Introduction to Knot Theory

Chapter 5. Algebraic Techniques
5.3. Conjugation and the Labeling Theorem—Proofs of Theorems
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Theorem 5.3.A

Theorem 5.3.A. In the symmetric group S,, two elements are conjugate
if and only if they have the same cycle structure.
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Theorem 5.3.A

Theorem 5.3.A. In the symmetric group S,, two elements are conjugate
if and only if they have the same cycle structure.

Proof. We base the proof on Exercise 1.6.3 of Thomas W. Hungerford's
Algebra, Graduate Texts in Mathematics #73, NY: Springer Verlag
(1974), which state: If o = (i1, i2,...,i,) € Spand 7 € S,, then 70771 is
the r-cycle (7(i), 7(i2),...,7(i)). Let m € S, and let

r

1,1 1)(af,a%,...,af,Z)-n(a{,ag,...,anr)

72(31732,...,an1

be a unique (up to order of the factors) product of 7 as disjoint cycles,
which exists by Hungerford's Theorem 1.6.3.
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Theorem 5.3.A (continued 1)

Theorem 5.3.A. In the symmetric group S,, two elements are conjugate
if and only if they have the same cycle structure.

Proof (continued). Then for any 7 € S, we have by conjugation 7 that

rrrl = 7(ai, al, ,3,171)7_17(3%,33, ,3,2,2)7'_1-
7(af, a5, .,af,r)Tfl
= (r(a1), (@), .., 7(ap,))(r(a]), 7(a3), ..., 7(an,)) - -
(1(a1),7(a3),...,7(ap,)) by Hungerford's Theorem 1.6.3.

Now 7 is a bijection, so these cycles are also disjoint and hence the cycle
type of 771 is the same as the cycle structure of 7, as claimed.
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Theorem 5.3.A (continued 2)

Theorem 5.3.A. In the symmetric group S,,, two elements are conjugate
if and only if they have the same cycle structure.

Proof (continued). Now suppose 7 and p have the same cycle structure,
say

m=(al,al,..., a},l)(a%, a3, ..., 332) - (a1, a3, ..., 4ap,)
and

p=(by,b3,... by )(b3,b3,...,b5) (b, b5, ... b} ).

Define 7 mapping {1,2,..., n} to itself defined as T(a{) = b{ for
1<i<njand 1< <r. Next, mand p have the same number of fixed
points so we can extend 7 to map the fixed points of 7 in a bijective way
to the fixed points of p. Since the cycles in 7 are disjoint and the cycles in
p are disjoint, then 7 is a bijection. That is, 7 is a permutation of
{1,2,...,n} andso 7 € S,,.
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Theorem 5.3.A (continued 3)

Theorem 5.3.A. In the symmetric group S,,, two elements are conjugate
if and only if they have the same cycle structure.

Proof (continued). Now

TT(T_I = (T(a%)v 7'(3%), cee 77—(3}71))(7—(3%)7 7'(3%), cee 77—(‘3!272)) e
(1(a1),7(a3),-..,7(ap,)) by Hungerford's Theorem 1.6.3
= (by,by,... by )(b3, b3, ... b2,) - (bf, b5, ..., b} ) = p.

That is, m and p are conjugates, as claimed. O
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