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ABSTRACT. A directed triple system of order v and index A,
denoted DT'Sx(v), is said to be reverse if it admits an auto-
morphism consisting of v/2 transpositions when v is even, or a
fixed point and (v—1)/2 transpositions when v is odd. We give
necessary and sufficient conditions for the existence of a reverse
DT S»(v) for all A 2> 1.

1 Introduction

A directed triple system of order v and index A, denoted DT'S\(v), is a
v-element set X, of points, together with a set B, of ordered triples of
elements of X, called blocks, such that any ordered pair of points of X
occurs in exactly A blocks of B. The notation [z,y, z] will be used for
the block containing the ordered pairs (z,y), (z, 2), and (y, z). Hung and
Mendelsohn [6] introduced directed triple systems as a generalization of
Steiner triple systems and showed that a DTS;(v) exists if and only if
v = 0 or 1 (mod 3). Seberry and Skillicorn [8] proved that a DT'S\(v)
exists if and only if Av(v — 1) =0 (mod 3), v # 2.

An automorphism of a DT'S)(v) is a permutation of X which fixes B.
The orbit of a block under an automorphism 7 is the image of the block
under the powers of 7. A collection of blocks 3 is said to be a collection
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of base blocks for a DTS, (v) under the permutation = if the orbits of the
blocks of # produce the DT'Sy(v).

Several types of automorphisms have been explored in connection with
the problem of determining the values v for which there are certain types
of block designs of order v admitting the automorphism. In particular,
a cyclic DTS, (v) admits an automorphism consisting of a single cycle of
length v and exists if and only if {2, 4]:

1. A=0 (mod 6) and v # 2, or

2. A=1lor 5 (mod 6) and v=1, 4 or 7 (mod 12), or
3. A=2or 4 (mod 6) and v =1 (mod 3), or

4. A= 3 (mod 6) and v =0, 1 or 3 {mod 4).

A DTSy (v) which admits an automorphism consisting of a fixed point
and k cycles of length (v — 1)/k is said to be k-rotaiional. A k-rotational
DTS\ (v) exists if and only if kv = 0 (mod 3) and v = 1 (mod k) [1]. A
I-rotational DT'Sx(v) exists if and only if Av = 0 (mod 3) and v > 3 [3].
These two results, along with the observation that Akv = 0 (mod 3) is a
necessary condition for the existence of & k-rotational DTS, (v), yield:

Corollary 1.1. A k-rotational DTS\ (v) exists if and only if M\kv.= 0
(mod 3), v=1 (mod k) and v > 3.

Steiner triple systems, denoted ST'S, have been extensively explored in
connection with these types of questions. In particular, a reverse STS(v)
admits an automorphism consisting of a fixed point and (v —1)/2 transpo-
sitions. A reverse ST'S(v) exists if and only if v'=1, 3, 9 or 19 (mod 24) [5,
7,9, 10]. With this result as motivation, we define a reverse DTSy (v) to be
one admitting an automorphism consisting of a fixed point and (v —1)/2
transpositions if v is odd, or v/2 transpositions if v is even. The purpose
of this paper is to use the above mentioned results along with some new
constructions to give necessary and sufficient conditions for the existence
of a reverse DTSy (v) for all A > 1. We will take advantage of the fact
that if there exists a DTSy, (v) and a DTS, (v) both of which admit
. as an automorphism, then there exists a DTS, .5, (v) admitting = as an
automorphism.

2 Reverse Directed Triple Systems With A =1

In this section and the next section we will deal with reverse DT'S (v) on the
set X = {a,b} x Z,/y admitting the automorphism 7 = (aq, bp){a,b1) -
(@y2-1,by/2-1). We represent the ordered pair (z,y) as z,.
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Lemma 2.1. If a reverse DTSy (v) exists where v is even, then Av(v—4) =
0 (mod 24).

Proof: Each block of such a DT'S\(v) must be of one of the following
forms:

1. {a4, aj,a) or [bs, bj, bx] where 1, 4, k are distinct,
2. [ay, bj,bx) or [bi, a4, ax] where 7 # k,

3. [as, by, ak] or [bi, a;, bi] where i # k, or

4. [ai, aj,bk] or [bi, bj, ax] where i # j.

