Advanced Differential Equations

Chapter 1. Normed Vector Spaces
Section 1.2. Vector Spaces—Proofs of Theorems

Introduction to
Hilbert Spaces
with
Applications

Lokenath Debnath
Piotr Mikusinski

Advanced Differential Equations April 18, 2019

1/8



R —
Table of contents

@ Theorem 1.2.1. Holder's Inequality

© Theorem 1.2.2. Minkowski's Inequality

© Corollary 1.2.A

Advanced Differential Equations April 18, 2019 2/8



Theorem 1.2.1. Holder's Inequality

Theorem 1.2.1. Hdélder’s Inequality.
Let p>1,g>1, and 1/p+1/qg = 1. For any two sequences of complex
numbers {x,} and {y,},

o 00 1/p / oo 1/p
Z [Xnyn| < <Z |an> (Z )/n|p> .
n=1

n=1 n=1
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Theorem 1.2.1. Holder's Inequality

Theorem 1.2.1. Hdélder’s Inequality.

Let p>1,g>1, and 1/p+1/qg = 1. For any two sequences of complex
numbers {x,} and {y,},

o 00 1/p / oo 1/p
Z [Xnyn| < <Z |an> (Z )/n|p> .
n=1 n=1 n=1

1
Proof. First, by Problem 1.1.5, x}/P < Zx + = for x €]0,1]. Let a and b
q

be positive real numbers such that a? < b9. Then 0 < aP/b9 <1 and so

laP 1
b=9/P < = -
a pbq +
with x = aP /b7 in problem 1.1.5. Now
1 1 —q

——l———llmplles——l—l—qor— l1—gq...
P q p
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Theorem 1.2.1 (continued 1)

Proof (continued). ...and so
1af 1
ab'"9 < =
p b7 +
Multiplying by b? gives
aP b9

ab< = + —. (1.2.1)
P q
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Theorem 1.2.1 (continued 1)

Proof (continued). ...and so
laP 1
ab'=9 <
pbq+
Multiplying by b? gives
p q
< (1.2.1)
p q

We can show that (1.2.1) also holds when b9 < aP. Therefore (1.2.1)
holds for any a, b > 0. If we take

] _ 1]
n i/p NPT n 1/q
(2 k=1 [xk[P) (2 k=1 [y«l9)
n (1.2.1) where 1 < j < n we get...
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Theorem 1.2.1 (continued 2)

Proof (continued). ...

1] 1yl aP

ab = < —+

1 1 —
(i bl P)YP (s Iyl )T~ P
1 IxlP 1yl
p 22:1 ‘Xk’p q EZ:l ’)’k‘q
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Theorem 1.2.1 (continued 2)

Proof (continued). ...

. . P q
1] 1yl LFLD

1 1 —
(ry PP (S )Y~ P
1 P 1 |yl
p 22:1 ‘Xk’p q EZ:l ’)’k‘q

ab =

Summing we have

2 j=1 Xl S S
(e bl PP (g )Y~ P g

Cross multiplying and letting n — oo we get the desired result.
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Theorem 1.2.4. Minkowski's Inequality

Theorem 1.2.2. Minkowski’s Inequality.
Let p > 1. For any two sequences of complex numbers {x,} and {y,} we

have
oo 1/p %) 1/p o0 1/p
(Z ‘Xn+yn|p> < <Z |Xn’p) + (Z yn|p> .
n=1 n=1 n=1
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Theorem 1.2.4. Minkowski's Inequality

Theorem 1.2.2. Minkowski’s Inequality.
Let p > 1. For any two sequences of complex numbers {x,} and {y,} we

have
00 1/p 0o 1/p oo 1/p
(Z ‘Xn+yn|p> < (Z |Xn’p) + (Z yn|p> .
n=1 n=1 n=1

Proof. If p =1, the result holds by the Triangle Inequality for absolute
value. If p > 1, then there exists g such that 1/p+1/g =1 and by
Holder's Inequality we have

o0 o0
Z |Xn + ynl? = Z %0 + Yallxn + yalP~!
k=1 n=1
o0 o0
<D xnllxn +yalP 4> Lymllx + yalP
n=1 n=1
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Theorem 1.2.4 (continued)

Proof (continued). ...

) 1/p o0 1/q
() (o)
n=1 n=1

1/q

oo 1/p oo
() (S
n=1 n=1
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Theorem 1.2.4 (continued)

Proof (continued). ...

00 1/P 00 1/‘7
< (z |) (z " +ynw<w>)
n=1 n=1

0o 1/p o) 1/q
+ (Z )/n|p> (Z |Xn + Yn’q(p1)> )
n=1

n=1

and since g(p — 1) = p,

o0 0 l/p 0 I/P 00 l/q
S eyl < (Zw) +(2mp) (zmﬂm) |
n=1 n=1 n=1 n=1

Since 1 — 1/qg = 1/p, Minkowski's Inequality follows. O]
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Corollary 1.2.A

Corollary 1.2.A. The ¢P spaces for p > 1 are vector spaces.
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Corollary 1.2.A

Corollary 1.2.A

Corollary 1.2.A. The ¢P spaces for p > 1 are vector spaces.

Proof. As commented above, we need only show these spaces are closed
under scalar multiplication and vector addition. First, for any

{Xn},{yn} € ¢P, and X\ € C we have that \{x,} = {\x,} satisfies

S L IMXalP = AP I 02 1 [XalP < 0o. Therefore, M{x,} € ¢P.
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Corollary 1.2.A

Corollary 1.2.A. The ¢P spaces for p > 1 are vector spaces.

Proof. As commented above, we need only show these spaces are closed
under scalar multiplication and vector addition. First, for any

{Xn},{yn} € ¢P, and X\ € C we have that \{x,} = {\x,} satisfies

S L IMXalP = (AP S 02 1 [xalP < 0o. Therefore, AM{x,} € ¢P. Second,
{Xn + yn} satisfies

(i o+ yn|P> v (i |xn|f’> " (i w’) 1/,,

n=1 n=1 n=1

by Minkowski's Inequality. Therefore {x, + y,} € ¢P. O
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