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Abstract

A hybrid triple system of order », denoted HTS(v), is said to be cyelic if it admits an
automorphism consisting of a single cycle of length ». A HTS(») admitting an automorphism
consisting of a fixed point and a cycle of length v — 1 is said to be rotational. Necessary and
sufficient conditions are given for the existence of a cyclic HT'S(v) and a rotational HTS(v).

1. Imtroduction

A cyclic triple, denoted C(a, b,c), is the digraph on the vertex set {a, b,c} with the
arc set {(a,6),(b,¢),(c,a)}. A transitive triple, denoted T(a, b,c), is the digraph on the
vertex set {a,b,c} with the arc set {(a,b), (b,¢),(a,c)}. Let D, denote the complete
symmetric digraph on v vertices and let b, = v(v — 1)/3. A c-hybrid triple system of
order v, denoted c-HTS(v), is an arc-disjoint partition of D, into ¢ cyclic triples and
t = by — ¢ transitive triples.

A directed triple system of order v, denoted DTS(v), is a 0-HTS(v). A DTS(v)
exists if and only if v = 0 or 1{mod3) [7]. A Mendelsohn triple system of order v,
denoted MTS(v), is a b,-HTS(v). An MTS(v) exists if and only if v = 0 or I{mod3),
v # 6 [9]. In general, a c-HTS(v) exists if and only if v = 0 or 1(mod3), v # 6,
and ceB, = {0,1,2,...,b,— 2, by} [5,6). A related design is an oriented triple system
(also called an ordered triple system) of order v, denoted OTS(v), which is a c-HTS(v)
where ¢ is any integer such that 0 <c <5, (notice that ¢ cannot equal b,—1). Therefore,
an OTS(v) exists if and only if v = 0 or I (mod3) [8].
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An automorphism of a ¢-HTS(v) based on D, is a permutation 7 of the vertex set
of D, which fixes the collection of triples of the c-HTS(v). The orbit of a triple under
an automorphism 7 is the collection of images of the triple under the powers of .
A set of triples f§ is a set of base triples for a c-HTS(v) under the automorphism 7 if
the orbits of the triples of f produce a set of triples for a ¢-HTS(v) and exactly one
triple of f occurs in each orbit,

A ¢-HTS(v) admitting an automorphism consisting of a single cycle is said to be
cyclic. A cyclic DTS(v) exists if and only if v = 1,4, or 7(mod 12) {4] and a cyclic
MTS(v}) exists if and only if v =1 or 3 (mod6), v # 9 [3]. A cyclic OTS(v) exists if
and only if v =0,1,3,4,7, or 9(mod 12), v £ 9 [10].

A ¢-HTS(v) admitting an automorphism consisting of a fixed point and a cycle
of length v — 1 is said to be rorational. A rotational DTS(v) exists if and only if
v = 0(mod3) [2]. A rotational MTS(v) exists if and only if v = 1,3, or 4(mod6),
v # 10 [1]. A rotational OTS(v) exists if and only if v = 0 or 1{mod3) [10].

The purpose of this paper is to present necessary and sufficient conditions for the
existence of cyclic and rotational c-HTS(v)’s.

2. Cyclic hybrid triple systems

In this section, we construct cyclic ¢-HTS(v)s based on the vertex set Z, and ad-
mitting the automorphism # = (0,1,...,v - 1). The orbit of any transitive triple under
7 is of length v. We therefore immediately have

Lemma 2.1. If a cyclic ¢-HTS(v) exists, then t = b, — ¢ = 0 (mod v).
Since a cyclic ¢-HTS(v) is also an OTS(v), we have [10]
Lemma 2.2. If a cyclic c-HTS(v) exists, then v = 0,1,3,4,7, or 9(mod 12),v #£ 9.

We give the remaining necessary conditions and establish sufficiency in the next five
lemmas,

Lemma 2.3. If v = 1(mod 6) then there exists a cyelic ¢-HTS(v) for all ¢ € B, such
that ¢ = 0(modv), except for the case ¢ = (v — 4)/3.

Proof. We consider two cases based on the value of c.

Case 1: Suppose v=1(mod 6) and c=0 (mod 2v), Then there exists a cyclic Steiner
triple system of order v [11]. Let B be a collection of base triples for such a system,
Let B = B U By where |By| = ¢/(2v). Define

H= {C(a,b,c), C(C)baa)l(a,b,C) S B]} U {T(d,b,C), T(C,b,a) I (a,b,c) = Bz}

Then H is a set of base triples for a cyclic c-HTS(v) where ¢ € B, and ¢ = 0 (mod 2v).
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Case 2: Suppose v = 1{(mod6), say v =6m+ 1, m > 1, and ¢ = = v(mod 2v). If
¢ = v(v—4)/3 then the existence of a cyclic c-HTS(v) is equivalent to partitioning the
set {1,2,...,6m} into (difference) triples (x;, ¥,z for i = 1,2,...,2m — | and (x, ¥,z)
such that i+ ¥i+z=0(mod6m+ 1) and x + y Ez(modﬁm +1). Now,

6m 2m—1

Ez~— Z (\f,-l—y,+z,)+(x+y+z)—3m(6m+1)“"0(mod6m+1),
=1

and 80 x + y +z = 0(mod 6m + 1). But x + y +z = 2¢(mod 6m + 1). Therefore,,
2z = 0(mod 6m + 1), which is impossible. E
Suppose then that ¢ = (2k + 1)v where £ = 0,1,...,m — 2. Consider the set

{C(0,5m + 1,1), 70, 5m, m), T(0,1,3m + 1), 7(0, 3m + 2,2m)}
UALCOm+24+406m—1-i),C00,3m—1—52+44)|i=0,1,...,k—1
(omit these triples if k = 0 or if m = 2)}
CUATO,m+24406m—1—i),TO03m—1 -2+ |i=kk+1...,m—3
(omit these triples if k =m — 2 or if m = 2)}.

