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Lemma 2.2.1

Lemma 2.2.1. If (1(t), ¢2(t)) is a solution of (1.2), then so is
(p1(t —7),p2(t — 7)) for any 7 € R.
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Lemma 2.2.1

Lemma 2.2.1. If (1(t), ¢2(t)) is a solution of (1.2), then so is
(p1(t —7),p2(t — 7)) for any 7 € R.

Proof. Let ¢;(t) = ¢;(t — 7) for i = 1,2. Then
P1(t) = it = 7) = f(ea(t = 7), 02t — 7) = F(¥1(t), ¥(t))

and

Yo(t) = po(t — 7) = gpa(t = 7),02(t — 7) = g(¥1(t), va(t))

and the result follows. O
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Theorem 2.2.2

Theorem 2.2.2. Let f and g be continuously differentiable. Through

/ — f
each point (xp, yo) there is a unique trajectory of X, (xy)

y'=g(x,y).
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Theorem 2.2.2

Theorem 2.2.2. Let f and g be continuously differentiable. Through

/ — f
each point (xp, yo) there is a unique trajectory of X, (xy)

y' =g(xy).

Proof. Suppose (¢1(t), p2(t)) and (¥1(t),2(t)) pass through (xo, yo);
i.e., o(to) = xo = ¥1(t1) and w2(to) = yo = ¥2(t1). Since solutions to
IVPs are unique, (1, ¢2) # (¥1,12) if and only if ty # t;. By Lemma
2.2.1, x1(t) = p1(t — t1 + tp) and xa(t) = @2(t — t1 + tp) are a solution of

(1.2).
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Theorem 2.2.2

Theorem 2.2.2. Let f and g be continuously differentiable. Through
. . : . x' = f(x,y)

each point (xp, there is a unique trajectory of '
point (xo, y0) que trajectory of |, (Y.
Proof. Suppose (¢1(t), (1)) and (i1(t), va(t)) pass through (x0, 0);
i.e., o(to) = xo = ¥1(t1) and w2(to) = yo = ¥2(t1). Since solutions to
IVPs are unique, (1, ¢2) # (¥1,12) if and only if ty # t;. By Lemma
2.2.1, x1(t) = p1(t — t1 + tp) and xa(t) = @2(t — t1 + tp) are a solution of
(1.2). But Xl(tl) = 901(1'0) = Xp = ¢1(t1) and

Xz(tl) = (pz(to) =Yy = ¢2(t1). By Theorem 2.1.1 for IVPs, Xl(t) = wl(t)
and xa(t) = 12(t). But by Lemma 2.2.1, (x1,x2) and 1, ¢2) determine

the same trajectory. O
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Theorem 2.2.A

Theorem 2.2.A. The only trajectory which passes through a critical point
(x0, y0) is the constant solution x = xg,y = yp.
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Theorem 2.2.A

Theorem 2.2.A

Theorem 2.2.A. The only trajectory which passes through a critical point
(x0, y0) is the constant solution x = xg,y = yp.

—

x'=f(x,y)
! __
Proof. The vp ¥ = &8(x:¥)
x(0) = xo

y(0) = yo
constant solution.

has a unique solution, so it must be the

o O
— —
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