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Proof. We justify the claim by showing & [|[v'(x, t)[|?] = 0. We have
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Theorem 1.5.A (continued 1) Theorem I.5.A (continued 2)

Proof (continued).

¥ t
by the conjugate of Schroedinger's equation for %
) t
and Schroedinger's equation for % E; ) IET
ho [ [(0%0%(x,t) . 0%1)(x, t) constant with respect to time t where for each fixed t,
= —— ———5 V(X t) =V (x, t)—F5 5 | dx i i 0 and li (1) _
2mi J_ Ox Ox iMx—t00 V(X, t) = 0 and limy_ 00 ( =55 =0.
h oWt oWroY oY 0%
= —L/ .")—i-,% - = pox —* V) dx ) d it 5 _ 5.
2mi Ox? Ox Ox  Ox Ox? Proof (continued). So Z[||/)(x,t)[|*] = 0 and [[#(x, t)||* is a constant
ho [~ 0 [ov* Lo real valued continuous function of t. That is, ||¢/(x, t)|| is constant with
= 2mi) . 0x | ox U Ix dx respect to t, as claimed. 0
o (ow o[
= mi\ax Y Y ax .
oY(x,t
= Osince lim ¥(x,t) = ¥ FX' ) = 0.
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.  Theorem 51 |
Theorem 1.5.1

Theorem 1.5.1. If 1)1(x) and 12(x), their first derivatives di/1(x)/dx and
dipn(x)/dx, as well as V(x)i1(x) and V(x)i2(x) are from C(z)(R), then

<L, (x) ‘ & & ;;E x) V(x)'¢",'2(x)>
=< ;n dz;ﬂgx) + V(x)91(x) 'L"')z(x)>-

In each solution 1)(x) of the time-independent Schroedinger equation (5.7)
has the property that ¥(x), di(x)/dx, V(x)(x) € C(lz)([EE), then each
eigenvalue E of the time-independent Schroedinger equation is a real
number, and if 11(x) and 1)2(x) are two eigenfunctions of the
time-independent Schroedinger equation corresponding to two distinct
eigenvalues E; # Ep, then t1(x) and 1)2(x) are orthogonal.

Theorem 1.5.1 (continued 2)

Proof (continued). ...
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Theorem 1.5.1 (continued 1)

Proof. We have (not writing the variable x):
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Theorem 1.5.1 (continued 3)

Proof (continued). Since 11,15 € C?Q)(R) then limy_ 100 U1(x) =

limMy— o0 V2(x) = limy— 100 dﬁ:}ix) = limy— oo dt;}gx} =0 and so
I AT [ N
lim —— (7= — —L9 =0.
a—oo 2m ('ldX dX v2 —a

If we know d?vy/dx?, d?in/dx? € C(IQ)(R) then we know the inner
product is defined and so the limit as a — oo of the two integrals above

exist, so that
- a [k f2 d2"./2
al”&.(/_a*’l( 2m dx2 +V°2) d")

. ? h 2. 0% 4.2 1%
Jim_ (/_a (—%d Py dx® + V?,-_.Jl) dx)

= |im

7/21

so the inner product claim of the theorem holds. (BUT it does seem that
we need the added assumption d?vy/dx?, d?in/dx? € C[z)[ ) in order to

insure convergence of the above integrals.
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Theorem 1.5.1 (continued 4)

Theorem 1.5.1 (continued 5)

Proof (continued). If we know that 11 and 1), satisfy the
time-independent Schroedinger equation then we know

h2 d%; , ; .
= dxz; = Eppi — V; € C(lz}(R) fori=i1,2:)

If 11(x) and 1»(x) satisfy the conditions of the theorem and if in addition
they are solutions of the time-independent Schroedinger equation with
eigenvalues E; and E; (so that the issue raised about d?v/dx? and
d2'¢'}2/dx2 are not a concern) then by the first part of the theorem
concerning inner products and from the time-independent Schroedinger

Proof (continued). Finally, let 1)1 and > be solutions to the
time-independent Schroedinger equation with associated eigenvalues E;
and E, respectively, where E; # E». Then (11 | Extp2) = (Ext)1 | 12), or
(since E; and E; are real) Ex(¢1 | ¥2) = E1{t1 | ¥2), or