This is a set of base triples for a cyclic c-HTS(v) under the permutation 7 == 0, 1,...,
v—-1). O

Lemma 2.4, If v = 4(mod 12), then there exists a cycliexc-HTS(v) for all ¢ € B,
such that ¢ = 0(modv), ¢ # b,

Proof. Again, the value of ¢ determines two cases. _
Case 1: Suppose v = 4 (mod 12) and ¢ = 0 (mod 2v), say v = 12m+4, m>1, and
¢ = 2kv, Define

L[k ifksm,
" m ifk > m,

40 if k<m,
Vk=m ifhk>m

Consider the set

{T(0,3m + 1,9m + 3)}
U{C(0, 1424, 5m+2+41),C(0,12m + 3 — 20, 7m + 2 — i) [i=0,1,....kh—1
(omit these triples if k; = 0)}
U{T(0,142{,5m+2+1), T(0, 12m+3 —2i, Tm+2—i) li=k,k+1,...,m~1
(omit these triples if k| = m)}
U {C(0,2424,3m4240),C(0, 12m +2 — 20, 9m +2 — i) | i = 0, 1,... kp 1
(omit these triples if &, = 0)}
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U {T(0,2+24,3m+2+1), (0, 12m+2--2i,9m+2—i) | i = ky, bp+1,...,m—1
(omit these friples if k&, = m)}.

Lase 2: Suppose v = 4(mod 12) and ¢ = v{mod2v), say v = 12m+ 4 and ¢ =
(2k -+ 1)v. Then since ¢ € B,, we have 0<k<2m. If k — 2m, and therefore ¢ = b,
then the c-HTS(v) is actually an MTS(v), and it is known that a cyclic MTS(v) does

not exist. So we consider the case 0<k<2m — 1. Define
L=

[k if k<m — 1,
T lm—1 k> m—1,

P 0 if ksm—1,
2 Vhk—m+1l fFh>me1.

Consider the set

{7(0,5m +2,11m + 4), T(0,2m + 1,10m + 3), C(0,3m + 1, 11m + 4)}

UA{CO,144,2m + 3 + 21),C(0,6m + 1 — i,6m =20 |i=0,1,... .k — 1
(omit these triples if k; =0 or if m = D}

U A{T0,2m+241, 12m+3—0), T(0,6m+ 14, 1+8) | i = k1, ky+1,....m—2
(omit %ﬂese triples if &y =m — 1 or if m = 1)}

U {C(0, m+1+i,4m+-34-20), C(0, Sm4-1—i,4m—2i)|i=0,1,....kp—1
(omit these triples if &, = 0)}

U AT(0,3m+2+i, 10m+3—1), T(0, 5m+1—i,m+1+i) | i = ko, oy +1,. ... m—1
(omit these triples if k&, = m)}.

In both cases, the given set is a set of base triples for a cyclic e-HTS(v) under the
permutation © = (0,1,...,v—1). O

We now consider the case v = 0 (mod 3). Here, by=v(v—1)/3=20/3 (mod v). Since
_by=t+cand ¢t = 0(modv) by Lemma 2.1, we have

Lemma 2.5. If a cyclic c-HTS(v) exists where v = 0 (mod 3), then ¢ = 2v/3 (mod v).

Lemma 2.6. If v = 3(mod6),v # 9, then there exists a eyclic ¢c-HTS(v) for all
¢ € B, such that ¢ = 2v/3 (mod v) except for ¢ = v(v — 4)/3.

Proof. First we note that by the argument of case 2 of Lemma 2.3, a cyclic v(v—4)/3-
HTS(v) cannot exist.

Case 1: Suppose v = 3(mod6),0 £ 9, and ¢ = 2v/3 (mod 2v). Then there exists
a cyclic Steiner triple system of order [11] and the result follows as in case | of
Lemma 2.3.
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Case 2: Suppose v = 3 (mod 36) and ¢ = 5v/3 (mod 2v), say v=36m+3, m> 1, and
¢ = 2kv + 5v/3. In this case we have 0 <k <6m — 2. Define

e if £<2m 1,
T lom—1 ifk > 2am—1,
0 ifk<2m— 1,
k=< k—2m+41 if2m—1 < k<dm—2,
2m— 1 if k> 4m-2,
0 if k<dm—2,
bs=<qk~4m+2 if dm—2 < k<5m -2,
m ifk>5m-2,
0 if k<5m -2,
ka=< k—Sm-+2 if Sm—2 < kg6m —3,

m—1  ifk=6m—2.

Consider the set

{C(0,8m,22m + 1), C(0, 12m + 1,24m +2), C(0, 24m + 2, 12m + 1)}

U {T(0, 6m, 28m + 2),7(0,28m + 3,28m + 1), T(0,8m + 1,16m + 3)}

U{C(0,5+31, 8m-+4-+2i), C(0,36m—2—31,28m—1-2i) | i = 0,1, ... fy —1
(omit these triples if k| = 0)}

U{T(0, 5434, 8m-+442i), T(0,36m—2—3i, 28m—1—2i) |
I =kiki +1,...,2m—2 (omit these triples if & = 2m — 1)}

U{C(0,3+43i, 12m+241), C(0,36m—3i,24m+1-1) | i=0, L., kp—1
(omit these triples if &, = 0)}

U{T(0,3+3;, 12m—+2+41), T(0,36m—3i,24m~+1 i) |i=ly,lo+1,...,2m—2
(omit these triples if k&, = 2m — 1)}

