mathematical Statistics 1 [STAT 4047/5047] on
Section 1.8. Expectation of a Random Variables; notice Theorem 1.8.2)
we have: ...
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Theorem 1.11 (continued 1) Theorem 1.11 (continued 2)

Proof (continued). ... Proof (continued). We now have by Lemma 2.1.A and (2.7) of Note

n n
E{bl}:E{Zk,K}:Zk,E{\/,} 2.1.A that N n
i—1 i=1 o*{b} = o {Zkiyi} =Y Ko*{Yi}
n n n i=1 i=1
= ki(Bo+ /1Xi) = 6o Y ki+ By kiXi = pu, n 1
i=1 Zi:l(Xi - X)2

n n
ki = 2. kiXi=1 E ise 2. lai ) . . .
because Z i =0 by (25) and Z o by Exercise 2.50, as claimed Next, we need to show that among all unbiased linear estimators of 3; of

= = N " the form 31 =371 ¢Yi, the one of minimum variance is the one for
Recall that for independent Y;, we have o2 (Z aiYi> _ Zaigz(yi); which ¢; = k; for i = 1,2,...,n. Since #; must be unbiased, then
=1 i=1 n n
see equation A.31 in Appendix A or my online notes on Mathematical E{B = E vl Efy) —
Statistics 1 on Section 1.8. Expectation of a Random Variables (see A} = z; “vie= Z} GE{Yi} = fu
1= 1=

Theorem 1.8.2) and on Section 1.9. Some Special Expectations (see
Theorem 1.9.1). We use this to find o{b;}.
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Theorem 1.11 (continued 3) Theorem 1.11 (continued 4)
Proof (continued). We know E{Y;} = [y + (1X; by Note 1.3.A, so we Proof (continued). The variance of 3; then becomes
now have

E{p} = anc,-E{Y,-} = zn:Ci(ﬁo + A1Xi) b}t =0") =0 (kitd) =0 (Z K+ di+ 22’“"’) '
i1 i1 i=1 i=1 i=1 i=1 i=1

n n n
:ﬁOZi: 1"Ci+ﬁlzC;Xi = f1. Now zn:kidi = Zn:ki(ci— ki) = Zciki—zkiz
i—1 i—1 i—1 i—1

i=1
For this to hold for arbitrary normal error linear regression (and hence to Z”: ( Xi— X ) 1
n n = Ci — — —
hold for all 5y and (1) we must have > 7 ; ¢;=0and ) 7, ¢X; = 1. " S (X — X)? ST (X1 — X)?
As described above, the variance of ﬁAl satisfies: by Lemma 2.1.A and (2.7) of Note 2.1.A
n n n ZILI ciXi — 72’.’71 G 1
281 _ 2 vl 2 27y 2 2 = — = - = —— =0
o} =0 {ZY} = oY=t SLOG-XE S (G- X2
Define d; so that it satisfies ¢; = k; + d;, where the k; are defined in since Z ¢i =0 and Z ¢iX; =1, as shown above.
Lemma 2.1.A. i=1 i=1
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Theorem 1.11 (continued 5)

Proof (continued). So the variance of 3; becomes

o2 (e} = o? (z @ +zd,-2) |
=1 =1

We have 0?{b1} = 02" | k? as shown above. Therefore

o?{B1} = o?{b1} + 31, d?. So the variance of 3 is minimized with all
d;i =0, and hence when ¢; = k; for all i=1,2,... n. That is, the
variance of 31 is minimized when Bl = by, as claimed.

In Exercise 2.51 it is to be shown that by is an unbiased estimator of (3
(as claimed): E{bo} = fo.
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