Let r be the number of blocks of type 1, s the number of type 2, ¢ the
number of type 3, and u the number of type 4. Notice that r, s, t and
u are all even. The number of blocks in a DTS»\(v) is Av(v — 1)/3 so
T+ 8+t+u = Av(v—1)/3. In this DTS, (v) there is a total of dv(v —2)/2
pairs of the form (o, a;) where a € {a,b}, i # j. Blocks of the first type
each contain 3 such pairs, blocks of the second, third and fourth types each
contain 1 such pair., So 3r + s+ ¢t 4+ u = Mw(v — 2)/2. So r = Av(v —4)/12
where r is even. 0
The conditions for the existence of a DT'S;(v) along with Lemma 2.1 imply
that the necessary conditions for the existence of a reverse DT'Sy(v) are
v=0,1,3,4,7,or 9 (mod 12). We now show that these necessary conditions
are sufficient.

Theorem 2.1. A reverse DT'S;(v) exists if and only if v=0,1,3,4,7, or
9 (mod 12).

Proof: For sufficiency, we present five cases.

Case 1. Suppose that v = 1 or 3 (mod 6). Then there exists a (v —
1)/2—rotational DT'S1{v) by Corollary 1.1. This DT'S(v) is clearly also
reverse.

Case 2. Suppose that v = 4 (mod 12). Then there exists a cyclic DT'S1(v)
admitting an automorphism o which consists of a single cycle of length v.
The automorphism /2 consists of v/2 transpositions and therefore this
DTS5y (v) is also reverse.

Case 3a. Suppose that v = 24. Let a be the permutation (ag, a1, + - - , ag, bo,
by, --,b9) (a10,ai1, b1o, b11). Consider the blocks:

[aj(a,m), Qj(au), QJ(bu)] for J = 0, 1, 2, 3, and

[aj (al())r aj(all)’ a-’(ao)], [o:j(a.g'), aJ(aO)v aj(alp)], [aj(all): 0;(0_10), aj(bg)],
[ (as), 07 (a10), @ (o)}, [0 (a0), @7 (a1), & (as)], [a7 (ao), &’(a2), o (bs)),
t['aJ (?O),Oai(aS)’ aljg(bz)], [aj(aﬂ)a o’ ((14), aJ(b4)]? [aJ (ao), aj(a’E)! aj(bl)]
orj=0,1,...,19.
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These blocks form a collection of base blocks for a reverse DT'S;(24) under
.

Case 3b. Suppose that v = 0 (mod 24), v # 24. Let v = 24¢, ¢t > 2, and let
a be the permutation (ag, a1,: -+, a12:-3,b0,b1,+ -+ , b12s—3)(a12: 2, a12¢—1,
biat—2, b12:—1). Consider the blocks:

[aJ (a12t-—2): Qj(aut—l)t aj(blflt—-l)] for .7 = 01 1$ 2’ 3:

[o7 (a120-2), &7 (a1), @7 (a0)] and [of (az), o’ (ao), o (a12¢—2)]
for j =0,1,...,2t — 5,

[aj(a1), aj(algg_g), aj(blgt_,;)] forj=0,1,...,24t -5,
[o7 (a3), & (@12:—2), @ (bras—3)] for 5 =0,1,...,24t — 5,

[ (a0), &7 (a1), & (a104-2)] and [0 (ao), o (ag;—3), o (bs¢.-s)]
for j=0,1,...,24¢t -5,

[aJ(ao)’ aj(a4t—3)i aj(b4t-—4)] for J = 0: 11 ey 24t — 5,

[aj (a0), aj(aat-—4-2¢), aj(bmt_'r_i)] fori=0,1,...,4t ~3
and § =0,1,...,24t - 5,

[o7 (20), ¥ (ase—5-2:), & (bsz—5-s)] for i =0,1,...,2t — 2
and j =0,1,...,24¢ — 5,

[0 (ag), 0¥ (ag—5-9i), &7 (bge—s—s)] for i = 0,1,... ,2t — 4 and
j=0,1,... 24t — 5.

These blocks form a collection of base blocks for a reverse DT'S,(v) under
.