U{C(0, 143, 16m+2+42i), C(O,36m+2—31',20m+1—2i) |i=0,1,... k-1
(omit these triples if &3 = 0)}

U {T(0, 1434, 16m+2++21), (0, 36m4-2— 3, 20m+1 - 2i) |
i=k3,k3+1,...,m—1 (omit these triples if k; = m)}

U {C(0,6m—5—3i, 20m—2-2i),C(0,30m+8+3i, 16m+5+42i) |
i=0,1,...,k4—1 (omit these triples if k4 = 0 or if m = 1)}

U{T(0,6m ~ 5 — 3i,20m—2 — 2i),T(0,30m +8 4+ 34, l6m + 5 + 20y |
i =rkaks+1,...,m—2 (omit these triples if ky =m — 1 or if m — 1)}

U{C(0,2,30m + 5), C(0,20m, 6m — 2) (omit these triples if £ < 6m - 2)}

U{T(0,2,30m +5), T(0,20m, 6m — 2) (omit these triples if k = 6m — 2)}.
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Case 3: Suppose v = 9(mod 36) and ¢ = 5v/3 (mod 2v), say v = 36m + 9, m>1,

and ¢ = 2kv + 50/3. In this case we have O0<k<6m — 1, If m = 1, consider the

set

{C(0,21,9), C(0, 15,30), C(0, 30, 15), 7(0, 24, 18), T(0, 44, 11), 7(0,34, 16)}
U{C(0,2,19),C(0,43,26) (omit these triples if k& = 0)}
U{T(0,2,19),7(0,43,26) (omit these tiples if &> 1)}
U{C(0,3,23),C(0,42,22) (omit these triples if £ < 2)}
U{7(0,3,23), T(0,42,22) (omit these triples if £22)}
U{C(0,4,14),C(0,41,31) (omit these triples if £ < 3)}
U{7(0,4,14), T(0,41,31) (omit these triples if £>3)}
U {C(0,5,13), C(0,40,32) (omit these triples if k < 4)}
U{T(0,5,13), T(0,40,32) (omit these triples if k=4)}
U{C(0,1,7),C(0,7,16) (omit these triples if & < 5)}
U{7(0,1,7),7(0,9,38) (omit these triples if ¥ = 5)}.

Now suppose m > 1. Define

{k if k<2m,
“lom itk > 2m,
0 if k<2m,

ky=<¢ k—2m if 2m < k<4m -3,
2m—3 ifk>4m—-3,

0 if k<4m — 3,
ks =< k—4m+3 if 4m —3 < k<5m — 4,
m—1 if k> 5m-—4,
0 if k<5m— 4, :
k4={k_5m+4 if Sm—4 < k<6m—7,
m—3 if k> 6m-7.

Consider the set

{C(0,20m,14m + 4), C(0, 12m + 3,24m + 6), C(0, 24m + 6, 12m + 3)}
U{T(0,1,6m — 3), 7(0, 16m + 9,8m + 5), T(0, 28m -+ 4,22m + 7)}
U{C(0,4 +34,8m + 6 + 2i), C(0,36m - 5 — 3i,28m + 3 — 2i) |

i=0,1,...,k - 1 (omit these triples if % = 0)}
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U{T(0,43i,8m + 6 - 20),T(0,36m + 5 - 3i,28m + 3 — 2i) |
[=kik +1,...,2m — 1(omit these triples if k& = 2m)}
ULC(0,6 + 34, 12m + 5+ 1), C(0,36m + 3 — 3i,24m + 4 — 1) |
i=20,1,...,kp — 1(omit these triples if %, = 0)}
ULT(0,6+ 34, 12m + 5 + 1), T(0,36m + 3 — 30, 24m + 4 — 1) |
i =haky+1,...,2m — 4 (omit these triples if & = 2m — 3)}
U{C(0,8 4 34, 16m + 8 + 20), C(0,36m -+ 1 — 31,20m +- 1 — 27) |
1=0,1,....,k3 — 1(omit these triples if k3 = 0 or if m < 3}
U{T(0,8+ 34, 16m + 8 +24), T(0,36m + 1 — 34, 20m + 1 — 24) |
I=tks ks +1,...,m—2 (omit these triples if s =m—1 or if m < 3)}
ULC(0,6m — 7 = 30,20m — 2 = 20), C(0,30m + 16 + 34, 16m + 11 + 20) |
1=0,1,...,k — 1 (omit these triples if k=0 or if m < 4)}
UAT(0,6m =7 = 34,20m — 2 — 20), 7(0,30m + 16 + 34, 16m + 11 4 21) |
[ =ke ks +1,...,m — 4 (omit these triples if ks =m—3 orif m < 4)}
U{C(0,6m — 1,12m + 1), C(0, 30m + 10,24m + 8) (omit these triples if
k<6m - 7))}
ULT(0,6m — 1,12m + 1), T(0,30m + 10,24m + 8)(omit these triples if
k> 6m-17)}
U {C(0, 6m,20m + 3), C(0, 30m + 9,16m -+ 6) (omit these triples if
k<6m — 6)} '
U{T(0,6m,20m + 3), (0, 30m + 9,16m + 6) (omit these triples if
k> 6m—6)}

145

U{C(0,3,16m +4), C(0, 36m + 6, 20m + 5) (omit these triples if & <6m —5)}
U{7(0,3, 16m + 4), T(0,36m + 6,20m -+ 5) (omit these triples if & > 6m — 5}
U{C(0,2, 16m +5), C(0,36m+7,20m +4) (omit these triples if &k <6m —4)}
U{T(0,2,16m +5), T(0,36m 4 7,20m + 4) (omit these triples if & > 6m — 4)}
U{C(0,5, 16m + 7), C(0,36m + 4,20m + 2) (omit these triples if k<6m — 3)}
U{7(0,5,16m + 7), T(0, 36m -+ 4,20m +2) (omit these triples if k > 6m — 3)}

