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Chapter 2. Conditional Probability
2.1. The Definition of Conditional Probability—Proofs of Theorems

Probability and Statistics
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Theorem 2.1.2. Multiplication Rule for Conditional Probabilities

Theorem 2.1.2 (continued)

Theorem 2.1.2. Multiplication Rule for Conditional Probabilities.
Suppose that Ay, Ay, ..., A, are events such that
PI’(Al NAN---N An—l) # 0. Then

Pr(AlﬁAzﬂ- . -ﬁAn) = Pr(Al)Pr(A2|A1)Pr(A3|A1ﬁAg)Pr(A4|A1ﬁAgﬂAg)
s PI’(A,,|A1 NAN---N An—l)'

Proof (continued). So
Pr(Al)Pr(Ag\Al)Pr(A3]A1 N A2)PI’(A4‘A1 NAN A3)

ce PI’(A,,‘Al NAN---N An—l)
PI’(Al N A2) PR(Al NAN A3) Pr(A1 NANA3N A4)
PI’(Al) PI’(Al N A2) PI’(Al NAN A3)
Pr(AlﬂAzﬂ"'ﬁAn)
CUPrALN AN N A1)
(cancelling numerators with the following denominators), as claimed.  [J

= Pr(Al)

:Pr(AlﬂAgﬂ---ﬂAn)
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Theorem 2.1.2. Multiplication Rule for Conditional Probabilities

Theorem 2.1.2

Theorem 2.1.2. Multiplication Rule for Conditional Probabilities.
Suppose that Ay, Ay, ..., A, are events such that
PI’(Al NAN---N An—l) # 0. Then

PI’(AlﬁA2ﬂ' . -ﬁAn) = Pr(Al)Pr(A2|A1)Pr(A3|A1ﬂA2)Pr(A4|A1ﬁA2ﬂA3)

o Pr(Ap AL N Ay NN Aply).

Proof. Since Pr(A1NAxN---NA,_1) # 0 by hypothesis, then by
Theorem 1.5.4, “monotonicity,”
Pr(AinAxnN---NA)>Pr(AiNAyN---NA,_1) >0 for
i—1,2,...,n—1. So by Theorem 2.1.1, with A = A; and
B=ANAN---NA_1fori=1,2,...,n, we have

Pr(AlB) — P(ANB)  Pr(ANAN---NA)
N PI’(B) N Pr(AlﬂAzﬂ--'ﬁA,‘_l).
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Theorem 2.1.3

Theorem 2.1.3. Suppose A1, Ay, ..., A, B are events such that
Pr(B) # 0 and Pr(A1NAxN---NA,_1|B) # 0. Then

PI’(Al NAN:-- ﬂA,,\B)
Pr(B)

= Pr(AﬂB)Pr(AQ\Al N B)PF(A3’A1 NAN B)
--'Pr(An|A1ﬂA2ﬂ---ﬂAn_1 N B)

Proof. Since Pr(A; N AxN---NA,_1|B) > 0 then by Theorem 1.5.4,
“monotonicity,”

PI’(Al NAN---N A,‘B) > PI’(Al, NAN---N An_l‘B) > 0 for
i=1,2,...,n—1 and we have by Theorem 2.2.1 with A = A; and
C=ANnAnNn---NANB,

Pr(AiNA;N---NANB
Pr(A|C) = Pr(AiJA1NAN---NA_1NB) = Pr(,E\llﬂAzzﬂ"'mA'l N ;)

fori=1,2,...,n
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Theorem 2.1.3

Theorem 2.1.3 (continued)

Theorem 2.1.3. Suppose A1, As, ..., A, B are events such that
Pr(B) # 0 and Pr(A1NAxN---NA,_1|B) # 0. Then

Pr(A1 NAN--- ﬂAn|B)
Pr(B)

= PF(A1|B)PF(A2|A1 N B)PF(A3|A1 NAN B)

Pr(Ap]ALN AN N Ap_1 N B).
Proof (continued). We have
Pr(A]_’B)PF(A2‘AlmB)Pr(A3’A1mA2ﬂB) ce PI’(A,,‘AlﬂAzﬂ- . 'ﬂAn_lﬁB)
Pr(A1 N B) PI’(Al NAN B) PI’(Al NANA3N B)
"~ Pr(B)  Pr(AinB)  Pr(AiNAx;NB)
Pr(Ay N Ay N A3 N AsN B) Pr(AiNnAxn---NA,NB)
Pr(AiNA;NAsNB)  Pr(ALNA;N---NA,_1NB)
Pr(AiNAyN---NA,NB)
- Pr(B) ’

as claimed. O
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Theorem 2.1.4. Law of Total Probability

Theorem 2.1.4

Theorem 2.1.4. Law of Total Probability. Suppose the events

Bi, B, ..., Bk form a partition of sample space S and Pr(B;) # 0 for
j=1,2,... k. Then, for every event Ain S,

Pr(A) = X/, Pr(B))Pr(A[B)).

Proof. The events BN A, BoNA, BsNA, ..., BiN A form a partition of
set A, so by Theorem 1.5.2, “Finite Additivity,” Pr(A) = Zj‘(:l Pr(B; N A).
Since Pr(B;j) # 0 for j =1,2,..., k then by Theorem 2.1.1,

Pr(Bjn A) = Pr(B;j)Pr(A|B;) for j =1,2,..., k. Hence

Pr(A) = S/, Pr(Bj)Pr(A|B)), as claimed. O
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