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Theorem 4.11.2

Theorem 4.11.2. The Fourier transform of an integrable function is a
continuous function.
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Theorem 4.11.2

Theorem 4.11.2. The Fourier transform of an integrable function is a
continuous function.

Proof. Let f € L1(IR).For any k, h € R we have

A

Pk + ) — F(k)| = ’\/12? /_oo (1M £(x) — e~ ®*£(x)) dx

1
N V2T

< / le=® _ 1]|f(x)| dx since |[e"*| =1. (4.11.3)

/ h e (7 _ 1)f(x) dx

—00
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Theorem 4.11.2

Theorem 4.11.2. The Fourier transform of an integrable function is a
continuous function.

Proof. Let f € L1(IR).For any k, h € R we have

A

Pk + ) — F(k)| = ’\/12? /_Oo (1M £(x) — e~ ®*£(x)) dx

1
N V2T

1 [ . . ik
< e "™ — 1||f(x)| dx since |e7"™*| = 1. 4.11.3
—m/_oo' 1F() ¥ (4113)

Now |e~/ — 1||f(x)| < 2|f(x)| where f is integrable an
limp_g|e™™ — 1| = 0 for all x € R, so limj_.g ﬁyef'hx — 1||f(x)| dx by

the Lebesgue Dominated Convergence Theorem, Theorem 2.8.4. That is,
limp—o f(k + h) = f(k) and .Z(f) = f is continuous at k. Since k is an
arbitrary real number, then .%(f) = f is continuous on R. O
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/ h e (7 _ 1)f(x) dx

—00




Theorem 4.11.3

Theorem 4.11.3. If fi, f,... € L}(R) and
J7 | fa(x) = £(x)| dx = [|fs — f|l1 — 0 as n — oo then the sequence of

Fourier transforms {JA‘,,} converges to f uniformly on R.
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Theorem 4.11.3

Theorem 4.11.3

Theorem 4.11.3. If fi, f,... € L}(R) and
J7 | fa(x) = £(x)| dx = [|fs — f|l1 — 0 as n — oo then the sequence of
Fourier transforms {JA‘,,} converges to f uniformly on R.

Proof. First,
f/kx
f(x)] dx = )| dx
00 < o= [ e fla= = [ If()

for all k € R. So

N 1
sup |fn(k — f(x)|dx = fo— fll1.
sup lfn(k) = m/ / (ol dbe= o =l

Since ||y — f[|2 — 0 then sup,cp (k) = f(k)| — 0 as n — oo and hence
fn» — f uniformly on R.

O
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Theorem 4.11.4

Theorem 4.11.4. The Riemann-Lebesgue Theorem.
If f € LY(R) then lim, o |f(k)| = 0.
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Theorem 4.11.4

Theorem 4.11.4. The Riemann-Lebesgue Theorem.
If f € LY(R) then lim, o |f(k)| = 0.

Proof. Since e ™ = —(—1)e " = —e=imemikx = _e=/kx=iT then
5 1 [ o 1 e
Flh)=—= | —e ™ ™f(x)dx=—= [ e *F/Rf(x)dx
V27 /_oo V27 J -
-1 oo

—ikx
= — e f(x —m/k) dx.
) (x —m/k)
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Theorem 4.11.4. The Riemann-Lebesgue Theorem

Theorem 4.11.4

Theorem 4.11.4. The Riemann-Lebesgue Theorem.
If f € LY(R) then lim, o |f(k)| = 0.

Proof. Since e ™ = —(—1)e " = —e=imemikx = _e=/kx=iT then
n Lo —1 [ .
f(k)=—= —e R TITE(x) dx = —— e KOAT/R) £(x) dx
==/ (o= —= [ (%)
—1 [

_ —ikx X — T X.
= 7 _ooe f( /k)d
Hence
F(k) = S(F(k) + F(K))
_,kx —IkX
<\/ﬂ/ f( )dx—/ fx—w/k)dx)
11 > —ikx
ZEE _Ooe (F(x) — f(x — m/k)) dx

l\)\l—l
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Theorem 4.11.4. The Riemann-Lebesgue Theorem

Theorem 4.11.4 (continued)

Theorem 4.11.4. The Riemann-Lebesgue Theorem.
If f € LY(R) then lim|x—oo |F (k)| = 0.

Proof (continued).
N 1 o0
and so [7(k)| < / IF(x) = F(x — 7/K)| dx. Theorem 2.4.2

states: “If f € Ll(]R) the lime_o [7_|f(x +t) — f(x)|dx = 0." Since
f(x) — f(x — 7/k) € LY(R), then by Theorem 2.4.2
Jim / |f(x +7/k) — f(x)| = 0. Therefore, limy_ |F(k)| =0, as

claimed. ]
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Theorem 4.11.6

Theorem 4.11.6. If f is a continuous piecewise differentiable function,
f,f e [}(R), and lim o f(x) = 0 then F{f'} = ik F{f}.
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Theorem 4.11.6

Theorem 4.11.6. If f is a continuous piecewise differentiable function,
f,f e [}(R), and lim o f(x) = 0 then F{f'} = ik F{f}.

