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Abstract. The osculating 4-cycles graph, denoted OCy, consists of two 4-cycles
with exactly one vertex in common. Necessary and sufficient conditions are given
for the existence of a decomposition of the complete graph into OCy’s. Necessary
and sufficient conditions are also presented for maximal packings of the complete
graph with OCjy's.

1 Introduction

A decomposition of a simple graph G into isomorphic copies of a graph
g is a set {g1,92,..., gn} Where ¢; = ¢ and V{g;) < V(G) for all 1,
n

E(g:)( ) Elg;) = 0 for i # j, and UE(gi) = F(G), where V(G) is the

i=1

vertex set of graph G and E(QG) is the edge set of graph G. We will refer
to such a decomposition as a “g-decomposition of G.” In the event that a
g-decomposition of G does not exist, we can ask the question “How close
can we get to a g-decomposition of G7" One approach is the idea of a
“packing.”

A maximal packing of a simple graph G with isomorphic copies of a
graph g is a set {g1,99,...,9n} where g; = g and V(g;) C V(G) for all ¢,

T

E(g:) N E(g;) =0ifi#3, | Jo: € G, and
1=1

n

BG)\ | E(g:)

2=]

is minimal. Packings of complete graphs have been studied, for example,
for the graph g a 3-cycle {8], a 4-cycle (9], K4 [2], and a 6-cycle [5, §].
Consider the graph
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OCy =

which we call osculating 3-cycles (the terms bowtie |1} and 2-windmill [4]
have also been used). Hordk and Rosa [4] solve the decomposition and
packing problems of complete graphs on v vertices, K,, with OC3’s in the
cases v = 1 or 3 (mod 6) (they actually address decompositions and packing
problems of Steiner triple systems). In this paper, we concentrate on the
graph

OCy =

which we call osculating 4-cycles. With the vertices as labeled, we denote
this graph as ([k,v1, va,vs], [k, w1, wy, wa]). The purpose of this paper is to
give necessary and sufficient conditions for decompositions and maximal
packings of complete graphs with OC4's. In each case, we will give direct
constructions of an optimal set of OCy’s.

2 Decompositions

For an OC,-decomposition of K, it is clear that we need |E(K,)| = 0
(mod 8); that is, v = 0 or 1 (mod 16). Also, since each vertex of OCy is of
even degree, we need v odd. Therefore, a necessary condition for an OCy-
decomposition of K, is v = 1 (mod 16). We use a simple cyclic construction
to show this necessary condition is in fact sufficient. Throughout this paper,
we take the vertex set of K, as {0,1,...,v— 1}

Theorem 2.1 An OC4-decomposition of K, exists if and only if v = 1
(mod 16). '
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Proof. We only need to establish sufficiency. Consider the set

({5, 1+ 8 +35,5+161+5,24+8i+7],(5,8 + 80+ 7,13+ 164 + 5,7 - 8i + J])

i
i

fori=0,1,...,(v—17)/16 and 4 =0,1,...,v — 1}

;(where the labels of the vertices are reduced modulo v). This set is an
%OC‘,;-decomposition of K. ' g

i

'3 Packings

SIn a maximal packing of &G with copies of ¢, we call the graph induced

' by E(G)\ U E{g;) the leave, L, of the packing. In this section we give

: i=1
i necessary and sufficient conditions for a maximal packing of K, with OC}’s.

We start with some initial results.

Lemma 3.1 An OCy-decomposition of K, exists if and only if n = 0
: (mod 2), m=0 (mod 4), m > 4, and n > 4,

- Proof. Since the degree of each vertex of OCy is even, in such a decompo-
~ sition it is necessary that the degree of each vertex of K,, , must be even.
" Therefore m = n = 0 (mod 2) is necessary. Since |F(OCy)| = 8, we also
need |E(Kmn)l = 0 (mod 8), and therefore (without loss of generality)
m = 0 (mod 4) is necessary. Finally, since OC} is a bipartite graph with
the vertex set of one part having cardinality 3 and the vertex set of the
other part having cardinality 4, we need both m and n to be greater than
or equal to 4.
Now for sufficiency, suppose the partite sets of K, » are {11,21,...,m}
and {12, 20,..., ?12}.
Case 1. Suppose m = n = 0 (mod 4). Consider the set:

{([(2+45)y, (1+47)2, (1-+4i)1, (2-+45)2)[(248)1, (3+47)2, (34-31)1, (4-+45)2))

fori=0,1,...,m/4—~1and j=0,1,..., n/d -1},

Case 2. Suppose m =0 (mod 4} and n = 2 {mod 4), n > 6. Consider the

set:
- {([22, (14 4401, 12, (2 + 47)1]{22, (3 + 47)1, 32, (4 + 44)1)),

([621 (4 -+ 4j)11527 (3 + 43)1][621 (2 + 4j)l} 321 (1 + 4.7)1])1
([42, (1 4+ 44)1,52, (2 + 49)1){42, (3 + 45)1, 12, (4 + 47} ])

forj:O,l,...,m/4—1}U
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{(1(8-+40)2,(1+47)1(T+40)2,(2+ 471 (8- i), (3+4)1,(9-+40) {4+ 471 ]},
([(10-+4i)2,{1+45)1,(9+42)2,(24+47)1],[(10442)2,(4+45) 1,(7+48)2,(3+45)1])
fori=0,1,:..,{n—10)/4d and j =0,1,...,m/4 — 1}.

In each case, the given set is an OCy-decomposition of Ky, n.

Lemma 3.2 A mazimal packing of K, , wherem =n =2 (mod 4), m > 6,
and n > 6 with OCy’s has a leave L = Cy.

Proof. Suppose m and n satisfy the given conditions. Then |E(K )| = 4
(mod 8). Therefore a leave L with |E(L)| = 4 would be optimal. Also, each
vertex of K, , is of even degree and each vertex of OC, is of even degree,
so if |E(L)| = 4 then it must be that L = Cy. Consider the set:

{(121,12, 11, 22][21, 32, 31, 42]), ([52, 51, 62, 61][52, 41, 22, 31]),

([11, 32,51, 42][11, 52,21, 62]), ({41, 12, 31, 62]{41, 32,61, 42]) }.

This set is an OCy-packing of K ¢ where the partite sets are {1,2), 31,44,
51,61} and {1g,22,32,42,52,62} and the leave is L = Cy = (51, 12,61, 22].
With the notation of Lemma 3.1, notice that general K, , can be written
as

K-m.,n = KG,G U Kmmﬁ,ﬁ U KG,nh«G U Km—~6,n—6

where the partite sets of Kg g are as above, the partite sets of K,,,_g¢ are
{71,81,...,m1} and {12,29,32,42,5,,6,}, the partite sets of K¢ n—c are
{11,21, 31,41, 951, 61} and {72,82, Ce ,?’Lg}, and the partite sets of Km_g.n_g
are {71,81,...,m1} and {72,89,...,n2}. Since there are OC4-decomposi-
tions of Km-66, Ken-s, 80d Kp_gn-s by Lemma 3.1, we see that a

maximal packing of K, , with OCy’s has a leave of L = Cj.

Theorem 3.1 A mazimal packing of K, with OCy's and leave L satisfies
the following:

1. ifv =0 or2 (mod 8), then [F(L)| =v/2,
2. if v =4 or 6 (mod 8), then |E(L)| = v/2 + 4,

3. ifv=1,3,7,911 or 13 (mod 16), v # 7, then |F(L)] = |E(K,)| (mod
8),

4. if v =17, then |E(L)| = 13,
5. if v =5 or 15 (mod 16), then |E(L)| = |E(K,)}| {mod 8) + 8.
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Proof. Theorem 2.1 takes care of v = 1 (mod 16). We now consider 17
cases.