U{C(0,8m +4,8m+3), C(0, 14m +2,28m 4 6) (omit these triples if
k<om—2)}

U{T(0,8m +4,8m + 3), T(0, 14m +2,28m 4 6) (omit these triples if
k=6m—1)}.
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Case 4: Suppose v = 15 (mod 36) and ¢ = 5v/3 (mod 2v), say v = 36m+15, m>=0,
and ¢ = 2kv + 5v/3. In this case we have 0 <k <6m. If m = 0, consider the set

{€(0,1,7), C(0,5, 10), C(0, 10, 5), T(0, 2, 11),7(0,3,7),T(0,14,12)}.

Now suppose m > 0. Define

v {k ifk<<2m—1,
T lom—1 ks 2m-1,

0 if k<2m -1,
ky=<k=2m+1 if2m—1<k<dm-—1,
2m if k> d4m-—1,

0 if k<<dm — 1,
ks={k—4m+1 ifdm—1 < k<5m— 1,
m if k> 5m—1,

0 if k<5m—1,
ka=<¢ k—5m+1 if Sm—1<k<6m -1,
m ifk=6m.

Consider the set

{C(0,6m +2,1), C(0,12m + 5,24m + 10),C(0,24m + 10, 12m + 5)}
U{7(0,1,28m +.12), T(0, 6m + 1,30m + 12}, T(0,6m + 3, 14m + 6)}
U{C(0,4 + 3i,8m + 6 + 2i), C(0,36m + 11 — 3i,28m + 9 — 2i) |
i=0,1,....5 — 1 (omit these triples if &; = 0)}

U{T(0,4 +3,8m + 6 + 24), T(0,36m + 11 — 34, 28m + 9 — 24) |
i=rkyki+1,...,2m — 2 (omit these triples if % = 2m — D}

UA{C(0,3 +34,12m + 6 + 1), C(0,36m + 12 - 3i,2dm+9 ~ 1) |
i=0,1,....k — 1 (omit these triples if 4, = 0)}

U{T(0,3 + 34, 12m + 6 + i), T(0,36m + 12 - 3i,24m + 9 — 1) |
P==ky ko +1,...,2m — 1 (omit these triples if %, = 2m)}

U{C(0,2 + 3i,16m + 8 + 2i), C(0,36m + 13 - 35,20m + 7 — 2i) |
i=0,1,....,k3 — 1 (omit these triples if k3 = 0)}

U{T(0,2 4+ 34, 16m + 8 + 24), T'(0,36m + 13 — 3/,20m + 7 — 24) |
I=rks,ks+1,...,m —1 (omit these triples if k3 = m)}

U{C(0,6m ~1~3i,20m+6 — 2i), C(0,30m + 16 + 31, 16m + 9 + 2} |
i=0,1,....k — 1 (omit these triples if ks = 0)}
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ULT(0,6m — 1 —3i20m + 6 — 20),7(0,30m + 16 4+ 34, 16m + 9 + 2i) |
[ =takg+1,...,m~1 (omit these triples if k4 = m)}

U{C(0,8m + 4,20m + 8), C(0,22m + 9, 16m + 7} (omit these triples if
k < 6m)}

U{7(0,8m + 4,20m + 8), T(0,22m + 9, 16m + 7) (omit these triples if
k == 6m)}.

Case 5: Suppose v = 21 (mod 36) and ¢ = 50/3 (mod 2v), say v = 36m+21, m >0,
and ¢ = 2kv + 5v/3. In this case we have 0<k<6m+ 1. Define

{k if £<2m,
ky =

2m if k> 2m,
0 if £<2m,
ky==<¢ k —2m if 2m < k<am,
2m if k£ > 4m,
0 if k<4m,
ky=< k—4m if dm < k<5m + 1,
m+1  ifk>5m+1,
0 ifhk<5m+ 1,
k4={k—-5m—l if Sm+1 < k<6m,
m— 1 ifk=6m+1.

Consider the set

{C(0, 14m + 8, 6m -+ 3),C(0,12m + 7,24m + 14), C(0,24m + 14, 12m + 7}
U{T(0,28m + 17,28m + 15), T(0,6m + 3,2), T(0,22m -+ 12, 8m + 4)}
U{C(0,5 434, 8m + 8 +20), C(0,36m + 16 — 34,28m + 13 — 21) |

i=0,1,...,k — 1 (omit these triples if &) = 0 or if m = 0)}
U{T(0,5 + 3i,8m + 8 +20),7(0,36m + 16 — 3;,28m + 13 — 20y
i=kik+1,...,2m ~ 1 (omit these triples if &, =2m or if m = 0}
U{C(0,3+3i12m + 8 + 1), C(0,36m + 18 — 3i,24m + 13 — i) |
i=0,1,....k — 1 (omit these triples if by =0orif m= 0)}
U{7(0,3 + 3i,12m -+ 8+41),7(0,36m + 18 ~34,24m 4 13 ) |
i=1lyky+1,...,2m — 1 (omit these triples if % = 2m or if m = 0)}
U{C(0, 1434, 16m -+ 10+ 20), C(0,36m + 20 — 34, 20m + 11 — 21) |
i=0,1,...,k3 — 1 (omit these triples if k3 = 0 or if m = 0}
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U{T(0, 1 + 3i,16m + 10 + 2i), T(0,36m + 20 — 3i,20m + 11 — 2iy ]

i=1lyky+1,...,m (omit these triples if 43 =m + 1 or if m = 0)}
- U{C(0,6m ~ 2 — 3i,20m + 8 — 2i), C(0,30m + 23 + 31, 16m + 13 + 2i) |

i=0,1,...,4k — 1 {(omit these triples if %y = 0 or if m<1)}

U{T(0,6m — 2 — 3i,20m + 8 — 21), T(0,30m + 23 + 3i,16m + 13 4 27) |
I=rkaks+1,...,m—2 (omit these triples if ky =m — 1 or if m<1)}

