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Abstract, Necessary and suflicient conditions are given for
a Sleiner triple system of order v admitting an automorphism
consisting of a 3-cycle and a (v - 3)-cycle.

1. Introduciion

A Steiner triple system of order v, denoted STS(v) or ST'S, is a v-clement set, X,
of points, together with a set B, of unordered triples of clements of X, called blocks,
such thal any two points of .Y are together in exactly one block of 3. It is well known
that a ST'S(v) exists il and only if v =1 or 3 (mod 6). An aulomorphism of a ST S{v)
is a permutation 7 of X which fixes f. A permutation r of a v-element set is said
to be of type [x] = [p1,p2,...,pu} il the disjoint cyclic decomposition of 7 contains pi
cycles of length <. So we have Y ip; = v. The orbil of a block under an automorphism,
7, is the image of Lhe block under the powers of . A set of blocks, B, is said to be a
set of base blocks for a STS(v) under the permutation = if the orbits of the blocks of
B produce the ST'S(v) and exactly one block of B occurs in each orbit,

A problem of intcrest has been that of determining the values of v for which
there exists a $T'S(v) admitting an automorphism = of a given type. We denote
such a design by $T5,(v). An STS,(v) with (7] ={0,0,...,0,1] is said to be eyclic
and such systems exist if and only if v = 1 or 3 (mod 6), v # 9 14, 6, 8}. If [r] =
(1,0,0;...,0,%,0,... ,0] then a STS,(v) is k-rotational. Necessary and sufficient con-
ditions exist for k-rotational STSs for k = 1,2, 3,4, and 6 [2,7]. In an attempt to gen-
eralize the idea of a I-rotational ST'S, bicyclic ST Ss are introduced in [3]. A bicyclic
STS,(v) admits an automorphism of type [v] = {0,0,...,0,1,0,...,0,1,0,...,0,0]
where py = 1, pas = 1 and N + M = v. For such a ST'S.(v), the automorphism =V
has N fixed points, and il is rather easy to see that the fixed points of an automor-
phism of a $7'S form a subsystem. This means that N = 1 or 3 {mod 6), N # 9 since
the N fixed points of #¥ induce a cyclic subsystem of the original ST'S. If N =1,
then the ST'S,(v) is simply 1-rotational. The necessary and suflicient conditions for
a bicyclic ST'S,(v) for N = 7 are given in (3] and for N > 9 in [1}. The purpose of
this paper is to present the necessary and sulfficient conditions for a bicyclic $T'S(v)
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admitting an automorphism consisting of a J-cycle and a (v — 3)-cycle, that is the
case N = 3. '

2. The Constructions

We shall construct the type of ST S,(v) mentioned above on the sel X = {zo, 7, 72}
(JZy_3 with the automorphism being © = (2o, 21, 22)(0,1,...,v — 4).
We have the following necessary condition: '

Lemma 2.1 If a STS,(v) ezists where [x] = [0,0,1,0,...,0,1,0,0,0] then v = 3
(mod 6). :

Proof. Such a STS,(v) must contain some block of the form (zo,y, 2) where y,z €
Z._3. By applying =3 to this block, we sec that the block (71'""3(:1:0), 3 (y), 7r"'3(z))
= (w”“a(zo),y,z) must also be a block of the ST'S. So ¥~ ¥(zp) = zo and v = 0
(mod 3). This combined with v = 1 or 3 (mod 6) gives v = 3 (mod 6). X

The following lemma demonstrates that the necessary conditions of Lemma 2.1 are

also sufficient.

Lemma 2.2 [fv = 3 (mod 6) then there exists a ST'S,(v) where [v] = [0,0,1,0,...,0,
1,0,0,0).

Proof. Let v = 3 (mod 6), say v = 6% + 3.

case 1. Suppose k = 2 or 4 (mod 6). Consider the blocks:

L .
(301 11132) ' (Im{): 3,‘7) ) (032k: 4k): (IO: 5?:5]‘) )

(0, k+r,2k—1=—7) forr=0,1,...,§—~],and
k
0,2k +14+r3k~=1-r) forr:O,l,...,§—2(01niL ik =2).

case 2. Supposc k = 1, 3 or 5 (mod 6). Consider the blocks:

k—1
(zO\Ihx'Z) )(IO:Oask)s(ka;dk)'n (I()v ] 9 13k - 1) 1

k-3

5 (omit il £ = 1}, and

(0,k+r2k—-1~r)forr=0,1,...,

: =3
(0,2k4+147r3k=1-r) fn::'r:'*:--O,I,...,“L2 {omit if k= 1).

case 3. Suppose k = 0 (mod 12). Consider the blocks:

(2:0,1;,3:),(2‘.‘0,0,3!\7),(Ig,k - 2,2L '—'4) ,(0, Qk,‘lk) ,(O,2k + 1,3!6 + }),
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3k 5k 3k 5k
(0,'2— + 1,?),(0,“2—,2‘.—- 1) ,(0,1,7-}- 1),

k : k
(0"5'1—-{-24-1",14&——1—?") fOI‘T=0,1,.-.,Z—3,

k
0,2k 4+ 24 7,3k-2—-7) forr:O,l,...,E—S,and

k
(0,k+14r2k-2—r)forr=0,1,...,— —2.

-9

case 4a. Suppose k = 6. Consider the blocks:

(Z0 21, 22), (%0, 0,18), (20, 17,34), (0,2,9), (0,4, 10), (0,3, 14), (0, 12, 24),
(0,5,13), and (0,1, 16).

case 4b. Suppose k£ = 6 (mod 12), k > 6. Consider the blocks:
(Io, Iy, Ig), (.’Eo, 0,3k), (:L'o, 3k — I,Gk - 2), (U’, 2k, 4k),

k Sk —1
0,2k ~ 2,4k ~ 3), (0,k~7,3?—2),(0,——-—4 8,3.’:-—4),
3k 3k A4+2 E+10 k414 k
(0,-:?—-—3—r,—2——l+r)forr-O,],..., R 1---,5“‘21
and
5k 5k ko bk Lk
(0,?'—]"7',“‘2“’{'7') rOl‘7‘—011}--'1—2"'515_3‘5_2'

In each case, the collection of blocks forms a set of base blocks for a STS.(v). K

Lemmas 2.1 and 2.2 combine to give us:

Theorem /A STS,(v) where ] = [0,0,1,0,...,0,1, 0,0,0] ezists if and only if v =13
(tmod ),

3. Conclusion

In conclusion, the following results are known concerning bicyclic STSs which
admit an automorphism 7 whose cyclic disjoint decomposition consists of a cycle of
length N and a larger cycle of length M:

LIEN =1and M =v—1 then such a $T'S,{v) is called l-rotational and exists if
and only if v = 3 or 9 (mod 24) {7].

2. Il N =3 and M = v — 3, we have shown that a ST S, (v) exists if and only if
v = 3 (mod 6).

. UN=7Tand M =v—7 then a ST S, (v) exists if and only if v = 21 (mod 42)
[3].
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4. f N =1or 3 {mod 6}, N > 9, and-N | M then a §T'S,(v) exists il and only if
v=N+M=1or3 (med 6) [1].

These results combine to give a complete classification of bicyclic Steiner triple sys-

tems.
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