Proof. Integration by parts gives

F{r'}

1 :
— f/(x)e™ " dx
L
1 : 1 :
——f(x)e ™|, — / —ik)f(x)e™ " dx
(x)e™™ oz | k()

V2T

ik [

0+ e F(x)dx since lim f(x)=0
e ) (x) e (x)

because f € L*(R) and f is continuous
ikF{f}.

L]
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Theorem 4.11.7

Theorem 4.11.7. Convolution Theorem.

Let f,g € LY(R). Then F{f xg} = F{f}.7{g}.
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Theorem 4.11.7

Theorem 4.11.7. Convolution Theorem.

Let f,g € LY(R). Then F{f xg} = F{f}.7{g}.

Proof. Let f,g € L}(R) and h = f x g. Then h € L}(R) by Theorem
2.15.1 (the proof of which is based on Fubini's Theorem) and so % (h) is
defined. We have

h(k) = x)e ™ dx

)
= \/ﬂ/ <\/%/ f(x—ug(u)du)e i el

_ 1 —/kx

= 5 _Oog(u)/_oo f(x) dx du

— i = > —ik(x+u)

= 3 _Oog(u) /_ooe f(x) dx du

_ 2i / e~ g () du / e~ F(x) dx = g(K)F(K). O
T J—c0 —o0
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Theorem 4.11.8

Theorem 4.11.8. Let f be a continuous function on R vanishing outside
a bounded interval. Then f =¢ L2(R) and ||f|2 = ||f]]2.
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Theorem 4.11.8

Theorem 4.11.8. Let f be a continuous function on R vanishing outside
a bounded interval. Then f =¢ L2(R) and ||f||2 = ||f]]2.

Proof. First, suppose f vanishes outside the interval [—m, 71]. The

sequence of functions p,(x) =

e "™ for n € Z is an orthonormal
T

sequence in L?([—m,7]) (and also in L2(R)), so by Parseval's Formula
(Theorem 3.8.5) we get

2 e’}

G 1 > —inx
3= ‘m/ e~ F(x) dix

n=—oo

Replacing f(x) with e=¥f(x) in the previous equality we get
1113 = 2202 [F(n+ &) (since [|[£]]3 = e **F(x)]13).
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Theorem 4.11.8 (continued 1)

Proof (continued). Integration of both sides with respect to £ from 0 to
1 yields

113

oo 1
-y /0 F(n+ € de

:_001 1
= .- F(-1+¢)d F(O+¢)]?d

+/0\( L o) €+/0!(+€)! ¢

1/\ 2d

+/O L+ )R de--
0 1 2

.. Vs 2 7 2 z 2
— +/_1|f(5)| ds+/0 #(©) d5+/1 ()2 de +

- / F(E)P de = ||F3.

as claimed (in the case that f vanishes outside [—m, 7]).
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Theorem 4.11.8 (continued 2)

Theorem 4.11.8. Let f be a continuous function on R vanishing outside
a bounded interval. Then f =€ L2(R) and ||f||2 = ||f]]2.

Proof (continued). If f does not vanish outside [—7, 7], then we take a
positive A for which g(x) = f(Ax) vanishes outside [—7, 7]. Then

~

g(k) = (1/XN)f(k/)\) and, as argued above,

o |1, f
Fl12 = 2:)\A2:)\/ —fl|=
112 = Ml = Mgl =» [ |27 (5

o

2 0o
&:/\%W&:M&

— 00

as claimed in the general case. O
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Theorem 4.11.9

Theorem 4.11.9. Parseval’s Relation.
If f e L2(]R) then [|f|l2 = [|f|2-
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Theorem 4.11.9. Parseval’s Relation

Theorem 4.11.9

Theorem 4.11.9. Parseval’s Relation.
If f e L2(]R) then [|f|l2 = [|f|2-

Proof. Let {¢,} be a sequence of continuous functions with compact
support convergent to f in L2(R). Then by Theorem 4.11.8,
|&nll2 = |l¢nll2 for all n € N. Now

1Pl = | im 2o
n—oo 2
= lim ||@nl|2 since || - ||2 is a continuous mapping into R
n—oo
= lim {[on]l2
n—oo

lim ¢,

n—oo

= [Ifll2,

since || - ||2 is a continuous mapping into R
2

as claimed. O
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Theorem 4.11.10