Case 1. Suppose v = 2 (mod 16). Then each vertex of K, is of odd
degree. Since each vertex of OCj is of even degree, the leave of a
packing will have each vertex of odd degree. Therefore a leave L with
|E(L}| = v/2 would be optimal (in which case L is a perfect matching
of K,). Consider the set:

{([j,1~|—8i+j,5+163'+j,2+8i—|—j],[j,8+8i+j,13+16i+j,7+8i+j])

for:=0,1,...,(v—18)/16 and j = 0,1,...,v — 1}

(where the labels of the vertices are reduced modulo v). This is a
maximal packing of K, with leave L where E(L) = {{(i,v/2+1i) for i =
0,1,...,u/2 -1},

Case 2. Suppose v = 3 (mod 16). In this case, |[E(K,)] = 3 (mod 8).
Therefore a leave L with |F(L)| = 3 would be optimal. Also, since
each vertex of K, is of even degree and each vertex of OCy is of even
degree, if |[E(L)| = 3 then L = C3. Notice that

K'u = Ku—-2 U KU-—-3,2 U OS

where the vertex set of K, _5 is {0,1,...,v - 3}, the partite sets of
K,.-32are {0,1,...,v—4} and {v—2,v—1}, and the vertex set of Cj
is {v~3,v—2,v —1}. Since an OC4-decomposition of K, exists by
Theorem 2.1, and an OCy-decomposition of K,._3 2 exists by Lemma
3.1, then a maximal packing of K, exists with leave L = Cj,

Case 3. Suppose v = 4 (mod 16). Then, as in Case 1, each vertex of the
Jleave must be of odd degree. The leave must therefore consist of at
least v/2 edges. Now |E(K,)| = 6 (mod 8) and v/2 = 2 (mod 8), so a
maximal packing will have a leave L where |E(L)| > v/2 + 4. Notice

that
K, =Ky U Ky_a2 U Ky U Cy

where the vertex set of K, o is {0,1,...,v — 3}, the partite sets of
Ky_s49are {0,1,...,v—5} and {v—2,v — 1}, the vertex set of K3 is
{v—2,v—1}, the vertex set of Cy is {v—4,v—3,v~2,v—1}, and the
edge set of Cy is {(v—4,v-2), (v—4,v—1),(v—=3,v~2), (v=3,v—1)}.
First, there exists an OCy-decomposition of K,_4,2 by Lemma 3.1.
Next, there exists a packing of K,_5 with leave Ly where |E(L;)] =
(v —2)/2. Therefore there exists a maximal packing of K, with leave
L where |E(L)| = |E(L1)| + |E(K2)| + |E(Cy)| = v/2 + 4.
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Case 4. Suppose v = 5 {mod 16). Then, as in Case 2, each vertex of the
leave must be of even degree. Now |E(K,)| = 2 (mod 8). Clearly, each
vertex of the leave cannot be of even degree if |E(L)| = 2. Therefore
|E(L)| > 10. Notice that |

Ky =Kys JKos4] ) Ks

where the vertex set of K,_4 is {0,1,...,v — 5}, the partite sets of
Ky 54 are {0,1,...,0—6} and {v —4,v — 3,0 — 2,v — 1}, and the
vertex set of Ky is {v — 5,0~ 4,v—3,v~2,v~1}. Since there exists
an OCjy-decomposition of K,_, by Theorem 2.1, and there exists
an OCy-decomposition of K, 54 by Lemma 3.1, then there exists a
maximal packing of K, with OCy’s and [E(L)| = |E(Ks)| = 10.

Case 5. Suppose v = 6 (mod 16). Then as in Case 1, each vertex of the
leave must be of odd degree and |E(L)] > v/2. Since |[E(K)] =7
(mod 8) and v/2 = 3 (mod 8), it is necessary that |E(L)| > v/2 4 4.
Notice that 7

Ky =Koy JKo-a4| JKa

where the vertex set of K,_4 is {0,1,...,v — 5}, the partite sets of
Ky_4,4 are {0,1,...,v =58} and {v —4,v — 3,v - 2,v — 1}, and the
vertex set of Kq is {v —4,v — 3,v — 2,v — 1}. First, there exists an
OCy-decomposition of K,_4 4 by Lemma 3.1. Second, there exists an
OCy-packing of K4 with leave L; where |E(L,)| = (v — 4)/2 by
Case 1. Therefore there exists a maximal packing of K, with OC,’s
where [E(L)| = |E(L1)| + [E(Ky)| = v/2 + 4.

