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Abstract: Let K(v,w) denote the complete graph on v vertices with a hole
of size w (i.e., K{v,w) = K, \ Ky). We give necessary and sufficient conditions
for the existence of a minimum 4-cycle covering of K (v, w).
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1. Introduction

A decomposition of a simple graph G into isomorphic copies of a graph g is a
set {91,92,- .., gn} Where g; = g and V(g;) C V(@) for all 4, E(g;) N E(g5) =0
for ¢ # §, and Ul E(g:;) = E(G), where V(G) is the vertex set of graph G
and E(G) is the edge set of graph G. A related combinatorial structure is a
“graph covering.” A minimum covering of a simple graph GG with isomorphic
copies of a graph g is a set {g1,92,...,9,} where g; = g, V(g:) C V(G),
E(g;) ¢ E(Q@) for all 4, G C Ui, gi, and |V, E(g:) \ E(G)| is minimum (when
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considering coverings, the graph U, g; may not be simple and U} ; F(g;) may
be a multiset). Coverings of complete graphs have been studied for graph g a
3-cycle {3], a 4-cycle [6], and a 6-cycle [4]. _

Let K{v,w) denote the complete graph on v vertices with a hole of size w
(we assume w > 0). Namely, K (v,w) has vertex set V(K (v, w)) = Voo U Vi
where |V,_y| = v — w and |V,,| = w, and edge set

E(K{v,w)) = {(a,b) | a # b,{a,b} C Vy_4y UV, and {a,b} ¢ Vi, }.
Necessary and sufficient conditions for the decomposition of K{v,w) into m-
cycles are known for m € {3,4,5,6,7,8,10,12,14}, see [1, 2, 5.

The purpose of this paper is to give necessary and sufficient conditions for
minimum coverings of K{v,w) with copies of a 4-cycle, C4. Throughout, we
denote the 4-cycle with edge set {(a,b),(b,¢c),(c,d), (a, d)} as [a,b,¢,d] (and
analogously for different length cycles).

2. Decompositions

It is rather well known that there is a Cj decomposition of K, if and only
if v =1 (mod 8), see [6]. It is also very straightforward to verify that the
complete bipartite graph Ky, , can be decomposed into copies of Cy if and only
if m=n=0 (mod 2). A Cy decomposition of K(v,w) is given in [2]:

‘Theorem 1. A Cy decomposition of K(v,w) exists if and only if w = 1
(mod 2) and v — w = 0 (mod 8).

The following lemma is implicit in [6].

Lemma 2. A decomposition of K, \ M, where M is a perfect matching
of Ky, into copies of Cy exists if and only if n = 0 (mod 2).

3. Minimum Coverings

We now give necessary and sufficient conditions for the exis nce of a minimum
covering of K (v, w) with 4-cycles. The parities of w and - w play a central
role and produce a large number of cases in the constructic .s.

Theorem 3. A Cj minimum covering of K(v,w) satisfies the following
conditions:
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1. ifv—w=0 (mod 2), v —w > 2, and w= 1 (mod 2), then
0 if v —w =0 (mod 8),
5 ifv~—w=2 (mod 8),
2 ifv—w=4 (mod 8),
3 ifv—w =6 (mod 8),

2. ifv—w=0 (mod 4) and w = 0 (mod 2), then |E(P)| = (v —w)/2,

3. ifv—w=2 (mod4) and w = 0 (mod 2), then |E(P)| = (v—w)/2 + 2,

4, ifv—w =1 (mod2),v—w > 1, and w = 0 (mod 2), then |E(P)| = w+k
where k is the minimum nonnegative integer such that |E(K (v,w))|+|E(P)| =
0 (mod 4),

5. fv—w=1(mod?2),v—w>1 w=1(mod2), and v —w < w,
then |E(P)| = w + k where k is the minimum nonnegative integer such that
|B(K (v,w))| + |E(P)| = 0 (mod 4), and

6. ifv—w = 1 (mod 2), w = 1 (mod 2), and v—w > w, then |E(P)| = v/2+k
where k is the minimum nonnegative integer such that |E(K (v, w))|+|E(P)| =
0 (mod 4).

|E(P)| =

Proof, We consider several cases.

Case 1. Suppose v —w = 0 (mod 8) and w = 1 (mod 2). Then there exists
a decomposition by Theorem 2.1, and |E(P)| = 0.

Case 2. Suppose v —w = 2 (mod 8) and w = 1 (mod 2). First we observe
that v — w > 2 is necessary since with v — w = 2, we see that Cy is not a
subgraph of K (v, w) and so no covering exists. Each vertex of K (v, w) is of even
degree, so each vertex in the padding P of a minimum covering will be of even
degree. Since |E(K (v, w)| = 3 (mod 4), then a padding with one edge would be
optimal. However, P cannot have each vertex of even degree and only one edge.
So |E(P)] > 5. Now K (v,w) = Ky—y—-1 U Ky—ww-1U v —w—2)/2 xCyUCy
where the vertex set of Ky _yy—1 18 Vo—w \ {(v —w)1}, the vertex set of Ky 4 w1
has partite sets Vi, and Vy, \ {w2}, (v —w —2)/2 x C4 = {[(v — w)1,(2 —
1)1,ws, (20)1] 4= 1,2,...,(v—w—2)/2}, and C3 = [(v—w—1)1, (v-—w)1, we).
Since Ky_rp. 1 and Ky_qpy -1 can be decomposed into Cys, then by combining
the blocks of these decompositions with [(v—w)y, ws, (v —w —3)1, (v —w — 2);]
and [(v—w)1, (v—w—1)1,ws, (v—w—4)1], we get a minimum covering of K (v, w)
with a padding P where P = [(v—w—3)1, (v—w—2)1, (v—w)1, (v—w—4)1, wo]
and so |E(P)| = 5.

Case 3. Suppose v—w = 4 (mod 8) and w = 1 (mod 2). Then |E(K (v, w))| =
2 (mod 4), and so a covering with |E(£)| = 2 would be optimal. Now K (v,w) =
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K3 UKy p1U (0 —w —3) x C4 U2 x C3 where the vertex set of Kyy_y—3 is
{11,21,...,(v—w—3)1}, the vertex set of Ky_y, -1 has partite sets Vi and
Vi \{w2}, (v —w—2) x Cq = {[(v —w)1, (26—~ 1)1, w2, (20)1], [(v —w ~ 1)1, (20 —
Dy, (v—w—2)1,(2i)1][4=12,...,(v —w—4)/2} U{[(v—w ~ 1)1,(v —w—
2)1, (’l)—-’d)—-3)1,'11)2]}, and 2 x 03 = [(’U ——w)l, (‘U - W — 1)1, (1)"'"7.0—3)1]U [('U—
w)y, (v —w — 2)1,ws]. Since Ky_yp—3 and Ky -1 can be decomposed into
C4s, then by combining the blocks of these decompositions with {(v —w)i, (v —
w—1)1, (v —w — 3)1,we] and [(v — w)1, (v —w — 3)1,wy, (v —w— 2)1], we get a
minimum covering of K (v, w) with a padding P where P = 2 x ((v—w—3)1, ws)
and |E(P)| = 2.

