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Chapter 1. The Axiomatic Method
1.7. Finite Geometries—Proofs of Theorems
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Theorem 1.7.2

Theorem 1.7.2. If /1 and ¥¢» are any two lines, there is at most one point
which lies on both ¢; and />.

Proof. Let /1 and /> be any two lines. ASSUME that the two points P;
and P, are on both /1 and /». By A.2 there is at most one line containing
any given two points, so this is a CONTRADICTION. So the assumption
of two point shared by /1 and /5 is false, and hence ¢; and ¢ can share at
most one point, as claimed. ]
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Theorem 1.7.1

Theorem 1.7.1. There exists at least one point.

Proof. By A.6 there exists at least one line £. By A.4, line ¢ contains at
least three points. Hence there is at least one point, as claimed. O
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Theorem 1.7.3

Theorem 1.7.3. Two points determine exactly one line.

Proof. Let P; and P, be two points. By A.1, there is a line £ containing
both P; and P,. By A.2, there is not another line containing both P; and
P>, so £ is the exactly one line containing these two points. O
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Theorem 1.7.4

Theorem 1.7.4. Two lines have exactly one point in common.

Proof. Let /1 and /» be lines. By A.3, there is a point P which lies on
both ¢; and /5. By Theorem 1.7.2, there is at most one point which lies
on both /1 and ¢,. Therefore, there is exactly one point common to ¢; and
l>, as claimed. O]

Theorem 1.7.5

Theorem 1.7.5

Theorem 1.7.5. If P is any point, there is at least one line which does
not pass through P.

Proof. By A.6, there exists a line £. If this line does not pass through P,
then we are done. So without loss of generality, we can assume that £
passes through P. By A.4, line £ contains at least three points, so there is
another point P’ on line £. By A.5, there is at least one point P” which
does not lie on £. By Theorem 1.7.3, there is a unique line ¢ which
contains P’ and P”. Notice that £ and ¢ are different lines, since P” lies
on ¢/ but P” does not lie on £. By Theorem 1.7.4, ¢ and ¢’ have exactly
one point in common, so this point must be point P’. Since point P lies
on /¢, then point P cannot also lie on ¢. Therefore ¢ is a line which does
not contain point P, as claimed. O
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Theorem 1.7.6 Theorem 1.7.7

Theorem 1.7.6

Theorem 1.7.6. Every point lies on at least three lines.

Proof. Let P be an arbitrary point, which is known to exist by Theorem
1.7.1. By Theorem 1.7.5, there is at least one line ¢ which does not pass
through point P. By A.4, line £ contains at least three points, say P;, P,
and P3 (notice that P is distinct from Py, P,, and P3). By Theorem 1.7.3,
each of these points determines a unique line which also contains point P,
say line £1, {5, and /3, respectively. Notice that the lines £1, £», and /3 are
distinct, for if two of the lines coincided then the common line would share
two points with line ¢ (for example, if ¢1 and ¢, are the same line then this
line shares the points P; and P, with line ¢), contradicting Theorem 1.7.4.
So the three lines £1, £», and {3 are distinct lines containing point P, as
claimed. ]
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Theorem 1.7.7

Theorem 1.7.7. If there exists one line which contains exactly n points,
then every line contains exactly n points.

Proof. Let / be a line containing exactly n points, Py, Ps,...,P,. Let ¢
be a line other than line ¢ (which exists by Theorems 1.7.1 and 1.7.6). By
Theorem 1.7.4, ¢ and ¢’ have exactly one point in common; we take this
point to be Py, without loss of generality. By A.4, ¢/ contains some point
P}, distinct from P;. Notice that P} is distinct from Py, P3,. .., P, by
Theorem 1.7.4. See Figure 1.6 below.
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Theorem 1.7.7 (continued 1)

Proof (continued).

CREEEE DA

By Theorem 1.7.3, there is a unique line, say />, containing both P, and
P}. By A.4, there is a third point Q, distinct from P> and P}, belonging
to fp. By Theorem 1.7.4, point Q is distinct from Py, P, ..., P, (consider
lines ¢ and ¢»). By Theorem 1.7.3, Q determined a unique line with each
of the points P3, Pa, ..., Py, say £3,/y,...,¢,, respectively.
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Theorem 1.7.7 (continued 3)

Proof (continued).