Case 6. Suppose v = 7. Without loss of generality, 4 = (10,1,2,3,],[0,4,
5,6]) is in a maximal packing of K;. Suppose there is a second OCYy
in such a packing, call it B, and that vertex o is of degree 4 in graph
B. First, suppose vertex a is adjacent to vertex 0 in graph A, say
(without loss of generality) that o = 1. Then in graph B, vertex a is
adjacent to vertices 3, 4, 5, and 6. Therefore, in graph B, vertex 3
must be adjacent to either vertex 0 or vertex 2. This is impossible,
since in graph A, vertex 3 is adjacent to both vertices 0 and 2. Second,
suppose vertex a is not adjacent to vertex 0 in graph A, say (without
loss of generality) that a = 2. Then in graph B, vertex a is adjacent
to vertices 0, 4, 5, and 6. Therefore in graph B, vertex 0 must be
adjacent to either vertex 1 or vertex 3. This is impossible since in
graph A, vertex 0 is adjacent to both vertices 1 and 3. Therefore,
there is only one OCjy in a maximal packing of K~ and the leave I of
such a packing satisfies |E(L)| = 13.
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Case 7. Suppose v = 23. Notice that

Koz = Kg UK6,5 UK6,12 UK17

where the vertex set of K is {0,1,...,5}, the partite sets of K 5 are
{0,1,...,5} and {6,7,8,9,10}, the partite sets of Ke,12 are {0,1,...,
5} and {11,12,...,22}, and the vertex set of K7 is {6,7,. .. ,22}. An
OCjs-decomposition of K 19 exists by Lemma 3.1 and an OC4-decom-
position of K7 exists by Theorem 2.1. These decompositions along
with: {([1,7,0,6],(1,8,2,9]), (|4,10,3,9],(4,6,5,7]),([5,10,0,8], [5,2,
1,4]), ([3,7,2,6],(3,1,5,0]), ([2,3,8,4],(2,0,1,0]}} form a maximal
packing of Ky3 with leave L = Cy where the edge set of L is {(0,4),
(3,4), (3,5), (5,0),(0,9)}.

Case 8. Suppose v =7 (mod 16), v > 39. In this case, |[F(K,)| = 5 (mod
8). Therefore a leave L with |E(L)| = 5 would be optimal. Also,
since each vertex of K, is of even degree and each vertex of OCy is
of even degree, if |F(L)| = 5 then L = Cs. Notice that

K’U = Ku-—ﬁ U Kv~«7,6 U K7

where the vertex set of Ky_g is {0,1,...,v — 7}, the partite sets of
K,_7gare{0,1,...,v—8} and {v—"7,v—6,...,v-1}, and the vertex
set of K7 is {v —7,v—6,...,v— 1}.

Case 9. Suppose v = 8 (mod 16). Then, as in Case 1, each vertex of the
leave must be of odd degree. The leave must therefore consist of at
least v/2 edges. Notice that

Ky = Ky| Kooz K2

where the vertex set of Ky_z is {0,1,...,v — 3}, the partite sets of
K, _g9are{0,1,...,v-3}and {v—-2,v— 1}, and the vertex set of Ky
is {v —2,v — 1}. Now from Case 5, we see that there is a packing of
K, with leave L where E(L;) = {{0,1),(2,3),...,(»—6,v-5),(v—
4,v-3)}J{(v~6,v—4),(v—4,v-5),(v—5,0=3),(v-3,v—6)}. By
Lemma 3.2, there exists a packing of K,_g2 with leave Ly = Cy =
[v—Tv—=2v—4v-— 1]. Therefore, if we take these two packings
along with ([v —4,v -1,v - 2,v—-T7],[v—4,v = 5,v—-3,v — 6]}, then
we have a maximal packing of K,, with leave L where