Case 4. Suppose v—w = 6 (mod 8) and w = 1 (mod 2). Then |E(K (v, w))| =
1 (mod 4) and so a covering with |E(P)| = 3 would be optimal. Now K (v,w) =
Kyt U Ky_p—1 U B(v — w -~ 6)/2 + 4) x Cy U C5 where the vertex set
of Ky—w—s5is {11,21,...,(v —w — 5)1}, the vertex set of Ky. w1 has par-
tite sets Voo and Vi, \ {we}, (3(v —w —6)/2+4) x Cy = {[(v — w)1, (2 —
D, way @), (0 — w — Dy, (26 — 1)5, (0 — w — 21, (20)1), [(v — w — )1, (2 —
L1, (v—w—4)1,(2ih] |i=1,2,...,(v—~w—6)/2} U{|ws, (v—w—2)1, (v—w~—
31, (w—w)l, [ws, (@ —w—3)x, (v—w— 1)1, (0= w— 4], [ —w—5)1, (v~ w—
3)1, (v—w—4)1, (v—wh], [(v-w—"5)1, (v—w—1)1, (v—w)1, (v—w—2)1]}, and
Cs=[(v—w—5),ws,(v—w-—1)1,(v —w—2)1,(v—w-—4)]. Since Ky_y-5
and Ky_ypw—1 can be decomposed into Cys, then by combining the blocks of
the decompositions with [(v —w —5)1,(v —w — 1}, (v —w —2)1, (v~ w — 4)1]
and {wg, (v—w — 1)1, (v — w—6)1, (v —w — §)1], we get a minimum covering
of K (v, w) with padding P where P = [(v —w — 1)1, (v —w~ 61, (v —w — 5)1}
and so [E(P)| = 3.

Case 5. Suppose v — w = 0 (mod 4) and w = 0 {(mod 2). Since each vertex
of V,_y is of odd degree, then in the padding P of an optimal covering, each
vertex inust be of odd degree. Hence a covering with |E(P)| = (v—w)/2 would
be optimal. Now K(v,w) = (Ky—y \ M) U K,y U M where the vertex set
of Ky_w \ M is V4, the vertex set of Ky_y, 4 has partite sets Vi, and Vi,
and M is a perfect matching of the Ky, Say E(M) = {l1,lz,-..,lw—w)/2}
where E(l;) = {((26 — 1)1,(24)1) | ¢ = 1,2,...,(v — w)/2}. Since Ky_yy \ M
can be decomposed into Cys by Lemma 2 and K.y 4 can be decomposed into
Cys, then by combining the blocks of the decompositions with the 4-cycles
{[(4i —3)y, (45— 2)y, (42~ 1)1, (4i)1] | i = L,2,..., (v—w)/4} we get a minimum
covering of K(v,w) where P is a matching of V,_,, with edge set E(P) =
(4 ~2)1, (46— 1)1), (4~ 3)1, @) | = 1,2,..., (v—w)/4}, and s0 |E(P)| =
(v —w)/2.
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Case 6. Suppose v—w = 2 (mod 4) and w = 0 (mod 2). Asin Case 3, & cov-
ering satisfying |E(P)| = (v—w)/2 would be optimal. However, |E(K (v, w))|+
(v —w)/2 = 2 (mod 4). Hence, a covering satisfying |E(P)| = (v —w)/2+2
would be optimal. Now K (v,w) = (Ky—w \ M) U Ky U M where the vertex
set of Ky_w \ M is Viy—u, the vertex set of Ky 4 has partite sets Vy—y and V),
and M is a perfect matching of the Ky_o. Say B(M) = {li,l2, ..., lw—w)/2}>
where B(l;) = {((2¢ — )1,(20)1) | ¢ = 1,2,...,(v — w)/2}. Since Ky \ M
can be decomposed into Cys by Lemma 2 and K. .4, can be decomposed
into Cys, then by combining the blocks of the decompositions with the 4-
cycles {[(4i — 3)1, (4 — 2)1,(4i — 1)1, (4ih] | ¢ = 1,2,...,(v —w — 2)/4} U
{|(v — w - 1)1, (v — w1, (v — w — 3)1, (v — w — 2)1]} we get a minimum cov-
ering of K(v,w) where E(P) = {((4¢ — 2)1, (44 — 1)1}, ((4¢ — 3)1, (42h) | ¢ =
1L,2,..., (v—w—?)/4}u{((v—w—3)1 ' ('U—’lU)l), ((v—w_‘?’)l) ('U—w_2)1)7 (('U—
w—2)1, (v —w~—1)1)}, and so |[E(P)| = (v—w)/2+2

Case 7. Suppose v —w = 1 (mod 8) and w = 0 (mod 2). First we observe
that v — w > 1 is necessary since with v —w = 1, we see that Cy is not a
subgraph of K(v,w) == S,_; and so no covering exists. Each vertex of V, is
of odd degree, and so in an optimal covering with padding P we would have
|E(P)| > w (recall that edges within vertex set, V,, are not allowed). Now
K(v,w) = Ky U Kyep—1,w U Sy where the vertex set of Ky i Vo, the
vertex set of Ky_y.1. has partite sets Voo \{(v—w)1} and V,, and Sy 18 a star
with edge set {((v—w)1,42) | 1 =1,2,...,w}. Since Ky_y and Ky .y—1,0 can be
decomposed into Cys, then by combining the blocks of the decompositions with
the 4-cycles {[(v—w)i, (26— 1)a, (v —w—1)1,(2i)o] | i = 1,2,...,w/2} we get a
minimum covering of K (v, w) where P = Sy, where E(P) = {{(v-—-w—1}1,12) |
i=1,2,...,w}, and so |E(P)| = w.