Theorem 4.11.10. Let f € L?(R). Then

Flk) = lim —— ne_ikxfx dx
(k) = lim ﬁ/_n ()

where the convergence is with respect to the norm in L?(R).
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Theorem 4.11.10

Theorem 4.11.10. Let f € L?(R). Then

where the convergence is with respect to the norm in L?(R).

f(x) if|x]<n

Proof. For n € N define f,(x) = { 0 if [x] > . Then
|f — foll2 — 0 and so ||f — f,||l2 — 0 as n — co. Also,
/ e ik, (x)dx = 1 ’ e_ikxf(x) dx
h \/% V2 J—n

O

since f,(x) = 0 for |x| > n and the claim follows.
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0 Uihesew S0 Wk Persevells Relbiien |
Theorem 4.11.11

Theorem 4.11.11. Weak Parseval’s Relation.
If f,g € L2(R) then

/mm@g@wz/mn@g@w.

—00 —00
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Theorem 4.11.11

Theorem 4.11.11. Weak Parseval’s Relation.
If f,g € L2(R) then

Proof. For n € Z define

f(x) if|x|<n (x) if|x|<n
n={ 0 S o= { ¢

Now rm( e XEf (€) dE, so

=7 L

Advanced Differential Equations October 12, 2019

0 if |x] > n.
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Theorem 4.11.11 (continued 1)

Proof (continued). The function of x and &, ™™ g,(x)fn(x) is

integrable over R2. So Fubini’s Theorem (Theorem 2.14.1, which allows us

to change the order of integration in a double integral, with

f(x,y) = e ™ gn(x)fm(§) and F(x) = [* e ™ gy (x)fm(&) d€) we have

// Xy)/ dx_// e M g (x) fin(€) d€ dx < o0

and so

/ Z el = = [ ) [ e Hnn(e) de o

/ / g () fn(€) dE
/ / ~Egn(X)fim(€) dxd€
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0 Uihesew S0 Wk Persevells Relbiien |
Theorem 4.11.11 (continued 2)

/_OO Fmgn(x) dx

v LOY RO UL

Since ||g — gnll2 — 0 and ||§ — &n|| — O, then be letting n — oo we have

/mawg@wz/mm@ﬁnw

—0o0 —00

Proof (continued). ...

by the continuity of the inner product (or continuity of the norm || - ||2).
Similarly, letting m — oo we have

| Fgtox = [ #z00 ox

as claimed. ]
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Lemma 4.11.1

Lemma 4.11.1. Let f € [2(R) and let g = f. Then f = &.
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Lemma 4.11.1

Lemma 4.11.1. Let f € [2(R) and let g = f. Then f = &.

Proof. Using the inner product on L2(R) we have

() = | 00 o

A

= / f(x)g(x) dx by Theorem 4.11.11, Weak Parseval’s Relation

—0o0

= / IA‘(X)?(X) dx since g = 7 or g = f by hypothesis

(F.5) = 11713
— ||f||3 by Theorem 4.11.9, Parseval's Relation.
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Lemma 4.11.1

Lemma 4.11.1. Let f € [2(R) and let g = f. Then f = &.

Proof. Using the inner product on L2(R) we have

() = | 00 o

—00

= / f(x)g(x) dx by Theorem 4.11.11, Weak Parseval’s Relation

—0o0

= / IA‘(X)?(X) dx since g = 7 or g = f by hypothesis

(F.5) = 11713
— ||f||3 by Theorem 4.11.9, Parseval's Relation.

Since ||f||3 is real then (f, &) = | f||3. By Theorem 4.11.9 (Parseval's
Relation), Hé”iz |gll3 and ||7||3 = ||f||3, and since g = by hypothesis
then |lgl2 = [[fll2 = [If]]2 so that [|2]13 = llgll3 = [I£]1Z = [I]I3.
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Lemma 4.11.1 (continued)

Lemma 4.11.1. Let f € L?(R) and let g = f. Then f = 8.
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Lemma 4.11.1

Lemma 4.11.1 (continued)

Lemma 4.11.1. Let f € L?(R) and let g = . Then f = F3

Proof (continued). Finally,

If —2lz=(f-2&,f-2)=(f,f)~(&F)—(f.&)+(28)

= [IfI5 — (f,8) = (£,&) + lI&1I3 = If 15 — [ F1Z 115 + [ f]3 =0

since (f,8) = If[3. (f,&) = [If|3 and [|&]l2 = [[&]l2 = [[f]l2. Therefore,
f = g, as claimed. O
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Theorem 4.11.12

Theorem 4.11.12. Inversion of Fourier Transform on L?(R).
Let f € L2(R). Then

where the convergence is with respect to the norm in L2(R).
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Theorem 4.11.12. Inversion of Fourier Transform on LZ(E)

Theorem 4.11.12

Theorem 4.11.12. Inversion of Fourier Transform on L?(R).
Let f € L2(R). Then

where the convergence is with respect to the norm in L2(R).