U{C(0,8m + 5,16m + 11),C(0,6m + 1,20m + 10) (omit these triples if
k< 6m+ 1)}

U{T(0,8m + 5,16m + 11), T(0, 6m -+ 1, 20m + 10) (omit these triples if
k=6m+ 1)}

Case 6: Suppose v = 27 (mod 36) and ¢ = 5v/3 (mod 2v), say v = 36m+27, m =0,
and ¢ = 2kv + 50/3. In this case we have 0<k<6m+2. If m = 0 and k<1, consider
~ the set

{C(0,10,3),C(0,9,18), C(0, 18, 9)}
U{T(0,2,7),7(0,3,11), T(0,6,4), T(0, 16, 15),7(0,21,17)}
U{C(0,1,13),C(0,19,14) (omit these triples if 4 = 0)}
U{7(0,1,13),7(0,19, 14) (omit these triples if k = 1)}.

If m =0 and & = 2, consider the set
{€(0,10,3),C(0,9, 18), C(0,18,9), C(0, 1, 13}, C(0,3,11), C(0,6,2),
€(0,13,5),7(0,2,7), T(0,4,21), T(0, 11,26)}.
Suppose that m = 1. Define
by = {k if k<4,
4 if k>4

Consider the sect

{€(0,30,2),€(0,21,42), (0,42, 21), T(0,33,9)}
U{C(0,3,27), C(0,34,9), T(0,2,29), T(0, 60, 25) (omit these triples if
k< 8)}
U{7(0,38,29), T(0,2,36), T(0,3,27), T(0,28,25) (omit these triples if
k=8)}
U{C(0, 1 + 34,16 -+ 24), C(0,62 - 31,47 — 2i) | i = 0,1,... k| — 1
(omit these triples if %, = 0}
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U{T(0, 1 + 3,16 + 20, T(0,62 — 34,47 — 20y | i = ky, by + 1,...,3
(omit these triples if k) = 4)}

U {C(0,5,31),C(0,58,32) (omif” these triples if 4 < 5)}
U{T(0,5,31),T(0,58,32) (omit these triples if £>5)}

U {C(0,6,23), C(0,57,40) (omit these triples if & < 6)}
U{7(0,6,23), T(0,57,40) (omit these triples if £ >6)}
U{C(0,8,19), C(0,55,44) (omit these triples if & < 7)}
U{7(0,8,19),7(0,55,44) (omit these triples if £=7)}.

Now suppose m > 1. Define

v {Ic if k<2m + 1,
T lomt1 ks omael,
0 if k<2m + 1,
=< k-2m—1 if2m+l<k§.,4m——1,
2m—2 if £ >dm—1,
0 if k<4m — 1,
k=< k—4m-+1 ifdm—1 < k<5m-2,
m— | if k> 5m-2,
0 if k<5m -2,
k4={k—5m+2 if Sm—2 < k<6m — 4,
m—2 if £ > 6m— 4.

Consider the set

{C(0,20m + 10, 14m + 11),C(0,12m 4 9,24m + 18), C(0,24m + 18, 12m + 9)}

U{T(0,1,6m), T(0, 16m + 17,8m + 9), T(0,28m + 18,22m + 18)}

U {C(0,4 + 35,8m -+ 10 + 2i), C(0,36m -+ 23 — 34,28m 4 17 — 2i) |
i=0,1,...,k ~ 1 (omit these triples if k; = 0)}

U{T(0,4 + 3i,8m + 10 4 21), 7(0, 36m 4 23 — 34,28m 4+ 17 — 20} |
{ = ki, ki 4+ 1,...,2m (omit these triples if k| = 2m 4- 1}

U{C(0,6+ 34, 12m + 11 +), C(0,36m + 21 — 3, 24m + 16 — 1)}
i=0,1,....,0 — 1 (omit these triples if &, = 0}

U{T(0,6 + 34, 12m + 11 +4), T(0,36m + 21 ~ 3,24m + 16 — 1) |
I=knk+1,...,2m -3 (omit these triples if %, = 2m — 2)}
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U{C(0,8 +34,16m + 16 + 2i), C(0,36m + 19 — 31, 20m + 11 - 2i) |

1=0,1,....,k3 — 1 (omit these triples if k3 = 0)}

U{T(0,8 + 34, 16m + 16 + 20}, 7(0,36m + 19 — 35,20m + 11 — 2i) |
I=ky,ks+ 1,...,m — 2 (omit these triples if k3 = m — 1)}

U{C0,6m — 4 — 3i,20m + 8 — 24), C(0,30m + 31 + 3i, 16m + 19 + 2) |
i=0,1,....,k — 1 (omit these triples if k4 = 0 or if m = 2)}

U{T(0,6m —~ 4 — 34,20m + 8 — 21), T(0,30m -+ 31 + 34, 16m + 19 + 21) |
I=kaks +1,...,m — 3 (omit these triples if ky = m — 20r if m = 2)}

U{C(0,6m +2,12m + 7), C(0,30m + 25, 24m + 20) (omit these triples if
k<6m - 4)}

U{T(0,6m + 2,12m + 7), T(0,30m + 25, 24m + 20) (omit these triples if
k> 6m~4)}

U{C(0, 6m + 3,20m + 13), C(0,30m + 24, 16m + 14) (omit these triples if
k<6m —3)}