Case 8. Suppose v —w = 3 (mod 8) and w = 0 (mod 2). As in Case 7, an
optimal covering with padding P satisfies | B(P)| > w. Since |E(K (v, w))|+w =
3 (mod 4), then we need |E(P)| > w+ 1. Now K(v,w) = Ky—y-2U Ky.iy—32U
Ky_w-3w U Ko U Sy U Cs where the vertex set of -2 i8 {11,24,...,
(v ~ w — 2)1}, the vertex set of Ky_y-32 has partite sets {11,21,...,(v —
w—3)1} and {(v —w— 1)1, (v — wh}, the vertex set of Ky_oy—3. has partite
sets {11,21,.-.,(v —w — 3)1} and Vi, the vertex set of Ku, has partite sets
{(v —w -1, (v —wh} and V,,, the edge set of Sy is {(v —w — 2)1,%2) |
i=1,2,...,w}, and the edge set of C3 is {({v —w — 2)1, (v —w — 1)1),{{v —
w -~ 1)1, (0 —wh), (v —w— 21, (v —wh)}. Since Kyw-2, Ky—w-32, and
Ky—w-3w can be decomposed into Cys, then by combining the blocks of the
decompositions with the 4-cycles {[(v —w ~2)1, (v—w — 1)1, (v —w)1, L2], [(v —
w—2)1, ('U*'lu)l, ('U—'IU-*l)l,ZQ]}U{[('U'“’LU—Q)l, (2‘i+1)2, ('U-—’w)]_, (2’i+2)2] ‘
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t=1,2,...,w/2 — 1} we get a minimum covering of K (v, w) where P = Sy,41
with E(P) = {((v—w — 1)1, (v —w)1)} U{((v - w)1,i2) | i = 1,2,...,w} and
so |E(P)| =w+ 1. ,

Case 9. Suppose v — w = 5 (mod 8) and w = 0 (mod 2). As in Case 7,
an optimal covering with padding P satisfies [E(P)| > w. Since |E(K (v, w)|+
w = 2 (mod 4), then we need [E(P)| > w+ 2] Now K(v,w) = Ky .4y g U
Kyws54 U Kyqy_39 U Kgy_g U3 X Cg USy_2 U Py where the vertex set of
Ky—w—qi8 {11,21,..., (v —w—4)1}, the vertex set of K;,_,_54 has partite sets
{11,2,...,(v—w—5)}and {(v—-w-3)1,(v—w—2)1, (v —w—1)1,(v—w)},
the vertex set of Ky_y—34 has partite sets {11,2;,...,(v—w—3)1} and V,,, the
vertex set of Ky .o has partite sets {{(v—w)1, (v—w—2)1 } and {12,2s,...,, (w—
2)2}, the edge set of Syy—g is {((v—w—1)1,42) | 1 = 1,2,...w~ 2}, the edge set
of Pyis {((w~1)o,(v—w—-20),(v—w—2)1,(v—w—1)1),((v —w—1)q, (v~
wh ), ((v—w)1,w2)}, and: 3xCy = {[(v—w—4)1, (v—w—3)1, (v—w), (v—w—
21l [(v—w—4)y, (v—w—1)1, (w—1)2, (v—w)i], [(v—w—3)1, (V—w—2)1, W, (v~
w—1)1}}. Since Ky_y—4, Ky—w—54, and K, 3 can be decomposed into copies
of Cy4, then by combining the blocks of the decompositions with the 4-cycles
{{lv —w)1, (2%~ D)o, (v —w—1)1,(20)2)] | ¢ =1,2,...,(w - 2}/2} U{[(v—w ~
2)1, (v —w)1, wa, (v —w—1)1],[(v~w—2)1, (v—w)1, (v—w— 1)1, (w—1)3]} we
get a minimum covering of K (v, w) where P = S, with E(P) = {(v—w)1,%2) |
1=1,2,...,w} U2 x {{(v—w), (v—w—2)1)}, and so |[E(P)| = w + 2.

Case 10. Suppose v —w = 7 (mod 8) and w = 0 (mod 2). As in Case 7,
an optimal covering with padding P satisfies |E(P)| > w. Since |E(K (v, w)| +
w = 1 (mod 4), then we need |E(P)] > w+ 3. Now K(v,w) = Ky_y_g tJ
Kyy—1,6U Ky -7 UKgw—2UKy2U6 x CgUS,_2U Py where the vertex set
of Ky—w-6i8 {11,21,..., (v —w — 6)1 }, the vertex set of K,_,—7,6 has partite
sets {11,21,...,(v —w — 7)1} and {(v ~ w — 5)1, (v —w — 4)1,..., (v —w)1 },
the vertex set of Ky_—74 has partite sets {11,21,...,(v —w — 7)1} and V,,
the vertex set of Kg,,—2 has partite sets {(v—w —5)1,(v —w —4)1,...,(v —
w)y} and {12,2,...,(w ~ 2)3}, the vertex set of Ky has partite sets {(v —
w3, (v —w—2),(v—w— 1), v ~wh} and {(w — 1)2,ws}, the edge
set of Sy-2 is {((v —w —6)1,42) | 1 = 1,2,...,w ~ 2}, the edge set of Ps is
{{v—w =51, (w—1)2), (v —w—5)1, (v —w—4)1), (v —w~ 4)1,ws)}, and:
6 x G = {[(v = B)1, (v — w =), (0 —w— )1, (w — L)}, [ — w — 61, (0
w~2)1, v—w—5),wa), [(v—w—86)1, v—w—-5h,(v—w—3)1, (v—wh],[(v—
w—6)1,v-—w—4),(v-—w—-2),v—w—-1)][{v—w-3)h, v—w—-2),(v-
w)y, (v~ w =1}, [(v—w—58)1,(v—w—1)1,(v — w—4)1, (v~ wh]}. Since
Ky—w—6, Ky—w-7,6, Ky—w-70, Kew-2, and K, 5 can be decomposed into copies
of Cy, then by combining the blocks of the decompositions with the 4-cycles
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{10 — w1, (2 — Dg, (0 — w— B)1, @0)a] [ = 1,2, .., (w - 2)/2} U{[(v —w -
5)13 (U"”w“'4)1: (U_w_B)la (’w'“”l)?]: [(U-w“4)1: ('U_'w_?’)l: ('U"'w_Q)la w2]}
we get a minimum covering of K(v,w) where P = S,,_9 U FP3 U2 x Ky with
E(Sw—2) = {((v —w),ie) | ¢ = 1,2,...,w — 2}, E(P3) = {({w — 1)z, (v ~
w — 3)1), ((’U — W — 3)1, (’U - w — 2)1), (('U - W 2)1,’11)2)}, and E(2 x Kg) =
2 x {{(v—w-—4)1,{v—w-—3n)}, and so |E(P)| =w + 3.