Case 4. Suppose that v = 12 (mod 48). Let v = 48 4 12. Consider the
blocks:

[@is @8e42+4) B16¢+4+4) BN [@16¢+4-+1is BBer244,a5) for i =0,1,...,8t +1,
[ai, @1064-244, 1404244 for i =0,1,... ,24t +5 (omit if ¢ = 0),

[a..-, T6t—25+41 a6t+2+2_1+¢] for i = 0, 1, e ,24t + 5 and _1 = O, 1, ‘e ,t -1
(omit if ¢t = 0),

[a,-, A10t—25+i a10t+4+2_,'+,-] fori=0,1,...,24¢t+5and 7=0,1,...,t -2
(omit if ¢ = 0),

[a+, G144 4425+i, Grac-254¢] for i =0,1,... , 24t +5and =0,1,...,t -1
(omit if ¢ = 0),

[as, @18t 4-6-+25+i) B18¢44—2;544] fori=0,1,...,24¢+5andj =0,1,...,¢t—1
(omit if ¢ = 0),
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[ai, bsg+1_j+g,bsf,+2+j+,'] fort=0,1,...,24t+5and 7=0,1,...,66+1,
[a,-, b18t+5+j+i, blgt+4_j+,'] for i = O, 1, e ,24t -+ 5 and j = 0, 1, e ,6t.

These blocks form a collection of base blocks for a reverse DT'Si(v) under

.
Case 5. Suppose that v = 36 (mod 48). Let » = 48¢ 4 36. Consider the
blocks:

[a4, A8t t6+iy B16¢+12+4) and [@i6e+12+4i, B8er6+i,ai) for i=0,1,...,8t + 5,

[@s, a6e+5+i, @10e+8+4) for i =0,1,...,24¢ + 17,

(64, G6t+3—+4s A6e64ji] for i = 0,1, ... ,24t+17and j = 0,1,... , 2% —1
(omit if ¢t = 0),

[@i; @10t 47—j+is @10e49454+4) or £ =0,1,...,24t +17 and 5 =0,1,...,2¢,

lai, b12e4 844, biser 1244 for i =0,1,...,24¢ + 17,

[ai, b22e+ 1544, baoe+1644] for i =0,1,...,24¢ 4 17,

(34, Bt 4544 Beerajpi] for i=0,1,... , 24t +17and j = 0,1, ... , 6¢+3,

[a¢, blgt+13+j+g, b13¢+11_j+,‘] fori = 0, 1, veay 241417 andj = 0, 1, s ,4t+
1,

[04', b22t+17+j+¢,b14t+9_.j+.'] for 1 = 0, 1, e ,24t + 17 and J = 0, 1, ‘e ,2t.

These blocks form a collection of base blocks for a reverse DT'S;(v) under
. O

3 Reverse Directed Triple Systems With A > 1

Finally, we give necessary and sufficient conditions for the existence of a
reverse DT'Sx(v) where A > 1.

Theorem 3.1. A reverse DTS\(v), where v is odd, exists if and only if
Mv(v — 1) = 0 (mod 3). A reverse DT'S,(v), where v is even, exists if and
only if (v —1) =0 (mod 3) and Mv(v —4) =0 (mod 24), v # 2.

Proof: The necessary conditions follow from the conditions for the exis-
tence of a DTS)(v) along with Lemma 2.1. We show sufficiency in the
following cases.

Case 1. Suppose that v =0,1,3,4,7, or 9 (mod 12). Then there exists a
reverse DT'S1(v) by Theorem 2.1. Therefore there exists a reverse DT'S(v)
for all A > 1.
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Case 2. Suppose that v = 2 (mod 12). Then it is necessary that A = 0
(mod 6). In this case, there is a DT'S)(v) admitting a cyclic automorphism
a. The automorphism a*/? consists of v/2 transpositions and therefore this
DTSy (v) is also reverse.

Case 3. Suppose that v = 5 (mod 6). Then there exists a (v—1)/2—rotational
DTSy (v) by Corollary 1.1. This DT'Sy(v) is clearly reverse.

Case 4a. Suppose that v = 6. Consider the blocks:

[a'l): bly ‘12]1 [al’ b?; a'O]'; [02, bOaalla [a'IsGOst], [(12, a, bl]s
[Gg, ap, b?]: [bh 00,01], [62:0'1: a2], [bO:aQr aO]: and [a'01 al)a2]-

These blocks form a collection of base blocks for a reverse DT'S3(6). There-
fore there exists a reverse DT'S,(6) for all A = 0 (mod 2).

