Real Analysis

Chapter VI. The Projective Plane and Projective Space
60. The Complex Projective Plane—Proofs of Theorems
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Theorem 60.11

Theorem 60.11. In the projective plane two distinct lines intersect in a
unique point.
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Theorem 60.11

Theorem 60.11. In the projective plane two distinct lines intersect in a
unique point.

Proof. Consider the linear homogeneous equations for two distinct lines:
WOXo 4+ 1 Xy + 2 Xo =0 =v0Xp + vIXy +v2Xo. (%)

Since the lines are distinct, the ratios of the coefficients are different; that

is, the ratios u® : u! : u? is different from v0 : vl : V2
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Theorem 60.11

Theorem 60.11. In the projective plane two distinct lines intersect in a
unique point.

Proof. Consider the linear homogeneous equations for two distinct lines:
WOXo 4+ 1 Xy + 2 Xo =0 =v0Xp + vIXy +v2Xo. (%)

Since the lines are distinct, the ratios of the coefficients are different; that
is, the ratios u® : ul : u? is different from v0 : v!: v2. Treating (x) as a
system of two homogeneous equations in three unknowns Xg, X1, Xo gives

the general solution with free variable k of (from matrix methods, say):
Xo = k(u'v? — v?vY), X1 = k(v®v0 — u®v?), Xo = k(u®v — uV0).

Notice that this gives (k(u'v? — u?v!), k(u?v® — uOv?), k(uOv! — utvP))
as the unique point in the projective plane (i.e., an equivalence class of
ordered triples) on both lines, unless Xo = X1 = Xo = 0 for all k € C.
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Theorem 60.11

Theorem 60.11 (continued)

Theorem 60.11. In the projective plane two distinct lines intersect in a
unique point.

Proof. ASSUME each of
Xo = k(utv? — u?v1), Xy = k(u?v® — u®v?), Xp = k(uOv? — u*v9)

equals 0 for all k € C. Then we must have (u'v? — u?vl) =0,
2

(u®v0 — 1Ov2) =0, and (uOv! — utv®) = 0. This gives u! : u? equals
viov2 w0 u? equals vl v?, and 10 : ut equals VO : v, respectively.

That is, the ratios u© : u! : v® and vO : vl : v2 are equal.
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Theorem 60.11 (continued)

Theorem 60.11. In the projective plane two distinct lines intersect in a
unique point.

Proof. ASSUME each of
Xo = k(utv? — u?v1), Xy = k(u?v® — u®v?), Xp = k(uOv? — u*v9)

equals 0 for all k € C. Then we must have (u'v? — u?vl) =0,

(u®v0 — 1Ov2) =0, and (uOv! — utv®) = 0. This gives u! : u? equals
viov2 w0 u? equals vl v?, and 10 : ut equals VO : v, respectively.
That is, the ratios v : u! : v® and vO : vl : v2 are equal. But this
CONTRADICTS the fact that these ratios are different because the lines
are distinct. So the assumption that each of Xy, X1, and X5 can equal 0 is
false, and hence (k(u'v? — u?vh), k(1?v0 — 1Ov?), k(u®v? — utv0)), where
k € C, k # 0, is the unique point in the projective plane on the distinct
lines, as claimed. O
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Theorem 60.1

Theorem 60.1. In the projective plane, two distinct points determine a
unique line with which they are incident.
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Theorem 60.1

Theorem 60.1. In the projective plane, two distinct points determine a
unique line with which they are incident.

Proof. If (xo,x1,x2) and (Yo, y1, y2) are distinct points in the projective
plane (where we are treating these as equivalence classes of ordered
triples), then we have

(X0, x1, X2) # (Yok, y1k, yok) for all k e C,k # 0 (%)

(here, we are treating these as ordered triples which are elements of the

equivalence classes above). Let u® = x1y5 — xoy1, U' = x0y0 — Xoy2, and

u? = Xxoy1 — x1Y0. As argued in the proof of Theorem 60.l, we cannot

have u® = u! = u? = 0 because of (*).
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Theorem 60.1

Theorem 60.1. In the projective plane, two distinct points determine a
unique line with which they are incident.