Case 11, Suppose v —w = 1 (mod 8} and w = 1 (mod 2), where v —w < w.
First we observe that v — w > 1 is necessary since with v — w = 1, we see
that Cjy is not a subgraph of K(v,w) = S,-; and so no covering exists. As
in Case 7, an optimal covering with padding P satisfies |E(P)| > w. Since
|E(K (v,w))| + w = 2 (mod 4), then we need |E(P)| = w4+ 2. Now K (v, w) =
Ky U Kyap—1 20U (Kypmwo—w \ M) U M U Sy, where the vertex set of
Ky i8 Viy_y, the vertex set of Ky_y.-1 2i—v has partite sets Voo \ {(v —w)1}
and {(v—~w+1)g, (v—w+2)g,...,wa}, the edge set of Ky_, 4 has partite sets
Vi and {15,22,..., (v —w)2}, M has edge set {(i1,%2) i =1,2,...,(v—w)},
and the edge set of Sgyy—p is {((v—w)1, (v—w+i)e) | i =1,2,...,2w—wv}. Since
Ko—wy, Ky—w—120w—v, a0d Ky_wy—w \ M can be decomposed into Cys, then by
combining the blocks of the decompositions with the 4-cycles {[(2¢ - 1)1, (24 —
Dg, (26)1, (20)) | i =1,2,..., v—w—1)/2}U{[(v—w—1)1, (v—w+2i— 1), (v—
w), (W -w+29)]i=12,...,2w—v)/2} U{(v —w—2)1,(v —w— 1)1, (v —
w)1, (v—w)a]} we get a minimum covering of K (v, w) where P = M'USgy,.sUP;
with E(M') = {((2i — 1)1, (26)2), (26)1, (2t = 1)9) | ¢ = 1,2,..., (v —w — 1)/2},
B(Sop_0) = {{(v—~w~—11,v—w+1d)2) |4=12,...,2w — v}, and E(F;) =
({0~ w—2)1, (= w— 1)), (8= = L)1, (v = w)y), (v —w — 21, (v — w)2))
and so |E(P)| =w+ 2.

Case 12. Suppose v —w = 3 (mod 8) and w = 1 (mod 2), where v —w < w.
As in Case 7, an optimal covering with padding P satisfies |E(F)| = w. Since
|E(K (v, w))| +w = 3 (mod 4), then we need |E(P)| > w+ 1. Now K(v,w) =
Kv—w—2U(Kvww—a2,v—-w—2 \M) UKv~w~3,2UC4UK2,u—w~3 UK@«—wwl,2w—v+2UMU
Sow--vy2UKs where the vertex set of Ky_y—2 is Vy—y \ {{v—w—1)1, (v—wh, },
the vertex set of Ky_y-24-w—2 has partite sets {11,21,...,(v —w —2)1} and
{13,22,...,(v—w—2)s}, the edge set of M is {(41,42) | i = 1,2,...,v—w—2}, the
vertex set of Ky..qy.3,2 has partite sets Vo \ {{(v—w—2)1, (v—w~ 1)1, (v—wh }
and {(v—w— 1)1, (v —wh}, Cs=[(v—w—2),(v—w, v—w—2)((v—
w — 1)1], the vertex set of K3 ,—y—3 has partite sets {(v— w — 1)1, (v — wh}
and {1g,22,..., (v —w — 3)a}, the vertex set of Ky _y—1,20—v+2 has partite sets
Vocw \ {(v —w — 2)1} and {(v —w — 1)2,(v — w)e,..., w2}, the edge set of
Sow—vtz is {(v~w—2),(v—w—2414)92|1=1,2,...,2w — v+ 2}, and the
edge set of Ky is {((v —w — 1)1, {v —~ w)1}. Since Ky_w—2, Ko—w-20-w-2 \
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M, Ky_w-32, K2 p-w-3, Ky_w—12w-v+2, CAN each be decomposed into copies
of €y, then by combining the blocks of the decompositions with the 4-cycles
{[(2 ~ 1)1, (% < 1)g, (20)1, (20)2)] | i = 1,2,..., (v—w—3)/2} U{[(v —wh, (v —
w2 —3)g,(v—w—21, W —w+2i -2} |i=12,...,2w—-v+2)/2} U
{[(v —w—2)1, (v —w— 1)1, (v—w), (v—w— 2)2]} we get a minimum covering
of K(v,w) where P = M’ U Soy—yy3 U Ko with E(M') = {((2i — 1)1,(24)2)),
((20)1, (20— D2) [ 5= 1,2, (v~ w = 8)/2}, B(Saw—vys) = {((v —w)1, (v —
?.U-l-‘i—3)2) ! 1 =1,2,... ,2w——v+3}, and E(Kz) = {(v—w—?)l, (vww—l)l)},
and so [E(P)| =w + 1.
Case 13. Suppose v —w = 5 (mod 8) and v = 1 (mod 2), where v —w < w.
As in Case 7, an optimal covering with padding P satisfies |[E(P)| > w. In this
case, we assume the vertex set of K(v,w) is V(K(v,w)) = V,_, UV, where
Vi =1{01,11,...,(v—w—1)1} and V,, = {0g,12,..., (w—1)2}. Consider the
following set of 4-cycles (where the vertex labels are reduced modulo v — w):
G = {[j13(47; +j)1>(1 +j)1?(4i -2 +j)1] | ¢ = 1123--'>('U — W 5)/8:j =
1,2,...,v—wtU{[(i— 1)1, G- Day i1, (v—w—-3+24)/21] | i = 1,2,...,v—w}.
Then K(’U, w) =GU Ko 9w U K3 op—u U Kyw-320w-0U (Kvﬂ—'w,v~w \ M where
the vertex set of the first Ko 2,y has partite sets {(v— w—2)1, (v—w—1)1} and
{(v—w)g, (v—w+1)g,...,(w— 1)}, the vertex set of the second K23y has
partite sets {(v—w—3)1, (v—w—1)1} and {(v—w)a, (v —w-+1)a,...,(w- g},
the vertex set of Ky_y—3 24— has partite sets {01,11,..., (v —w—4)1} and
{(v—w)e, W—w+1)g,...,(w—1)2}, the vertex set of Ky_y .- has partite sets
{01, 11, ceey (’U —w— 1)1} and {02, lo, ..., (U —w — 1)2}, and E(M) = {(?;1,?:2) |
i=0,1,...,v—w— 1}. Since K3 uy—v, Ky—w-32w—v, a0d (Ky—wp—w \ M)
can be decomposed into copies of Cy, then there exists a minimum covering
of K(v,w) with padding P = M’ U Say—y with B(M') = {(i1,(5 ~ 1)2) | i =
1,2,...,0—w=1}U {01, (w —v — 1))} and E(Say—v) = {((v —w— 1)1, (v -
w—1+14))|i=1,2,...,2w — v}, and so [E(P)| = w.
Case 14. Suppose v —w = 7 (mod 8) and w = 1 (mod 2), where v —w < w.
As in Case 7, an optimal covering with padding P satisfies |E(P)| > w. Since
|E(K (v,w))| + w = 1 (mod 4), then we need |E(P)| > w + 3. Now K(v,w) =
Kyw-6 UKv_nwm-T,fi U (Kv—wmﬁ,w—w——ﬁ \M) UKvﬁWw1,2w-—v+6UK6,ﬂ—w—7 U6 x C4U
MUS9—vp46U3 x Ko where the vertex set of Ky_w—6 is {11,21,-- -, (v—w—6)1},
“the vertex set of Ky_q,.7,6 has partite sets {11,21,..., (v-w—"T)1} and {(v—w—
5)1, (v—w—4)1, (v—w—3)1, (v-—-w—2)1, (v—w—-1), (v—w)1}, Ky—w—-60—w—6
has partite sets {11,21,...,(v—w —6)1} and {13,22,...,(v —w —6)2}, M has
edge set {(41,42) | i =1,2,...,v—w — 6}, the vertex set of Ky_w—1,20—v+6 has
partite sets Vy_y \ {(v — w — 6)1} and {(v —w — 5)2, (v —w — 4)2, ..., wz}, the
vertex set of K 4_qp_7 has partite sets {(v —w—5)y, (v—w—4)1,..., (v —wh}