U{T(0,6m -+ 3,20m -+ 13),7(0,30m + 24,16m + 14) (omit these triples if
k> 6m—3)} |

U{C(0,3, 16m -+ 12), C(0,36m + 24,20m - 15) (omit these triples if
k<6m - 2)}

U{T(0,3,16m + 12), T(0,36m + 24,20m + 15) (omit these triples if
k> 6m —2)}

U{C(0,2, 16m + 13), C(0,36m + 25,20m + 14) (omit these triples if
k<6m—1}

U{T(0,2,16m + 13), T(0,36m + 25, 20m -+ 14) (omit these triples if
k> 6m— 1)}

U{C(0,5, 16m + 15), C(0,36m + 22,20m + 12) (omit these triples if
k<6m)}

U {T(0,5,16m -+ 15), 7(0,36m + 22,20m + 12) (omit these triples if
k> 6m)}

U{C(0,8m + 8,8m + 7), C(0,14m + 9,28m + 20) (omit these triples if
k<6m+ 1)}

U{7(0,8m - 8,8m + 7), T(0, 14m -+ 9,28m + 20) (omit these triples if
k= 6m+ 2)}.
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Case 7: Suppose v = 33 (mod 36) and ¢ = 5v/3 (mod 20), say v = 36m+33, mz=0,
and ¢ = 2kv -+ 5v/3. In this case we have 0<% <6m + 3. Define

. {k if k<2m,
L 2m if k> 2m,
0 if k<2m,

k=< k—2m if'2m<k§4m+1,
2m+ 1 if k> dm 41,

0 if k<dm + 1,
ky=< k—dm— | if4m+1</c<5m+2,
m4-1 if k> 5m+2,
0 ifh<Sm+2,
k4={k—5m—2 if5m+2<k§6m+2,
m if k= 6m + 3.

Consider the set

{C(0,6m +5,1), C(0, 12m + 11,24m + 22), C(0, 24m -+ 22, 12m + 1)}
UA{T(0, 1,28m + 26), T(0, 6m -+ 4, 30m + 273, T(0,6m + 6, 14m + 13)}
U{C(0,4 +3i,8m + 10 + 2:), C(0,36m +29 — 3/, 28m + 23 — 2i) |
i=0,1,...,% — 1 (omit these triples if % = 0 or if m = 0)}

U{T(0,4 + 3i,8m + 10 + 2i), T(0,36m + 29 — 3, 28m + 23 — 21) |
i=ki,i=k,k + L,...,2m— 1 (omit these triples if 4 = 2m or if m=0)}

U{C(0,3 + 3, 12m + 12 + 1), C(0,36m + 30 — 34,24m + 21 — 1) [
i1=0,1,...,k — 1 (omit these triples if &y = 0)}

U{T(0,3 + 34, 12m + 12 + 1), T(0,36m + 30 — 37, 24m + 21 — 1) [
t=tlyi=hyky+1,...,2m (omit these triples if &y = 2m + D}

U{C(0,2 + 3, 16m + 16+ 21), C(0,36m + 31--34,20m + 17 — 2i)|
i=0,1,....,k — 1 (omit these triples if k3 =0)}

U{T(0,2 + 3i, 16m + 16 + 2i), 7(0,36m + 31 — 3/,20m -+ 17 ~ 2i) |
i=l3,ks+1,...,m (omit these triples if &y = m +- 1)}

U{C(0,6m +2 - 3i,20m + 16 — 2i), C(0,30m + 31 + 34, 16m + 17 +2i) |
1=0,1,...,k — 1 (omit these triples if k4 = 0 or if m = 0)}

U{T(0,6m 42 —3i20m+ 16 — 20),7(0,30m + 31 + 3i, 16m + 17 + 2i) |
i=rkyks+1,...,m~1 (omit these triples if &y = m or if m = 0)}
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U {C(0,8m + 8,20m -+ 18), C(0, 22m -+ 20,16m + 15) (omit these triples if
k < 6m+3)}

U{T(0,8m + 8,20m - 18),7(0,22m +- 20, 16m + 15) (omit these triples if
k = 6m+3)}.

In each case, the given set is a set of base triples for a cyclic c-HTS(v) under the
permutation 7 = (0,1,...,v~1). O

Lemma 2.7. Jf v = 0 (mod 12), then there exists a cyclic c-HTS(v) for all c € B,
such that ¢ = 20/3 (mod v), except for ¢ == b,

Proof
Case 1. Suppose v = 0(mod 12) and ¢ = 2v/3 (mod 2v), say v == 12m, and ¢ =
2kv 4 20/3. Define

k—{k if k<m,
T itk s om,
{0 if k<m,
k= _
k—-m itk>m.
Consider the set

{C(0, 4m, 8m), C(0, 8m, 4m), T(0, Sm,3m)}
U{C(0,6m —i,1 +i),C(0,2m+i,12m_— 1-Di=0,1,...,k -1
(omit these triples if & = 0)}
U{T(0,6m — i, 1+ &), 7(0,2m + £, 12m — 1 — D|i=kik+1,...,m—1
(omit these triples if &; = m))}
U{C(O,Sm—1-—i,m+1—|—i),C(0,3m+l+z‘, Hm—1-i)]|i=0,1,...,kh—1
(omit these triples if k, = 0 or if m = 1)}
U{T(0,5m—1—i,m+1+1i), T, 3m+ 146, 1m—1-~i) | { = by, ky+1,...,m—2
(omit these triples if &y = m — 1 or if m = D}
Case 2: Suppose v = 0(mod 12) and ¢ = 50/3 (mod 2v), say v = 12m, and ¢ =
2kv + 5v/3. In the case of ¢ == &,, then a cyclic ¢-HTS(v) would also be a cyclic

MTS(v), which does not exist. So we consider only 0<k<2m ~ 2. If m = 1 then
consider the set

{€(0,4,8),C(0,8,4),C(0,6,1), 7(0,10,1),7(0,9,2)}.
Now suppose m > 1. Define

' {k ifkg<m—1,
' m—1 ifk>m-1,
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P {0 - ifkgsm—1,
P Vk=m+1 ifk>m—1.