TN G DA

We now show that ¢/ contains no more than n points. ASSUME to the
contrary that £’ contains another point, say P, ;. By Theorem 1.7.3 there
is a unique line £,,1 containing Q and P/ and, again, by Theorem 1.7.4
this line is distinct from 41, />, ..., ¢, and distinct from £.
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Theorem 1.7.7 (continued 2)

Proof (continued).

1=P1//'P2 TP3 e Pn\ Posy- ?

By Theorem 1.7.4, line {3,44,...,£, are distinct and are distinct from £.
Also by Theorem 1.7.4, lines (3,44, ... £, intersect /' in unique points

P3, Py, ..., Py, respectively, distinct and also distinct from P{ = P; and
P} by Theorem 1.7.2. Hence line ¢’ contains at least n points.
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Theorem 1.7.7 (continued 4)

Proof (continued).

JBm R By B ¢

By Theorem 1.7.4, there is a unique point common to ¢,11 and £, which
we denote P,;1, and which is distinct from Py, P», ..., P, by Theorem
1.7.3. But then line ¢ has n+ 1 points, a CONTRADICTION. So the
assumption that ¢/ has more than n points is false. Since ¢ is an arbitrary
line distinct from line ¢, the claim follows. O
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Theorem 1.7.8 Theorem 1.7.8 (continued)

Theorem 1.7.8. If there exists one line which contains exactly n points,

Theorem 1.7.8. If there exists one line which contains exactly n points, then exactly n lines pass through every point.

then exactly n lines pass through every point. Proof (continued). Next, ASSUME
there is at least one additional line,
£nhy1, passing through P. By
Theorem 1.7.4, {11 must intersect
£ is a unique point, say Pp.1,

so that P,y is distinct from
Pi,P>,...,P, Butthen{

contains n+ 1 points, a
CONTRADICTION. So the

Proof. Let P be an arbitrary

point. By Theorem 1.7.5 there is at
least one line ¢ which does not

pass through P. By Theorem 1.7.7,
£ contains exactly n points,

say Pl, P2, ceey Pn. By

Theorem 1.7.3, P and each of

P1,Ps, ..., P, determines a ’ ) ) ]

line (1.0, /- and these ; assumption that there are more than n lines passing through P is false,

lines a7re (;Iistir;ct by Theorem 1.7.4 and hence there are exactly n line through point P. Since P is an arbitrary

Therefore there are at least n lines passing through P. point, the claim follows. =
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Theorem 1.7.9 Theorem 1.7.10

Theorem 1.7.9. If there exists one line which contains exactly n points,
then the system contains exactly n®> — n + 1 points.

Proof. By Th 1.7.1 th ist n lines
atr(l)e(;st oze pc?izrterlg and by T eEE l \ Proof. By A.6 there exists at least one line ¢, and by Theorem 1.7.7 line ¢

Theorem 1.7.10. If there exists one line which contains exactly n points,
then the system contains exactly n> — n + 1 lines.

Theorem 1.7.8 there are exactly n lines " contains exactly n points, say Py, P, ..., P,. By Theorem 1.7.4 (two lines
. E ' assing through F>’/ ' " have exactly one point in common), every line in the system, except ¢
813; 12';1.e‘o‘r’en: 57 3 (%cwo poits ' itself, passes through exactly one of the points Py, P>, ..., P,.
determine exactly one line), every point n — 1 point nb;sijinzs
in the system, except point P itself, besiden
lies on exactly one line passing through
P; so if we count all the distinct
points on lines ¢4, 45, ..., £, then we
h the total ber of points. By Th 1.7.7 li tai . . .
ave | e tota nur;w er Oh p?z Se y Eeorem . eze{y ne cobn alldns By Theorem 1.7.8 exactly n lines (including line ¢) pass through each of
ex;:]ct y n points. 50 each of £1, 2., tn contains n 2pomts esides the points Py, Py, ..., P,. So thereis a total of n(n—1)4+1=n>—n+1
point P. Therefore, there are a total of n(n— 1)+ 1= n“ — n+ 1 points, . e
25 claimed O lines, as claimed. O]
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