4-CYCLE COVERINGS OF THE COMPLETE GRAPH... 325

and {1g,29,...,(v —w—T)o}, 6 X Cy ={[(v-w—-6);,(v—w—-5)1,(v—w—
6)2, (v —w — 1], [(v—w—6)1,(v —w—3)1, (v - w63, (v—w— 2], [(v-
w—6),v—w-— 1, v—w—06), v—wh,[(v—w—-5),—-w—4),v—
w—2), (v-—-w-—1)1],[(v—w—4h,(v—w—-3),(v—w-—1),w—wh],[v-
w—"5),(v—w—3)1,(v—w~2), (v —wh]}, the edge set of Syt is {((v—
w-6),(v—w—06-+1)2)|i=1,2,...,2w—v+6}, and the edge set of 3 x Ky
is {((v — w — 5)1, (v~ w ~ D), (¥ — w = ), (v — w)a), (v — w = D)1, (v
w—1)1)}. Since Ky—y—6, Ko-w-76, (Ko—w—6p-w-6 \ M), Ky -w-120—v+6, and
Keg,y—w—7 can be decomposed into copies of Cj, then by combining the blocks
of the decompositions with the 4-cycles {[(2i — 1)1, (2¢ — 1)g, (2¢}1, (24)2] | ¢ =
L2,...,(v—w-T)/2} U{[(v —w), (v —w+2{ - T)g,(v —w—6)1,(v —w+
26—6)] |i=1,2,...,2w—v+6)/2} U{((v —w—6)1,(v—w~—3)1),((v—
w)t, (v —w—6)1)), (v —w—=5)1,(v—w-—4)),((v-—w-1)1,(v—-w~—2)s)}
we get a minimum covering of K{v,w) where P = M’ U Soy—pts U4 x Ky
with BE(M") = {((2i — 1)1, (21)2), ((28)1, (2 ~1)2) |4 =1,2,..., (v —w —="T7)/2},
BE(Sow—vyg) = {{((v - w)1,(v —w+14—6)2) | i = 1,2,...,2w — v+ 6}, and
B4 x Ka) = {({(v-w—6)1,(v—w=3)1),((v —w = 5)1, (v —w—4)), (v -
w—2)1, (v —w—1)1), (v —w)1,(v —w—6)s)}, and so |[E(P)| =w -+ 3,

Case 15. Suppose v = 0 (mod 4) and w = 1 (mod 8), where v —w > w.
Since each vertex of K(v,w) is of odd degree, then in an optimal covering of
K (v,w) with padding P, each vertex of P must be of odd degree. Therefore
[E(P)| = v/2. Now K(v,w) = Ky U Ky_1p-20 U Ky_gp -1 U (v ~ 2w)/2 x
CaU (Kyw \ M1) U (Ky—gw \ M2) U M7 U My where the vertex set of Ky, is
{11,21,..., w1}, the vertex set of Ky_i4—24 has partite sets {1y,21,..., (w —
1)1} and {(w + 1)1, (w + 2)1,..., (v — w)1}, the vertex set of Ky oy w—1 has
partite sets {(w+ 1)1, (w+2)1,...,{(v~wh} and Vi, \ {wa}, (v —2w)/2x Cy =
{[ws, (w+2¢ = D1, wg, (w201} |i=1,2,...,(v — 2w)/2}, Ky has partite
sets {11,21,..., w1} and Vi, the edge set of M is {(41,42) | 4 = 1,2,...,w}, the
vertex set of Ky—gy is {(w+ 1)1, (w+2)1,...,(v—w)1}, and the edge set of M,
is {((w+2i — D1, (w+2i)1) | 4=1,2,..., (v~ 2w)/2}. Since Ky, Ky-1,0—2w,
Ky—oww—1, (Kww \ M), and (Ky_24 \ Ma2) can be decomposed into copies
of C4, then by combining the blocks of the decompositions with the 4-cycles
{123~ 1)1, (26— L)a, (201, 20)] | 5= 1,2, .., (w—1)/2} U{[(w+4i = 11, (w+
dib, (w+ 4+ D1, (w+4+20] |2 =1,2,...,(v — 2w — 2)/4} U {Jw1, (w +
1)1, (w+ 2)1,w2]} we get a minimaum covering of K (v, w) where P = M’ with
E(M') = {((2i— 1)1, (28)2), ((20h, (2i—1)2) |1 = L,2,..., (w—1)/2}U{ (w1, (w+
1)1), (w + 2)1, 'LUQ)} U {((w + 47 — 1)1, (’LU + 47 + 2)1), ((’LU + 4?:)1, ('UJ + ds + 1)1) |
i=1,2,...,(v—2w—2)/4}, and so |E(P)| = v/2.
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Case 16. Suppose v = 2 (mod 4) and w = 1 (mod 8), where v —w = w.
As in Case 15, an optimal covering with padding P satisfies |E(P)| > v/2.
Since |E(K (v,w))| + v/2 = 2 (mod 4), then we need [E(P)| > v/2 + 2. Now
K('U:w) m= Ky U Kw—-l,'vm2w U Kv—Zw,fw—l U ('U - 2w)/2 X Cy U (Kw,w \ M) U
(Kyow \ Ma)U M1 UMy, as established in Case 16 (with the vertex sets as given
in Case 15). Since Ky, Kuy-1v-2w> Ko-2ww-1, (Kww \ M1), and (Ky_gw \
Ms) can be decomposed into copies of Cy, then by combining the blocks of
the decompositions with the 4-cycles {[(2i — 1)1,(2¢ — 1), (2¢)1,(24)2] | ¢ =
1,2,...,(w—1)/2} U{[(w+4i — 1)1, (0 + 45)1, (w+ 4i + L)1, (w + 4 + 2)1] |=
1,2,..., (U—21U—4)/4}U{[?.U1, (w—|—1)1, (w+2)1,w2], (11,12, (v«—w—l)l, (v—'w)l]}
we get a minimum covering of K(v,w) where P = M’ U Py with BE(M') =
(211, (20)2), (2001, 2i=1)2) i = 1,2, .., (w~1)/2}U{(wn, (w+D)), (e
2)1,’11)2)} U {((w + 42 — 1)1, (’LU + 47 + 2)1), ((w -+ 4’5)1, ('U) + 47 + 1)1) | 7 =
L2,..., (v_zw_4)/4}: and E(PS) = {(('Um'w)l) 11)1 (11121)1 (21! (’Uﬁww_l)l)}:
and so |E(P)| =v/2+ 2.