Consider the set

{C(0,4m,8m), C(0,8m,4m), C(0,5m + 1,m), T(0, 10m, m), T(0, 10m — 1,2m)}

U{C(0,2m+1+i, 12m—1-1), C(0,6m+142i, 14i) | i = 0,1,...,k —1
(omit these triples if &, = 0)}

U{T(0,2m+ 144, 12m~1 i), T(0, 6m+1+2i, 141) | i = ky, ky +1,...,m—2
(omit these triples if ky = m — 1)}

U{C(0,3m+1+14,1 Im~1-73, C(0,8m+142i, m+1+i) |i=0,1,...,kh—1
(omit these triples if k, = 0)}

U{T(0,3m+144, 1lm—1—i), T(0, 8m+ 1420, m+1+i) | i = kp,kp+1,...,m—2
(omit these triples if &y = m — 1)}

In both cases, the given set is a set of base triples for a cyclic ¢-HTS(v) under the
permutation 7 = (0,1,...,v—1). [

The results of this section combine to give us

Theorem 2.1. A cyclic c-HTS(v) exists if and only if
(i) v = 1(mod 6) and ¢ € {0,20,3v,4v,...,0v(v — 1)/3}, or
(i) v=4(mod12) and t € {v,2v,3v,...,v(v —~ 1)/3}, or
(iii) v =3(mod 6),0 # 9 and t € {0,2v,3v,4v,...,v(v — 3)/3}, or
(iv) v = 0(mod 12) and t € {v.20,30,...,0(v — 3)/3}
where t = b, —c=v(v—1)/3 —¢c.

3. Rotational hybrid triple systems.

In this section, we construct rotational c-HTS(v)s based on the vertex set {oo}u
Z,..; and admitting the automorphism p = (co0 )0, 1,. ..,0—2). We have the following
necessary conditions:

Lemma 3.1. If a rotational c-HTS(v) exists, then v = 0 (mod 3) and ¢ = 0(mod v—1)
or v=1(mod3) and ¢ = (v — 1)/3(mod v — 1). Also, if v = 0(mod 6) or if v = 10,
then ¢ # v(v — 1)/3.

Proof. The orbit of any transitive triple under p is of length v — 1. Therefore,
t=v(v—1)/3—c=0(modv—1). The result follows from a counting argument, along
with the fact that a rotational MTS(v) exists if and only if v = 1, 3 or 4(mod6),
v#10. [
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We now show that these necessary conditions are sufficient,

Lemma 3.2, If v = 4 (mod 6), then there exists a rotational c-HTS(v) for ali c € B,
such that ¢ = (v — 1)/3(mod v — 1), except for the case v = 10 and ¢ = 30,

Proof. First, suppose v = 10. If ¢ = 3, consider the set {7(0, 00,7),C(0,3,6), T(0,1,5),
T(0,2,8)}. If ¢ = 12, consider the set {C(0,0,2), C(0,3,6), T(0,1,5), T(0,2,8)}. If
¢ = 21, consider the set {C(0, 00, 7),C(0,6,3), T(0, 1,5), C(0,3,1}}. In each case, the
given set is a set of base triples for a rotational ¢-HTS(10) under the permutation
p = (c0)(0,1,...,8).

Now suppose v = 4 (mod 6), v # 10. Then by case 1 of Lemma 2.6, there exists a
eyclic e-HTS(v—1) for all ¢ = 2(v—1)/3 (mod 2(v— 1)). Let % be a set of base triples
for such a design. Then f* contains two triples, say by and b, such that the orbits of
by and by are each of length (v — 1)/3 (notice then that b is in the orbit of the block
C(0, (v—1)/3,2(v—1)/3) and b, is in the orbit of the block C(2(v—1)/3,(v—1)/3,0)).
Consider the sets

B = {C(0,00,(v — 1)/3), C(0, (v - 1)/3,2(v ~ 1)/3)} U B* \ {b1, b5}
and
ﬁZ = {T(0,00,Z(U - 1)/3)a C(O,(U - 1)/3,2(U - 1)/3)} Uﬁ* \ {b],b2}-

Then f; is a set of base triples for a rotational c-HTS(v) where ¢ = 4(v — 1)/
3(mod2(v —~ 1)) and f, is a set of base triples for a rotational ¢-HTS(v) where
¢ = (v~ 1)/3(mod2(v — 1)). Therefore, there exists a rotational c-HTS(v) for all
c=w-1)3(modv—1). O

Lemma 3.3, If v = 1(mod 6), then there exists a rotational ¢-HTS(v) for all ¢ € B,
such that ¢ = (v —1)/3 (mod v — 1).

Proof. We consider two cases.

