3-TRANSROTATIONAL STEINER TRIPLE SYSTEMS

Rebecca S. Calahan
Department of Mathematics and Statistics
Middle Tennessee State University
Murfreesboro, Tennessee 37132

Robert B. Gardner
Department of Mathematics
Louisiana State University
One University Place
Shreveport, Louisiana 71115-2399

Abstract. A Steiner triple system of order v, denoted STS(v), is said to be k-
transrotational if it admits an automorphism consisting of a fixed point, a transposi-
tion, and £ cycles of length %32, We show that a 3-transrotational ST S(v) exists if
and only if v = 3, 9 or 15 (mod 24).

1. Introduction

A Steiner triple system of order v, denoted ST5(v), is a v-element set, X, of
points, together with a set 4, of unordered triples of elements of X, called blocks,
such that any two points of X are together in exactly one block of 8. It is well known
that a ST'S(v) exists if and only if v =1 or 3 (mod 6). An automorphismof a STS(v)
is a permutation = of X which fixes 4. A permutation 7 of a v-element set is said
to be of type [r] = [P1, P2, -y pu) if the disjoint cyclic decomposition of 7 contains p;
cycles of length i. So we have 3" ip; = u. The orbit of a block under an automorphism,
T, is the image of the block under the powers of . A set of blocks, B, is said to be a
set of base blocks for a STS(v) under the permutation x if the orbits of the blocks of
B produce the ST'S(v) and exactly one block of B occurs in each orbit,

The question of “For which orders v is there a STS(v) admitting = as an auto-
morphism?” has been explored for several types of automorphisms (lor surveys of
the results, see (1] and [4]). A cyclic STS(v) is one admitting an automorphism of
type (0,0, ..., 1] and exists if and only if v = 1 or 3 (mod 6) and v # 9 [6]. A reverse
ST S(v) admitting an automorphism of type (1, 54,0, ..., 0} exists if and only if v = 1,
3, 9, or 19 (mod 24) ([4], (8], and [9]). A k-rotational STS(v) is one admitting an
automorphism of type [1,0,...,0, k, 0, 0], A l-rotational STS(v) exists if and only
if v =3 or 9 (mod 24), a 2-rotational STS(v) exists if and only if v = 1, 3, 17,9,
18, or 19 (mod 24), and a 6-rotational STS(v) exists if and only if v = 1, 7, or 19
(mod 24) {7]. A 3-rotational STS5(v) exists if and only if v = 1 or 19 (mod 24) and a
4-rotational STS(v) exists if and only if v = 1 or 9 (mod 12) {2]. A STS(v) admit-
ting an automorphism of type (1,1,0,..,0,%,0, ..., 0] is said to be k-transrotational.
A l-transrotational STS(v) exists if and only ifv =1, 7, 9, or 15 (mod 24) and a
2-transrotational ST.S(v) exists if and only if v = 3 or 19 (mod 24) [5]. In this paper,
we address necessary and sufficient conditions for the existence of J-transrotational

STS(v).
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2. The existence of 3-transrotational Steiner triple systems

A 3-transrotational $TS(v) admits an automorphism of the type {1, 1,0,...,0,3,0,
.,0). We immediately have the following necessary condition. :

Lemma 2.1 A necessary condilion for the existence of a J-lransrotational STS(v) is
that v = 3, 9, or 15 (mod 24).

Proof. Since the automorphism of such a system contains 3 cycles of length *32, we
need 3{(v — 3). This implies that v = 3, 9, 15 or 21 (mod 24). However, if we ha.ve
a 3-transrotational STS(v) where v = 21 (mod 24), then the automorphism = has 3
cycles of length N = =2 where N/2 is odd. But then a2 is of type {1, ";‘,0 ,0]
and the STS(v}) is also reverse. But a reverse ST'S(v) does not exist for v = 21 (mod

24). Q
Sufficiency can be established as follows.
~ Lemma 2.2 A 3-transrotational STS('U)l esists if v =3, 9 or 15 (mod 24)

Proof. Let v = 9 or 15 (mod 24). Then there exists a 1-transrotational STS(v) ad-
mitting an automorphism = of type 1, 1,...,0,1,0,0,0]. Then #*is of type(L,1,...,0,3,
0,...,0], and the STS(v) is also 3-transrotational. Now suppose that v = J (mod
24), say v = 24k + 3. Let N = %2 Then the following are base blocks from
the set {oo, a,b}UZn x {1,2,3} under the automorphism (oo)(a 5)(04, 11,y (¥ —
1) )(0‘2)12: (N - 1)2 (033 131 ?(N - 1) )

(01, (4k =2 — 2r), (dk =1 =71)y) for r =0,1,...,2k — 2,

(07, (4k — 2 — 2r)3,(4k — 1 =71)3) for r =0, 1,..., 2k = 2,

(03, (4k — 2 — 2r)3,(dk =1 = 7)) for r=10,1,...,2k — 2,

(0, (4k -1 =2r),(8k =1 —=71),) for r =0,1,...,26 — 1,

(0g,(4k — 1 = 2r),(8k — 1 —r)3) for r=10,1,...,2k — 1,

(0, (4k — 1 — 2r);,(8k — 1 —r)y) for r = 0,1,...,2k — 1,

(011 0‘21 03): (OO! (2k)l: 03)’ (OO, 0‘2: (4k)7)l

(00, a, b)s (a1 111 (4k + 1)1): (d, 03, (4k)3)1

(a,Ol, (2k)2), and (a, 12, (Zk + 1)3) a

We summerize the results in a theorem.

Theorem 2.3 d 9-transrotational STS(v) ezists if and only if v =3, 9, or 15 (mod
24).
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