. Case 17. Suppose v = 0 (mod 4) and w = 3 (mod 8), where v —w > w.
As in Case 15, an optimal covering with padding P satisfies |[E(P)| > v/2.
Since |(K(v,w))| +v/2 = 1 (mod 4}, then we need |E(P)| > v/2+ 3. Now
K('Ua 'w) = waw2 U Kw—-3,fu—2w+2 U K_w—S,ZU Kv—2w+2,wﬁ1 U (Kw—z,w—Q \ Ml) U
(Ky—owte \ M2) U (v — 2w + 2)/2 x C4 U My U My U2 X K3 where the vertex
set of Ky—9 18 {11,21, ..., (w— 2)1}, the vertex set of Ky_3y_2w 2 has partite
sets {11,21,...,(w — 3)1} and {{(w — 1}, w1,...,{v — w)1}, the vertex set of
K32 has partite sets {11,21,..., (w—3)1} and {(w—1)3, wz}, the vertex set of
Ky—2u2,0-1 has partite sets {(w—1)1,w1,..., (v—wh } and Vo \{(w—2)2}, the
vertex set of Ky,—2.,—2 has partite sets {11,21,...,(w—2)1} and {12,22,... (w—
2)2}, the edge set of My is {(41,%2) | ¢ = 1,2,...,w — 2}, the vertex set of
Ky owrz is {(w—1)1,w1,...,(v—w)i}, the edge set of My is {((w+2i—3)1, (w-+
2 —2)1) |i=1,2,...,(v—2w+2)/2}, (v—2w+2)/2 x Cq = {[{w -2, (w+
2i—3)1, (w—2)2, (w+2i—2)1] |4 =1,2,..., (v—2w+2)/2}, and the edge set of
2x Kg is {((w—2)1, (w—1)2), ((w—2)1,ws)}. Since Ky_2, Ky--30-—-2w+2, Kw—32,
Ky—owtam—1, (Kw—2w-2\ Mi), and (Ky_gw42 \ M) can be decomposed into
copies of Cj, then by combining the blocks of the decompositions with 4-cycles
{[(27,—- ].)1, (2?;_ 1)2, (2’i)1, (2i)2] I 1=1,2,..., (w — 3)/2}U {[(’LU + 47— 5)1, (w-+~
4i—2)1, (w+di—3)1, (wHdi—d)] | i = 1,2,.:., (v~ 2w+2)/4U{[(w—2)1, (w—
1)z, (w—1)1,ws], [(w—2)1, (w~2)2, ws, (w—1)1]} we get a minimum covering of
K{v,w) where P = M'U3 x Ky, B(M') = {((2i — 1)1, (21)2), ((28)1, (20 — 1)2) |
i=1,2,..., (w-3)/2YU{((w+4i—5)1, (w+4i—4)1), ((w+4i—2)1, (w+4i—3)1) |
i=12,...,(v-2w+2)/4}U{((w—1), (w~1)2), ((w—1)1,w2)}, and 3 x Kp =
(w1, (w0 — D), (w1, (w — D1, (- )1, (w — 2)1)} and so |B(P)] = v/2 + 5.
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Case 18. Suppose v = 2 (mod 4) and w = 3 (mod 8), where v — w > w.
As in Case 15, an optimal covering with padding P satisfies |E(P)| > v/2.
- Since |E(K (v,w))| + v/2 = 3 (mod 4), then we need |E(P)| > v/2 + 1. Now
K(v,w) = Ky UKy _34p_2uwt+2 U Ky-32U Ky_oyq20-1U (Ky_w—2 \ M) U
(Kp—awt2 \ Mo) U (v — 2w + 2)/2 x C4 U My U My U2 x Ky, as established in
Case 17 (with the vertex sets as given in Case 17). Since Ky—2, Kuy—3 v—2w+2;
Ku-32, Ky—2wi2,0-1; (Kw—2w-2\M1), and (Ky_gyp+2\ M2) can be decomposed
into copies of C4, then by combining the blocks of the decompositions with
dcycles {[(2i — 1)y, (2 — L)a, (20)1, (20)2) | i = 1,2,..., (w — 3)/2} U {[(w -+
45 — 31, (w + 42)1, (w + 44— D, (w+ 4 —2)1] | ¢ = 1,2,...,(v — 2w)/4} U
{{(w—2)1, (w—2)g,w1, (w—=1)}1], {w—2)1, (w—1)g, w1, ws]} we get a minimum
covering of K(v,w) where P = M'U2x Ky, E(M") = {((2¢ — 1)1, (21)2), ((26)1,
(2i—1)2) |i=1,2,..., (w—3)/2}U{({(w+4i—3)1, (w+45)1), (w+4i— 1)1, (w+
4 —2)) | 4=1,2,...,(v—2w)/4} U {((w —2)1, (w— 1)1}, (w1, (w ~ 2)2)}, and
E(2 x K3} = {{(w1, (w — 1)g), (wr,w2)}, and so |E(P)| =v/2 + 1.