Case 4b. Suppose that v = 6 (mod 24), v # 6, say v = 24t + 6, t > 1.
Consider the blocks:

[ai,asg_j+i, ng+1+j+i] for i = 0, 1,.. . ,12t 4 2 and j = 0, 1, e ,t - 1,

[a,-,ast.__,-.l_,', a7¢+3+_.,-+.-] for i = 0,1,...,12t +2 and j = 0, 1,...,t =2
(omit if t = 1),

[ai) 242544, G1o48454i) for i =0,1,...,126 +2and §=0,1,...,2t — 2,
(@i, @7e4244, @7e4144) fOr i = 0,1, ... ,12¢ + 2,

[ai, @aer 144, @8e+244) and [a4, age2+4, Gasp144] for 1=0,1,...,8t + 1,

[as, b10t4+34 44 A8e4a4254i) fori=0,1,...,12t4+2and 5 =0,1,... ,4t—1,
[@4s b26 4145445 Qaep2t244¢) fori=0,1,...,12¢+2and § =0,1,... ,2t—1,
[@, Baer 14544 G8esa42444) fori = 0,1,... 12 +2and j =0,1,... ,2%—1,
a3, Y6424 544y Gataj4) for i=0,1,...,12¢+2and j=0,1,...,2 —1,
[@s, b8e4345-+4) Bat+34+2544) for i =0,1,...,12¢4+2and  =0,1,...,2t—1,
(@4, b10t43.44, bagys] or i =0,1,... 12 42,

[ai, Bag 144, boerati] for i==0,1,...,12¢t 42, and

[as, bse 204y bots14) for i =0,1,... 126 + 2.

These blocks form a collection of base blocks for a reverse DT'S3(v). There-
fore there exists a reverse DTS, (v) for all A = 0 (mod 2).

Case 5. Suppose that v = 8 (mod 12). Then it is necessary that A =
0 (mod 3). Under these conditions, there is a cyclic DTS (v) and this
DTS, (v) is also reverse by the argument of Case 2.
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Case 6. Suppose that v = 10 (mod 12). Then it is necessary that A =
0 (mod 2). Under these conditions, there is a cyclic DT'S\(v) and this
DTS, (v) is also reverse by the argument of Case 2.

Case 7a. Suppose that v = 18. Consider the blocks:
[G{, @3+4y ﬂ6+i] and [G;‘, a6+iy a3+l'] for i = 01 1,2,3,4,5, a.long with

[a'ii a7, 08+i] 3 [aia bﬂ b1+|'] 1 [a‘i’ bl-l-i: b3+i]1 [04', b2+i) b6+l']: {a'i': b3+1'1 b8+l']1
(@4, D545 Bacts)s (@, b8ty bo-tils [as, iy Bas], [as, bsys, brys], and
[a,-, b2+|‘,, b'f-i-i] for 1 = 0, 1, ey 8.

These blocks form a collection of base blocks for a reverse DT'S2(18). There-
fore there exists a reverse DT'5,(18) for all A = 0 (mod 2).

Case Tb. Suppose that v = 18 (mod 24), v # 18, say v = 24t + 18, t > 1.
Consider the blocks:

[as, ABt+43—j+is a5¢+5+_,-+,-] fori=0,1,...,12t4+8and §=0,1,...,t -1,

[a,-,a5;+3_j+¢, a7+ fori =0,1,...,12¢t+8and § =0,1,...,¢t —2
(omit if ¢t = 1),

[i) @106 +6—j+is G10t49+5+¢] for i =0,1,...,12¢+8and j =0,1,... ,2t—1,
[@i; @7t 4544, Greg4s) fOr i =0,1,...,12¢ 4 8,

(@i, @t 4444, Gr0e4844) for i=0,1,...,12¢t + 8, |

05, Q44344 @8e46+i] BN [as, @8t y64is Garpsts) for i =0,1,...,8t+5,

[@¢, D106484j4ir B8et84254¢) for i =0,1,... ,12t+8and j =0,1,... ,4t+1,
[@r b2t 24j04) Qaeraqajei] for i=0,1,...,12t +8and 5 =0,1,... ,2¢,
[24, Bat+3+j+4, 8err4254i) for i =0,1,...,12+8 and § =0,1,... , 2,
[@i) b6t 454544, @242j4¢) for i =0,1,...,12¢ +8 and 5 =0,1,...,2¢,

[@iy b8 474544, Baet542544) for i =0;1,...,12t +8 and j =0,1,... , 2t,
[ai, b1oe4+8 i, boet144) for i =0,1,...,12t + 8,

(@i, bger644, beetaqs) for i =0,1,...,12¢t + 8, and

[ai, bas+344, beersyi] for i=0,1,...,12¢ + 8,

These blocks form a collection of base blocks for a reverse DT.S,(v). There-
fore there exists a reverse DT'S)(v) for all A = 0 (mod 2). a

Theorem 3.1 gives a complete classification of reverse directed triple sys-
tems.
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