E(L) = {(20,2i+1) | i =0,1,...,(v —2)/2}

and |E(L)| = v/2.
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Case 10. Suppose v = 9 (mod 16). In this case, |E(K,)| = 4 (mod 8).
Therefore a leave L with |E(L)| = 4 would be optimal. Aiso as in
Case 2, if |E(L)| = 4 then L = C4. Notice that

Ky, =Ky.3 UK‘U-—Q,B U Kgq

where the vertex set of K,_g is {0,1,...,v — 9}, the partite sets of
K, ogare{0,1,...,v—10} and {v—8,v-7,...,v—1}, and the vertex
set of Kg is {v—9,2—8,...,v—1}. There is an OCy-decomposition of
K,_g by Theorem 2.1, and there is an OC4-decomposition of K, _g g
by Lemma 3.1. These decompositions along with

{(v—4,v—-3,v-8v—-1],[v—4,v-9,v-2,9-5]), ([v—-9,v~3,v—-2,0-7],

[v—=9,v—-8,v—4,v=60)), ([v—-7,v—6,v—2,v—4], [v=T,v—1,v=9,v—5]),
(lv—-8v—-T7v—-3v-5][v—-8v-—2v—10v—6])}

forms a maximal packing of K, with leave L = Cy = [v ~6,v —5,v—
1,v—3].

Case 11. Suppose v = 10 (mod 16). As in Case 1, it is necessary for the
leave I, to satisfy F(L) > v/2. Notice that

Ku = KU—Z U K‘u-—?,? U K2

where the vertex set of Ko is {0,1,...,v — 3}, the partite sets of
Ky_o99 are {0,1,...,v — 3} and {v — 2,v — 1}, and the vertex set
of Ky is {v — 2,v — 1}. There is an OCjy-decomposition of K,_3
with leave Ly where |E(L1)| = (v — 2)/2 by Case 8 and there is an
OCy-decomposition of K,_3 9 by Lemma 3.1. Therefore there exists
a maximal packing of K, with leave L where |E(L)| = |E(L1)| +
|B(Ks)| = v/2.

Case 12. Suppose v = 11 (mod 16). In this case, |E(K,)| = 7 (mod 8).
Therefore a leave L with |E(L)| = 7 would be optimal. Notice that

Ky =Ky 10 UKu—ll,l() U Ku

where the vertex set of K10 Is {0,1,...,v ~ 11}, the partite sets
of Ky—-11,10 are {0,1,...,v— 12} and {v —10,v—-09,...,v — 1}, and
the vertex set of Ky is {v — 11,0 — 10,...,v — 1}. There is an
OCy~decomposition of K,_;9 by Theorem 2.1 and there is an OCy-
decomposition of K,._11,10 Lemma 3.1. Take these decompomtlons
along with:

{(lv-6,v-9,v—4,v--11],[v—6,v —3,v = 7,v - 8]),
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([v—"5,v—10,v =7, —~6},[v—>5v—11l,v—3,v-8]),
(v—4,v-5,v—9,v-—-8],[v—4,v—T7,v~11,v - 10]),
(v-9v—-11,v—8,v—10],[v - 9,v —2,v - T,v —1]),
([v—6,v—4,v—-3,v—10][v~6,v—1v—11,v—2]),
([v—5,v—38,v—=9v—T7),[v—-5v—-1,v—-4,v-2])}

This gives a maximal packing of K, with leave L where
E(L)={{v-2,v—-10),(v—2,v—8),(v—2,v—3),(v-—1,v —10),
(v—1,v-8),(v—1v—3),(v—2,v—1)}

and |E(L)| = 7.