Case 19. Suppose v = 0 (mod 4) and w = 5 {(mod 8), where v —w >
w. As in Case 15, an optimal covering with padding P satisfles |E(P)| =
v/2. Since |E(K(v,w))| + v/2 = 2 (mod 4), then we need |E(P)| > v/2 + 2.
Now K(v,w) = Ky_4 U Ky_59-2uwt1 U (Ky_gw-a \ M) U Ky 2044 \ M) U
Ky owiauw—1U Ky 54U Hi%-uﬁ x CyJ M7 U M5 US4 where the vertex set of
Kya is {11,21,...,(w — 4)1}, the vertex set of Ky_5y—2w+4 has partite sets
{11,214, ..., (w—=86)1} and {(w — 3)1, (w — 2)1,..., (v — w)1}, the vertex set of
Ky—4w—4 has partite sets {11,21,...,(w —4)1} and {13,2;,..., (w ~ 4)2}, the
edge set of My is {(¢1,%2) | ¢ = 1,2,...,w — 4}, the vertex set of K, .44 is
{(w—3)1,(w—2)1,...,{v—w)1}, the edge set of My is {({w+21—5)1, (w+2i—
$H1)1i=1,2,...,(v — 2w+ 4)/2}, the vertex set of Ky _gyt4,,-1 has partite
sets {(w—3)1, (w—2)1,...,(v—w)1} and {12,292, ..., (w—1)2}, the vertex set of
K5 4 has partite sets {11, 21, ..., (w—>5)1} and {(w—38)g, (w—2)g, (w—1)2,wa},
(’U — 2w - 4)/2 X 04 == {[(w - 4)1,(?1) + 24 — 5)1,(10 - 4)2,(1U + 2% — 4)1] |
i=1,2,...,(v — 2w + 4)/2}, and the edge set of Sy is {{({w — 4)1,(w + i ~
4)2) | i = 1,2,3,4}. Since Ky..4, Koy p— 2wt 45 (wa4,w~—4 \ M), (Ky—2uwta \
My), Ky-owitw-—1, and Ky_s54 can be decomposed into copies of Cy, then
by combining the blocks of the decompositions with 4-cycles {{(2¢ — 1)1, (2¢ —
1)o,(2i)1,(20)2) |1 = 1,2,...,(w ~5)/2} U {[(w + 45 — 5)1, (w + 44 — 2)3, (w +
4 -3, (w+4i—4n]|i=1,2,...,(v—2w+2)/4} U{[(w - 4)1, (w—4)2, (w —
2)1: (w o 3)1]: [(w - 4)1: (w - 3)2=w1: (w - 2)2],U{[(’U) - 4)11 (w - 1)2?w13w2]}
we get a minimum covering of K{(v,w) where P = M] U M} U2 x Ky U Sy,
B(MY) = {((2i— 1)1, (26)2), (201, (20— 1)3) | i = 1,2, .., (w—5)/2}, B(M) =
{((w+4i =5, (w+4i—2)1),(w+4i—3),(w+4i—4)) |i=1,2,...,(v—
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2w+ 2)/4}, B2 x Kg) = {({w — 41, (w — 3)1), ((w — 2)1,(w — 4)2)}, and
E(Ss) = {(wi,(w+i—4)) |i=1,2,3,4}, and so [E(P)] = v/2 + 2.

Case 20. Suppose v = 2 (mod 4) and w = 5 (mod 8), where v —w > w.
As in Case 15, an optimal covering with padding P satisfies [E(P)| > v/2. In
this case, we assume the vertex set K{v,w) is V(K (v,w)) = V,_,, U V,, where
VJ_w = {01, 11, ceey ('U — W - 1)1} and Vqﬁ) = {02, 12, ey (w - 1)2} Consider
the following set of 4-cycles (where the vertex labels are reduced modulo w):
G = {[jl; (4?:+j)11 (l+j)1: (47;_2+j)1] | t=1,2,..., ('w_5)/8?j =12,... ,_‘LU}U
{[(¢ = 1, (G — Dayi1, ((w — 34+ 28)/21] | ¢ == 1,2,...,w}. Then K(v,w) =
GuU K‘w—l,'u——sz U (K'u—Zw \ MU Ky_2ww-1U (wa,'w \ Mg) U (v - 2'11))/4 X CqU
(v —2w)/2 x Cy U M; U My where the vertex set of K,,_j y—2y has partite sets
{01,141, ..., (w—2}1} and {wy,(w + 1)1,...,{(v — w — 1)1}, the vertex set of
Ky-ow is {wi,(w+ 1)1,...,(v —w — 1)1}, the edge set of My is {{{w + 27 —
D1, (w2 —1)) |i=1,2,..., (v — 2w)/2}, the vertex set of Ky oy -1 has
partite sets {wy, (w+1)1,...,(v—w—1)1} and {0z, 1a,..., (w—2)9}, the vertex
set of Ky 4 has partite sets {01,11,...,(w—1)1} and {09,12,..., (w~—1)2}, the
edge set of My is {(41,42) | 7 = 0,1,...,w— 1}, (v —2w)/4 x C4 = {[(w +
4i — 4y, (w+ 46— D, (w+4i — 2)1,(w+4i — 31} | i = 1,2,..., (v — 2w)/4},
and (v — 2w)/2 x Cy = {[(w — 1)1,(w — 2 + 2i)1, (w - L)o, (w — 1 + 24)1] |
¢ = 1,2,...,(v -~ 2w)/2}. Since Ky—1,0-2uw, (Kv—2w \ M1}, Ky—2uwmw—1, and
(Kuw,w \ M2) can be decomposed into copies of Cy, then there exists a minimum
covering of K (v,w) with padding P = M| U M/} where E(M]) = {{(w + 4i ~
A, (w44i— 1)), ((w+4i - 3)1,(w+4i—-2)1) |i=1,2,..., (v —2w)/4} and
B(M;) = {(i1,(i—1)2) i =1,2,...,w—1}U{(0s, (w—1)2)}. So | E(P)| = v/2.