Proof. Let f € L?(R). Define g = . Then by Lemma 4.11.1,

_ 1 n .
f(x)=g(x) e ikxg( kdk—lim/ e k< g (k) dk
() =80 = = [ eulak = o iim [ eg(h)

1 no. 1 " -
= — Iim/ e g (k) dk = — Iim/ e ™F (k) dk,

_n 27 n—oo |,
as claimed.

Advanced Differential Equations October 12, 2019
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Theorem 4.11.13

Theorem 4.11.13. General Persaval’s Relation.
If f,g € L2(R), then

| teatae= [~ gk

— 00 —00
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Theorem 4.11.13

Theorem 4.11.13. General Persaval’s Relation.
If f,g € L2(R), then

| teatae= [~ gk

—0o0 — 0o
Proof. By the polarization identity states (see Exercise 3.13.9)

1 . G
(. 8) = 3 (If + &l2 = IIf — gll3 +illfigl — illf — igl3)-

/ f(x)g(x)dx = (f,g) by definition of inner product on L?(R)

1 2 2, 2 - 112
= U+l = If — gliz +illf - igll2 = illf — igll2)
by the polarization identity
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Theorem 4.11.13 (continued)

Theorem 4.11.13. General Persaval’s Relation.
If f,g € L2(R), then

/ T F()E(x) dx = / ~ HKE dk.

—00 e

Proof (continued). ...

o0
_ 1.~ . 2L e A B e
/ f(x)g(x)dx = Z(||f+g||§— If — &5 +illf —igll3 — il — i&l3)
— o0
since .% is linear (by Theorem 4.11.1)
and by Theorem 4.11.9, Parseval’'s Relation
= (?,g) by the polarization identity
(o]
= / f(x)&(x) dx by the definition of inner product,
—00

as claimed. ]
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Theorem 4.11.14

Theorem 4.11.14. Plancherel’s Theorem.
For every f € L2(R) there exists f € L?(R) such that
(a) If f € LY(R) N L2(R) then f(k) / e " f (x) dx.
\ﬁ
~ 1 n .
Flk)— —= | e ™f(x)dx
\/ —n
H e F(x) dx

— 0 and
2

— 0 as n— .

\/ —n 2
O 17l =17l
(d) The mapping f — f is a Hilbert space isomorphism of L2(R)
onto L2(R).

22 / 24
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Theorem 4.11.14

Theorem 4.11.14. Plancherel’s Theorem.
For every f € L2(R) there exists f € L?(R) such that:

(a) If f € LY(R) N L2(R) then f(k) W/ e " f (x) dx.

~ 1 n .
f(k) — —— [ e ™f(x)dx|| — 0and
ikx"
f(x)dx|| — 0asn— oo.
H 7 [,
(©) [Ifll2 = [IF]l2. X
(d) The mapping f — f is a Hilbert space isomorphism of L2(R)
onto L2(R).

Proof. We still need to prove part (d).
We know that .% is linear by Theorem 4.11.1. We know that the mapping
preserves inner products by the General Parseval's Relation, Theorem
4.11.13.
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Theorem 4.11.14 (continued)

Proof (continued). If f = g then

or [ e ™ (f(x) — g(x))dx =0 for all k € R, and hence f(x) = g(x)
almost everywhere (i.e., f = g in L2(R)).
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Theorem 4.11.14 (continued)

Proof (continued). If f = g then

or [ e ™ (f(x) — g(x))dx =0 for all k € R, and hence f(x) = g(x)
almost everywhere (i.e., f = g in L2(R)). For onto, let f € L2(R) and
define h=f and g = 3 By Lemma 4.11.1, f = h= g, so that f = g. So
f is the image of g under the mapping and the mapping is onto. That is,
Z : L2(R) — L?(R) is a Hilbert space isomorphism, as claimed. O
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Theorem 4.11.15

Theorem 4.11.15. The Fourier transform is an unitary operator on L?(R).
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Theorem 4.11.15

Theorem 4.11.15. The Fourier transform is an unitary operator on L?(R).

Proof. First, note that .Z{g}(k e g (x) dx
\ﬁ
= | Fad=FTgR. ()
V2T ) 0o
Then
(7{f}.g) = — F{f}g(x) dx by the definition of inner product
\% —0o0
= — x)F{g dx by Theorem 4.11.11
F . {g}(x)

= f F g} (k) dx by (¥)

— (f,

So F*F 1 and F.F* = F*F =T so that .Z is unitary, as claimed. [J
Advanced Differential Equations October 12, 2019 24 / 24
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}) by the definition of inner product.
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