(E; — E1)(¢1 | ¥2) = 0. Since E; # E; then we must have ¢; L 17, as

equation we conclude (11(x) | Extha(x)) = (Exth1(x) | ha(x)). If we take claimed. -

1(x) = ¥2(x) = ¥(x) and E; = E; = E in this equation, then we get

E(W|v)= (| EY) = (Ev | ) = E*(¢ | ¥). So if ¥ is a nontrivial

solution of the time-independent Schroedinger equation (i.e., ¥(x) # 0)

then ||¥||2 = (¥ | ¥) > 0 and so E = E* in this case. That is, the

eigenvalues of the time-independent Schroedinger equation are real.
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Theorem 1.5.B Theorem 1.5.B (continued)

Theorem 1.5.B. Let ’Hg] be the (topologically) closed subspace of H(%)
which is spanned by & (where &, is the set of “bound states”; that is, the
set of C(lz)(R) which are solutions of the time-independent Schroedinger

equations). Then an orthonormal basis of HY s given by T = Uges, TE
where Tg is an orthonormal basis for Mg. NOTE: You may assume that
H() is separable (as will be shown in Chapter I1).

Proof. First, since we assume H1) is separable, then by Theorem 1.4.2
H{)l} is also separable. For each E € Sb, Mg is a subspace of HE) and so
MeE is also separable. By Theorem 1.4.5, each Mg has an at most
countably infinite orthonormal system Tg spanning Mg. Consider

T = Ukesp Te. Now every element of &} is some (countable) sum of

elements of T. Since the closure of the span of & is HE), then the closed

subspace spanned by T is ’HLI].
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Theorem L.5.B. Let ’HE) be the (topologically) closed subspace of H(1)

which is spanned by &}, (where & is the set of "bound states”; that is, the
set of C(lz) (R) which are solutions of the time-independent Schroedinger

equations). Then an orthonormal basis of HY is given by T = Uges, T
where Tg is an orthonormal basis for Mg. NOTE: You may assume that
H() is separable (as will be shown in Chapter I1).

Proof (continued). Since each Tg is orthonormal and by Theorem 1.5.1
every element of Tg, is orthonormal to every subset of Tg, for E; # Ej,
then set T is orthonormal. So T is linearly independent (see Exercise
[.4.12) and by Exercise 1.5.3, T is countable. So T is an orthonormal basis

1 .
of HL). as claimed. O
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Theorem 1.5.2

Theorem 1.5.2. For any fixed t € R, the sequence {®4(t), ®o(t),...},

n

On(t) =D alt) Vi

k=1
where ¢ (t) = exp (—éEk(t — to)) (Vg | Wo),
: . (1) (1) —
is convergent in the norm of 'Hb to some W(t) € 'Hb . For t = ty,
lim, . ®n(to) = V(tp) satisfies the initial condition W(ty) = Wy.

Proof. Since {W1,WVs,...} is an orthonormal basis in 'H(bl), by Theorem
1.4.6(d),

0o 00 f 2
Sola(R = 3 |ew (e~ o)) (e ¥o
k=1 k=1 '
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Theorem 1.5.2 (continued 2)

Theorem 1.5.2. For any fixed t € R, the sequence {$1(t), ®2(t),...},

n

Sn(t) = D ()i

k=1

where ¢ (t) = exp (—%Ek(t - to)) (Vg | Wo),

is convergent in the norm of 'HE) to some V(t) € ’H(bl). For t = 1o,
lim, . ®,(to) = V(tp) satisfies the initial condition W(ty) = Wy.

Proof (continued). With t = to, cx = (V| Vo) for k € N and so

o0 o0

W(to) = lim ®p(to) = ntr&; ck(to) Wy = kz_jl ck(to)Vy = ;(W | Wo) Wi

by Theorem 1.4.6, as claimed. O
0 |
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Theorem 1.5.2 (continued 1)

Proof (continued).

Zlff«(f}F = Zl(wkwon? since
k=1

exp (—}%Ek(t - fg))] =]
k=1

because Ej is real by Theorem 1.5.1
= [[Wol® < 0.