Case 1: First, if ¢ = v(v — 1)/3 then a rotational c-HTS(v) is also a rotational
MTS(v) and such a system is known to exist [1]. Now suppose v = 1({mod 12) and
e =(—1)3(modv—-1), say v = 12m+ 1 and ¢ = (v —1)/3 + k(v ~ 1) where
k < (v~ 1)/3. Define

[ WR2) i 2] <m 1,
]_{mwl if |k/2) > m—1,
0 if |k/2] <m - 1,
ky=q K2)—m+1 ifm—1 < k2] <2m 2,
A m-1 if [k/2] > 2m — 2.
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Consider the set

{T(0,00,8m) (omit this triple if & is odd)}
U {C(0,00,4m) (omit this triple if k is even)} U {T(0,m,3m), C(0,4m,8m)}
U{C(0,10m,8m—1),C(0,5m+1,4m+1) (omit these triples if & <4m—2)}
U{7(0,10m,8m—1), T(0,5m+1,4m+1) (omit these triples if k=4m—2)}
U{C(0,2m+1+412m—1~i),C(0,6m — i, 1+i) | i =0,1,...,k -1
(omit these triples if k) == 0 or if m = 1)}
U{T(0,2m+1+i, 12m—1—0), T(0,6m—i, 14+i) | i = k1, by +1,...,m—2
(omit these triples if k) = m — 1 or if m = 1)}
U{C0,3m+1+i,11m—1-i),C(0,5m—i,m+1+i) | i=0,1,...,kn—1
(omit these triples if k, =0 or if m = 1)}
U{T(0,3m~+1+4i, 11m—1—0), T(0,5m—i,m+1+i) | i = kp, ko +1,...,m—2
(omit these triples if ki =m — 1 or if m = 1)}
Case 2: First, if ¢ = v(v — 1)/3 then a rotational ¢-HTS(v) is also a rotational
MTS(v) and such a system is known to exist [1]. Now suppose v = 7 (mod 12) and

¢c = (—-1)3(modv — 1), say v = 12m+ 7 and ¢ = (v — 1)/3 + k(v — 1) where
~k < (v—1)/3. Define ‘

b= { |k/2] i |k/2] <m,
mo i k2] > m,
0 if [k/2) <m,

ky=1< k2] —m ifm< |k2]<2m -1,
m—1 if {£/2] > 2m — 1.

Consider the set

{T(0,00,2m + 1) (omit this triple if £ is odd)}

U {C(0,00, 10m + 5) (omit this triple if k is even)}

U{T(0,11lm -+ 5,4m + 2),C(0,8m + 4,4m + 2)}

U{C(0,m + 1,4m + 3),C(0, 10m + 4,8m -+ 3) (omit these triples if
k < 4m or if m = 0)}

U{T(0,m + 1,4m + 3),7(0, 10m + 4,8m -+ 3) (omit these triples if
k=4m or if m=0)}

U{C(0, 2m+244, 12m+5—1), C(0,6m+3—i, 144) [ i = 0, 1,...,k —1
(omit these triples if &y = 0 or if m == 0)}
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U{7(0, 2m+2++1, 12m+5-1), T(0, 6m+3—i, 1 +i) | i = ey, k41, ..., m—1
(omit these triples if k) = m or if m = 0)}

U{C(0,3m+3 i, 11m+4--1), CO, Sm+2~i,m+24i) | i = 0,1,... hy—1
(omit these triples if 4, == 0 or if m< 1))

U{T(0,3m+3+i, Llm+4—i), T(0, Sm+2~i, m+244) | i = kp, ko +1,...,m—2

(omit these triples if & = m — 1 or if m<1)}.

In both cases, the given set is a set of base triples for a rotational c-HTS(v) under the
permutation g = (c0)(0,1,--+,0—2). [J

Lemma 34, If v = 0(mod3), then there exists a rotational c-HTS(v) for all
¢ € By such that ¢ = O(modv — 1), except the case of v = 0(mod 6) and
¢ =v(v—1)/3.

Proof. We consider two cases. .
Case 1: Suppose v == 0(mod 6) and ¢ = 0 (mod v — 1), say v = 6m and ¢ = k(v—1).
Consider the set

{T(0,00,2m) (omit this triple if k is odd)}
U{C(0,00,4m — 1) (omit this triple if & is even)} U {7(0,3m,5m — 1)}
U{CO,m+i,6m—2—1i),C0,3m—1~i,1+1i)|i=0,1,..., lk/2] —1
(omit these triples if k = O or L,or if m=1)} '
U{T(0, m+i,6m—2—i), T(0,3m— 1 —i, 1 i) | i = |k/2], [&/2] + 1,...,m~2

(omit these triples if me= 1)}.

i

Case 2: Suppose v = 3 (mod 6) and ¢ = 0(mod v — 1), say v=0m — 3, m>1, and
¢ = k(v — 1). Consider the set

{7(0,00,3m — 2) (omit this triple if k is odd)}
U{C(0, 00,3m — 2) (omit this triple if & is even))
U{C(O,m +i,6m — 5 — ),C(0,3m +2i,1+1) | i = 0,1,..., (k2] — 1
(omit these triples if k =0 or 1,0r if m = 1)}
U{T(0,m+i,6m-~5—i),T(0,3m + 2,1 + 1) | i = [&/2), |K/2] +1,...,m—2
(omit these triples if £ = 2m — 1 or m = 1)}.

In both cases, the given set is a set of base triples for a rotational c¢-HTS(v) under the
permutation p = (c0)(0,1,...,0 — 2). -
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The results of this section combine to give us

Theorem 3.1. A4 rotational c-HTS(v) exists if and only if
(i) v=10 and t € {9,18,27}, or
(i) v = 1(mod3),v # 10, and t € {0,(v — 1),2(v — 1),3(v — 1),...,(v — 1)¥/3, or
(i) v=0(mod6) and t € {(v~1),2(v — 1),3(v -~ 1),...,0(v — 1)/3}, or
(iv) v =3 (mod 6) and t € {0,(v - 1),2(v — 1),3(v — 1),...,0( — 1)/3}
where t = by —c =v(v - 1)/3 —¢.
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