Proof. If (xo,x1,x2) and (Yo, y1, y2) are distinct points in the projective
plane (where we are treating these as equivalence classes of ordered
triples), then we have

(X0, x1, X2) # (Yok, y1k, yok) for all k e C,k # 0 (%)

(here, we are treating these as ordered triples which are elements of the
equivalence classes above). Let u® = x1y5 — xoy1, U' = x0y0 — Xoy2, and

u? = Xxoy1 — x1Y0. As argued in the proof of Theorem 60.l, we cannot

have u® = u! = u? = 0 because of (x). Then with Xo = x9, X1 = x1, and

X2 = X2 we have
uOXo +ut Xy + P X = uoxo +utxg + u2x2

= (xay2 — x2y1)%0 + (x2y0 — Xoy2)x1 + (xoy1 — x1y0)x2 = 0.
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Theorem 60.1 (continued)

Theorem 60.1. In the projective plane, two distinct points determine a
unique line with which they are incident.

Proof (continued). So line with homogeneous equations
u®Xo + ut Xy + u? Xz = 0 contains the projective plane point (xp, x1, x2).
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Theorem 60.1 (continued)

Theorem 60.1. In the projective plane, two distinct points determine a
unique line with which they are incident.

Proof (continued). So line with homogeneous equations
u®Xo + ut Xy + u? Xz = 0 contains the projective plane point (xp, x1, x2).

Similarly, with Xo = yo, X1 = y1, and X3 = y» we have
WOXo + ur X1 + P X = Cyo + utyr + Py

= (x1y2 — xoy1)y0 + (X2y0 — Xoy2)y1 + (Xoy1 — x1y0)y2 = 0.

So line with homogeneous equations u®Xy + v X1 + u?X, = 0 also

contains the projective plane point (yo, y1,y2). That is, both points are
incident to this line.
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Theorem 60.1 (continued)

Theorem 60.1. In the projective plane, two distinct points determine a
unique line with which they are incident.

Proof (continued). So line with homogeneous equations
u®Xo + ut Xy + u? Xz = 0 contains the projective plane point (xp, x1, x2).

Similarly, with Xo = yo, X1 = y1, and X3 = y» we have
WOXo + ur X1 + P X = Cyo + utyr + Py

= (x1y2 — xoy1)y0 + (X2y0 — Xoy2)y1 + (Xoy1 — x1y0)y2 = 0.

So line with homogeneous equations u®Xy + v X1 + u?X, = 0 also
contains the projective plane point (yo, y1,y2). That is, both points are
incident to this line.

The line containing both points must be unique, or else we would have

two distinct lines intersecting in more than one point, in contradiction to
Theorem 60.11. ]
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Theorem 60.111

Theorem 60.111. The projective plane contains at least four distinct
points, no three of which are collinear.
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Theorem 60.111

Theorem 60.111. The projective plane contains at least four distinct
points, no three of which are collinear.

Proof. The projective plane points (i.e., equivalence classes of ordered
triples) (1,0,0), (0,1,0), (0,0,1), and (1,1,1) are distinct. Now the
unique line containing (1,0,0) and (0,1,0) (uniqueness follows from
Theorem 60.1) is the line with homogeneous equation X, = 0; neither
(0,0,1) nor (1,1,1) lie on this line. The unique line containing (0, 1,0)
and (0,0,1) is the line with homogeneous equation Xo = 0; neither
(1,0,0) nor (1,1,1) lie on this line. The unique line containing (1,0,0)
and (0,0,1) is the line with homogeneous equation X; = 0; neither
(0,1,0) nor (1,1,1) lie on this line.
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Theorem 60.111 (continued)

Theorem 60.111. The projective plane contains at least four distinct
points, no three of which are collinear.

Proof (continued). The unique line containing (1,0,0) and (1,1,1) is
the line with homogeneous equation Xy = 1; neither (0, 1,0) nor (0,0,1)
lie on this line. The unique line containing (0, 1,0) and (1,1,1) is the line
with homogeneous equation X; = 1; neither (1,0,0) nor (0,0,1) lie on
this line. The unique line containing (0,0,1) and (1,1, 1) is the line with
homogeneous equation X> = 1; neither (1,0, 0) nor (0, 1,0) lie on this line.
Therefore (having gone through all six possible pairs of points), we see
that no three of these points is collinear, as claimed. O
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