So for given ¢ > 0, there is N € N such that "7 |ck(t)? < 2. So if
m,n > N (with m > n, say) then

m

Z ck(t)lb'k

k=n

2 m 0
|Dm(t) — Pp(t)* = =D la(®)P <D la(t)? < &,
k=n k=N

(1)

and so {®,(t)} is a Cauchy sequence in Hy (1)

and hence, since Hb is

complete, converges to some W(t) € Hf}l).
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Theorem 1.5.C

Theorem 1.5.C. Suppose the series
> oo (— 36t~ ) (Vi | Vo)r()
k=1

converges in the 'HLI) norm for each fixed value of t and converges
pointwise for each value of x and t to a limit function ¢(x, t), and that
9?p(x,t)/0x? and Ov(x, t)/Ot can be obtained by differentiating the
series term by term twice in x and once in t. Here, @, (x) satisfies the
time-independent Schroedinger equation for E = Ex. Then ¢(x, t) is a
solution to Schroedinger's equation

L Op(x,t) % 9%p(x, t)
h i - __ Ty 7 \/ wolx. t).
T am oz T Velxt)
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Theorem 1.5.C (continued)

Proof. By the hypotheses on differentiability, we have

dp(x,t) i i dpi(x)
s LT (~5Ee = 1)) (0 | o) 221
0%p(x, t) B d ] d?oi(x)
oz = gexp (_FiEk(t = to)) (W | Wo) o2

(notice the inner product is an integral over x so (W, | Wo) is a constant).

So 2 Pl t)
R Oplxt ,
2m x| Vx)elx.t)

ho i d*pk(x)
o —% I!{EZ:E:XP (_EEk(t — fo)) {Wk | Wo) o2

V(x) Zexp (—%Ek(t - tg)) (Wi | Wo)wi(x)
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Theorem 1.5.D
Theorem 1.5.D. The general solution of
d*P(x) | 2m
ot ﬁ—zEw(x) =0for0<x<L
d*)(x)  2m .
o + g(E — W)u(x)=0for x <0,x > L

ce’™ 4+ de~ where k = /2mE /lifor 0 < x < L
U(x) =< are~** + bie'* where k' = \/2m(E — Vp)/h for x < 0
a2eik”x + bze—!‘kﬂx Where k” — 2m(E— Vo)/ﬁ for X > L.

Proof. Since the ODE is second order linear and in each of the three
regions ?)(x) is a linear combination of two linearly independent functions,
we just need to confirm that 1(x) satisfies the ODE in each region.
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Theorem 1.5.C (continued)

Proof (continued).

s iexp (—%Ek(f — to)) (Wi | Wo) (—%dELj:z(X) 3 V(X)A«?k(x))

k=1

O i
= > exp (—EEk(t = fo)) (Wi | Wo) Expi(x)
k=1
since @i (x) is a solution to the time-independent Schroedinger

h2 d2p,(x
o T | V(x)n(x) = Eeonx)

o 9p(x,t) r,ﬁ(?gp(x, t)
—-i ot ot

equation for E = Ej :

So
p(x,t) = exp (—%Ek(t = fo)) (Wi | Wo)pi(x)
k=1

is a solution to the Schroedinger equation, as claimed. O
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Theorem 1.5.D (continued)

Proof (continued). For 0 < x < L we have

a'zw(x) 2m o i 2m ) )
i 2 Eu — _k ikx k2 —kx E ikx —ikx
2 T 52 EY (x) ce de™™ + = (ce™ + de™™)
_ 2mE 4 2mE . 2m o g 2m o g
——ch _ﬁTde +ﬁ7Ece +?de =0.
For x < 0 (and similarly for x > L),
d?(x 2m s Y
10 | 2T Ey(x) = —(K Pane ™ — (Kb
2 g oo
+§(E o Vo)(ale_"k X 4 blerk X)
2m(E — V - 2m(E — V ot
—_ ( - 0)316 ik'x ( = 0) bie k' x
2m(E — V, » 2m(E — V| .y
( = 0) ale—:k X + ( = 0) b erk x_0
]
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