Case 21. Suppose v = 0 (mod 4) and w = 7 (mod 8), where v —w > w.
As in Case 15, an optimal covering with padding P satisfies |E(P)| > v/2.
Since [E(K (v,w))| +v/2 = 3 (mod 4), then we need |E(P)| > v/2+ 1. In this
case, we assume the vertex set of K(v,w) is V(K (v,w)) = Vj_,, U V,, where
V;.‘;—w = {01, 11, ey (U —w— 1)1} and V,J) = {02, 12, ey (w - 1)2} Consider the
- set, of 4-cycles (where vertex labels are reduced modulo w — 2): G = {[j1, (4i +
j)la(l +j)1:(4'i -2+ .7)1} | i = 1,2,...,(?1) - 7)/873 = L,2,...,w~ 2} U
{{GG = D1, (E = Vg,1, ((w—=54+2i)/2)1] | ¢ = 1,2,...,w ~ 2}, Then K{v,w) =
G U Ky_30-2w+2 U (Kp—gwra \ M1) UKy _ows2,w-1Kw-32U (Ku-20-2\ M2) U
(v~ 2w+ 2)/2 x Cy U Py U My U Ms where the vertex set of K3 y—2wt2 has
partite sets {01,11,...,{(w—4)1} and {(w—2)1, (w—1}1,...,(v—w—1)1}, the
vertex set of Ky_oyppa is {(w — 2), (w —1)1,..., (v —w — 1)1}, the edge set of
Myis{((w+2—4),(w+2—-3)) |i=1,2,...,(v— 2w+ 2)/2}, the vertex
set of Ky_owtow—1 has partite sets {(w — 2)1,(w — 1)1,...,(v —w — 1)1} and
{02,12,...,(w — 4)g, (w — 2)9, (w —~ 1)2}, the vertex set of Ky_39 has partite
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sets {01,11,..., (w—4)1} and {(w — 2)2, (w - 1)3}, the vertex set of Ky2w—2
has partite sets {01,11,...,(w =3} and {0s,1o,..., (w — 3)2}, the edge set of
My is {(ir,iz) | 4= 0,1,...,w — 3}, (v— 2w+ 2)/2 x C4 = {[(w — 3)1, (w +
20~ 4)1, (w = 3)2, (w+ 20 = 3)1] | ¢ = 1,2,..., (v — 2w+ 2)/2}, and the edge
set of Pg ig {((w - 3)1, (w — 2)2), ((‘U) - 3)1, (’LU - 1)2)}. Now Kwug,yagw_]_g,
(Ko—2wt2\ M), Ky2uwt2,0-1, Kw-3,2, and (Ky—2.4 2\ Mz) can be decomposed
into 4-cycles. Take the 4-cycles of such decompositions, along with G and
{[(w+4i—6)y, (w+4i—3)1, (w+4i—4), (w+di—5)1] [i = 1,2, ..., (v—2w+
2)/4YU{{w—38)1, (w—2)2, (w—2)1, (w—1)y]}. This is a minimum covering with
P = M{UM,UP; where E(M]) = {{t1,(:—1)2) | = 1,2,...,w—3}U{{01, (w—
3)2)}, B(My) = {((w+4i~6)1, (w-+4i—8)1), (w+di— 4, (w-+4i—5)) | i =
L,2,..., (v=2w+2)/4}, and E(P;) = {{{w—2)1, (w—2)2), ({w~2)1, (w~1)2}.
So |E(P)| = v/2 + 1 and the covering is optimal.

Case 22. Suppose v = 2 (mod 4) and w = 7 (mod 8), where v —w > w. As
in Case 15, an optimal covering with padding P satisfies |[E(P)| > v/2. Since
|B((v,w))| +v/2 =1 (mod 4), then we need |E(P)| > v/2 + 3. Now K(v,w) =
Kw-—GUKw-?,vuZerESU(Kwﬁﬁ,wﬁﬁ\Ml)U(Kv—-2w+6\M2)UK *2w+6,wﬁ'1UKw—7,6U.
L=2046 % C4U Sg U M1 U My where the vertex set of Ky_g is {11,21,.. ., (w —
6)1}, the vertex set of Ky_7y—ow+s has partite sets {11,2;,...,(w — 7)1} and
{(w = 58)1, (w—4)1,...,(v—wh}, the vertex set of K,,_g.—¢ has partite sets
{11,21,...,(w~6)1} and {12,29,...,(w —6)2}, the edge set of My is {(i1,12) |
i=1,2,...,w—6}, the vertex set of Ky._g46 is {(w—5)1, (w—4)1,..., (v—~w)1 },
the edge set of My is {((w+2i—7)1,(w+2i—6)1) |i=1,2,...,(v—2w+6)/2},
the vertex set of Ky_gu6,w—1 has partite sets {(w—5)1, (w—4)1,..., (v —w)}
and V,\{(w—6)3}, the vertex set of Ky,_7 ¢ has partite sets {11,21,..., (w=7)1}
and {(w - 5)2, (w — 4)2, . ,’wg}, (’U — 2w + 6)/2 x Cy = {[(w - 6)1, (’LU + 2¢ —~
N, (w—8)o,(w+ 2 —6)1) |4 =1,2,...,(v~ 2w+ 6)/2}, and the edge set
of S is {((w —6)1,(w+i—6)3) |1 =1,2,... ,6}. Since Ky, Ko7 9-20+6,
(Kw—6,w-6\M1), (Ky—2046\M2), Ky--2046,w—1, and K,,_7 ¢ can be decomposed
into copies of Cy, then by combining the blocks of the decompositions with,
d-cycles {[(2¢ — 1)1,(20 — 1), (20)1,(2¢)2] | ¢ = 1,2,...,(w — 7)/2} U {[(w +
4 — T, (w+ 4i — 4)1, (w + 4 — 5)1,(_’11)—!—4i—6)1] |t =1,2,...,(v — 2w+
4)/4} U{{(w = 6)1, (w - 6)2, (w — 4)1, (w — 51}, [(w — 6)1, (w — )2, w1, (w —
4)o]} U {[(w — 6)1, (w — 3)2, w1, (w ~ 2)2], [(w — 6)1, (w — 1)2, w1, w2]} we get a
minimum covering of K (v, w) where P = M;UM;U2 x Ko U Sg here E(M]) =
{((2Z - 1)1: (Zi)Z): ((27:)11 (27: - 1)2) I P = 1:2= Tty (w - 7)/2}: E( é) = {((w +
4i—T)1, (wH4i—4h), ((w+4i—5), (w+4i—6)1) |1 =1,2,...,(v—2w+4)/4},
E(2x K3) = {((w—6)1, (w—"5)1), (w—4)1, (w—86)2)}, and E(Ss) = {(w1, (w+
1—6)9) |i=1,2,...,6}, and so |E(P)} = v/2 + 3. O
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