Case 13. Suppose v = 12 (mod 16). Then as in Case 1, each vertex of the
leave L must be of odd degree and so |E(L)| > v/2. Now |E(K,)| =2
(mod 8) and v/2 = 6 (mod 8), so a maximal packing will have a leave
L where |E(L)| = v/2 + 4. Notice that

K. =Ky 10 U Ky-10,10 U Ko

where the vertex set of K,_1p is {0,1,...,v — 11}, the partite sets of
IKy_10,10 are {0,1,...,v—11} and {v —10,v —9,...,v — 1}, and the
vertex set of Ko is {v —10,v—9,...,v — 1}. Now from Case 2, we
see that there is a packing of K,_ig with leave L) where |F(L,)| =
(v—10)/2. By Case 10, there is a packing of Ko with leave Ly where
|E(L3)| = 5. By Lemma 3.2, there is a packing of K, _j0,10 with leave
L3 where |E(L3)| = 4. Therefore there exists a maximal packing of
K, with leave I, where

[E(L) = |E(L1)] + [E(L2)] + |E(Ls)| = v/2 + 4.

Case 14. Suppose v = 13 (mod 16). Then |E(K,)| = 6 (mod 8). There-
fore a leave L with |F(L}| == 6 would be optimal. Notice that

K, =Ky_12 U Ky-13,12 UKIB

where the vertex set of K,_12 is {0,1,...,v — 13}, the partite sets
of Ky_13,12 are {0,1,...,v —14} and {v—12,v—11,...,v —1}, and
the vertex set of Kz is {v — 13,v — 12,...,v — 1}. There is an
OCy-decomposition of K,_15 by Theorem 2.1. There is an OCy-
decomposition of K,_13 12 by Lemma 3.1. Now for K3 notice that

Kis = Ko| JKsa| J K4l S
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where the vertex set of Kg is {v—13,v—12,...,v~5}, the partite sets
of Kg 4 are {v—13,v—12,...,v—6} and {v—4,v ~3,v - 2,v — 1},
the vertex set of K4 is {v — 4,v — 3,v — 2,v ~ 1}, the vertex set
of 84 is {v —5v—4,v - 3,v —2,v — 1} and the edge set of Sy is
{(v—-5,v—4),(v—5v-3),(v—5,0—2),(v-5v—1)}. By Case 9,
Ky can be packed with OCy’s and a leave of Cy = [v — 5,v — 6,v —
7,v — 8]. By Lemma 3.1, there exists an OC4-decomposition of Kj 4.
If we take the edges of these packings and decompositions along with
{(lv—=5,v—6,v—-T7,v-8],[v—5v—4,v—3,v—2])} then we have
a maximal packing of K, with leave L where

|E(L)| = |{(v —5,0~3),(v-38v~1),(v—1,v—5),
(v—-Lv—4),(v-4,v-2),v—2,v—1} =6
In fact, in this construction L = OCj.

Case 15. Next, suppose v = 14 (mod 16). Then as in Case 1, each vertex
of the leave must be of odd degree and |E(L)| > v/2. Now |E(K,)| =
3 (mod 8) and v/2 = 7 (mod 8), so a maximal packing will have a
leave I, where |E(L)| > v/2 4 4. First, if v = 14 then consider

{([1,10,0,9),1,11,2,12)),({3,9,2, 10], [3, 11, 14, 13]),
(15,10,4,9],[5,12,6,13]), ([7,11,6,9],[7, 12,8, 13]),
((11,9,12,0],[11,13,10,8)), ([13,12,10, 9], [13,0,2,1]),
(5,2,7,01,[5,8,4,3]), ([8,2,4,6),(8,7,5,1]),
(16,1,4,5],[6,0,8,3)),([7,6,2,3],(7,4,0,1))}.
This is a maximal packing of K4 with OC4’s and leave L with
E(L) = {(0,3),(1,3),(2,13), (3,12), (4, 12), (5, 11),
(6,10), (7,10, (8,9), (10,11), (11,12)}

and |E(L)| = 11. Next, suppose v = 14 (mod 16), v > 30. Notice

that
K, =K, o U Ky—22,20 U K

where the vertex set of K,_q9 is {0,1,...,v — 23}, the partite sets of
Ky9220 are {0,1,...,v—23} and {v—22,v—21,...,v—1}, and the
vertex set of Kop is {v —22,v — 21,...,v — 1}. By Case 8, there is
a packing of K, gy with leave Ly where |E(L;)| = (v — 22)/2. By
Lemma 3.1, there is an OCy4-decomposition of K,,_gp 20. By Case 5,
there is a packing of Ky with leave Ly where |E(Ly)| = 15. Therefore
there is a maximal packing of K, with leave L where

