Theorem 1.1.1

Modern Algebra } Theorem 1.1.1. Every vector space V has only one zero vector 0, and

each element f of a vector space has one and only one additive inverse

Chapter |. Basic Ideas of Hilbert Space Theory (1. Earany F oW, we hevef = Qi (1) F={7)

l.1. Vector Spaces—Proofs of Theorems
Proof. If 0; and 05 are both zero vectors, then by Axiom 3 of Definition
1, f=f4+0,=f+0,forall f ). With f =07 we have 0; = 07 + 0>
and with f = 0, we have 0, = 0, + 04, so by Axiom 1,

0, =07 + 02 = 05 + 01 = 0,. Therefore the additive identity vector is
unique.

Next,
f = af by Axiom 7

(14 0)f = 1f + 0f by Axiom 5
f + 0f by Axiom 7

and so, by Axiom 3, 0f = 0.
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Theorem 1.1.1 (continued) Theorem 1.1.2

Theorem L.1.1. Every vector space V has only one zero vector 0, and

each element f of a vector space has one and only one additive inverse Theorem 1.1.2. If the vector space V is n dimensional, where n € N, then

B _ B o there is at least one set fi, f,..., f, of linearly independent vectors, and
(=F)- For any f €V, we have 0f =0 and (—1)f = (~f). each vector f € V can be expanded as f = a1fi + axfh + - - - + apfy, there
Proof (continued). We then have the coefficients a1, a». ..., ap are uniquely determined by f.

(-1)f +f = (—1)f +1f by Axiom 7 Proof. First, if f = 0 then we can just take a; = a = -+ = a,, (by
= (=14 1)f by Axiom 5 Theorem [.1.1 and Axiom 3). For f # 0, the equation
= Q=10 cf + c1fo + b + - - cpfy = 0 has a solution where ¢ # 0 because
o ' fi,f, ..., f, are linearly independent and V is dimension n (so
and so f has an additive inverse and (—f) = (—1)f. Now suppose f; € V f.fi,f ..., f, must be dependent, but if ¢ = 0 then we would need

is another additive inverse of f so that f +f = 0. Then
(=f) = (—f)+0 by Axiom 3 o o
(—=f)+(f + i) = ((—F) + f) + fi by Axiom 2 f=—h+—ht -+

0+ f; = f; be Axioms 1 and 3.

a=c=--=c,=0). So we get

—C
nfﬂ'.
c

and so scalars aj, as, ..., a, exist as claimed.
That is, (—f) = f; and the additive inverse of f is unique. O
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Theorem |.1.2 (continued) Theorem |.1.3
Theorem 1.1.3. If the set {g1,82,...,&n} is a basis of n-dimensional
Theorem 1.1.2. If the vector space V is n dimensional, where n € N, then vector space V (where n € N), then m = n. That is, all bases of an
there is at least one set 1, f, ..., f, of linearly independent vectors, and n-dimensional vector space are of the same size n.
h f f=aifi +axh+ -+ anfy, th
eac vect.o.r €V can be expanded a3 a1n + d2f + o anln, there Proof. Since V is n-dimensional, there are n linearly independent vectors
the coefficients a1, a2, ..., a, are uniquely determined by f. i . .
fi,fo, ..., fp. Since {g1,&,...,8n} is a basis, then
Proof (continued). If we also have f = b1 f; + bofy + - - - + byfy,, then
i = angtaug+-+am&m
0=f—f=(ath+axfa+--+anfy) = (b1fi + bofa+ -+ + byfy) fr = apg+axng+- -+ amegm
= (31 - bl)ﬂ‘l‘ (32 — bZ)f2+“‘+(an _bn)fn
f p— PR .
by Axiom 1 and Axiom 5. But since f1, . ..., f, are linearly independent 5 21ng1 + 2082 7 *** + Amngm
then (by Definition 1.1.2), ay — by =0, a3 — b, =0, ..., a, — b, = 0 and So if x1fi + xof> + - - - x,f, = 0 then substituting for fi, f, ..., f, we get
so ay = by, a» = by, ..., a, = b,. That is, the choice of coefficients p P £
a1, as, ..., an is unique, as claimed. O xafitxef 4ot xnfn = (anx + a0 + - + a1nxn)81
+(a21x1 +anxa+- - -+a2mxn)g2+ - +(am1x1 +amexa+- - -+ amnXn)gm = 0.
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Theorem 1.1.3 (continued) Theorem 1.1.4
Proof (continued). Since gi1.g>,...,8m are linearly independent, then Theorem 1.1.4. The Fundamental Theorem of Finite Dimensional
X5 Xy vaviy xp satisfy the homogeneous system of equations Vector Spaces.
All complex (real) n-dimensional (n € N) vector spaces are isomorphic to
Bl +afpdg ke s ae, = 0 the vector space C" (or R” in the case of real vector spaces).
Xy +anxo+---+apx, = 0
Proof. Let V be an n-dimensional complex vector space. By Theorem
[.1.2, there is a basis consisting of n vectors, fi, f>,...,f;, and each given
amx1 +amxe+ -+ amxn = 0, f € V can be expanded as f = a1 + axfh + - -+ + a,f, for unique
ai,a,...,ap, € C. So we define a mapping of V to C” as
and conversely any solution to this system of equations yields f— af = [a1,a2,...,a,)7 € C"/ Notice that this mapping is one to one
x1fi +x2f + -+ xafy = 0. But since fi,f, ..., f, are linearly independent (by the uniqueness of the a;'s) and onto. Now for f,g € V with
then the only solution to the system of equations is the trivial solution f=arfy +axh+ - +apf,and g = bifi + bofy + - - - + a,f, we have
Xy = xp = --- = x, = 0. Finally, we have m < n since V is n-dimensional
and g1, 82, ...,8&m are linearly independent (see Definition 1.1.2). Since the f+g=(a1+bh)h+(a2+b)a+---+(an+ bp)fy+— -
homogeneous system of equations only has the trivial solution, then by
Lemma I.1.A above, n < m. Therefore m = n, as claimed. O
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Theorem 1.1.4 (continued)

Proof (continued).

a+ by ai by

a + by an by

. = ) + )

8,-_. + bn aﬂ b” a
and for scalar a € C, aa; | a
dds das
af = (aa1)f + (aa2)fa + -+ + (aap)fp— | . | =a

aap | an

and so the mapping is an isomorphism. Hence, V is isomorphic to C".
Replacing field C with field IR, we see that real n-dimensional vector space
is isomorphic to R and, more generally, n-dimensional vector space V over
field F is isomorphic to F". [Es)
“ Modern Algebra November 22, 2018 10 / 10