[E(L)] = [E(L1)] + | E(L2)l = v/2 + 4.
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Case 16. Suppose v = 15 (mod 16). Then [E(K,)| = 1 (mod 8). As in
Case 2, each vertex of the leave L of a maximal packing must be of
even degree. Clearly, this cannot happen with |F(L)| = 1, and so it
is necessary that |E(L)] > 9. Notice that

Ky = Ky 1a| JKoo15,04| ) Kis

where the vertex set of K14 is {0,1,...,v — 15}, the partite sets
of Ky 1514 are {0,1,...,v 16} and {v — 14, ~13,...,v — 1}, and
the vertex set of Kis is {v —15,v — 14,...,v — 1}. There is an OC;-
decomposition of K,..14 by Theorem 2.1. There is a decomposition
of Ky._1514 by Lemma 3.1. Next, notice that

Kis = Ko JKas| J Ko

where the vertex set of Ky is {v—15,v—-14,...,v7}, the partite sets
of Kg ¢ are {v—15,u—14,...,v—8} and {v—6,v—5,...,v—1}, and the
vertex set of K is {v—7,v—6,...,v—1}. By Case 9, there is a packing
of Kg with leave L) = C4 = [v—7,v-8,v—9,v —10]. By Lemma, 3.1,
there is an OCy-decomposition of Ky g. If we take the edges of these
packings and decompositions along with {([v—7,v—-8,v~9,v—10], [u~
7,v—6,0-4,v-2)),([v-3,v-7,v—1,v--2], [v—3,v—4,v-5v—6])},
then we have a maximal packing of K, with leave I, where

E(L) = {(v-1,v=-3),(v-1,v—4),(v—1,v-5),(v—1,v—6),{v—-2,u—-5),
(v=2,v-6),(v—-3,v—-5),(v—4,v—"7),(v—~5v~T7)}
and |E(L)| = 9.

Case 17. Suppose v = 0 (mod 16), v > 16. Then as in Case 1, each vertex
of the leave must be of odd degree and |E(L)| > v/2. Notice that

Ky = Ky JKo-22 Uk

where the vertex set of K, 5 is {0,1,...,v — 3}, the partite sets
of Ky 59 are {0,1,...,v — 3} and {v ~ 2,v — 1}, and the vertex
set of Ky is {v — 2,v ~ 1}. By Case 14, there exists a packing of
K, o with leave L; where E(Ly) = {(2¢,1+2i) |1 = 0,1,...,(v —
4)/2} U{(v — 3,v —5),(v — 5,v — 4), (v — 4,v — 6),(v — 6,v — 3)}.
By Lemma, 3.2, there exists a packing of K39 with leave Ly = Cy
where E(L3) = {{v—3,v—2),(v-2,v-7),(v—7,v-1),(v—1,v~-3)}.
If we take the edges of these packings and decompositions along with
{(v=3,v—5,v—4,v—6],[v-3,v—2,v—7,v-1])} then we have a
maximal packing of K, with leave L where E(L) = {(2i,1+2i) |i =
0,1,...,(v —2)/2} and [E(L)| = v/2.
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4 Conclusion

We have given necessary and sufficient conditions for the existence of an
OCjy-decomposition and an OCy-packing of K,. In summary: An OC4
decomposition of K, exists if and only if v = 1 (mod 16), and a maximal
packing of K, with OC4’s and leave L satisfies the following:

1.
2.
3.

if v=20or 2 (mod 8), then |E(L)| = v/2,
ifv=4or 6 (mod 8), then |E(L)| = v/2 -+ 4,
ifv=1,3,7,911 or 13 (mod 18), v +# 7, then |E(L)| = |E(K,)| (mod

8)!

. if v =7, then |F(L)| = 13,
. if v =6 or 156 (mod 16), then |E(L)| = |E(K,)| (mod 8) + 8.
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