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In this dissertation, we explore four general topics. In the first chapter, we find
regions containing the zeros of polynomials as functions of their coefficients. All results
concern the moduli of the zeros, as opposed to, say, the arguments of the zeros. In the
second chapter, we define a norm on the space of all polynomials p(z) of degree less than
or equal to n by ||p|| = |I§l|i}1( |p(z)| and then estimate the norm of the derivative of the
polynomials in terms of the norm of the polynomial and its degree n. The third chapter
contains results concerning the estimate of the maximum modulus of a polynomial on
|z| = r in terms of its maximum modulus on |z| = 1. Results are presented for both
r > 1 and r < 1. Finally, in the fourth chapter, we present results for entire functions of
exponential type which are generalizations of some of the results presented in Chapters 2

and 3 for polynomials. We also deal with a generalization of the differentiation operator.
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CHAPTER 1

THE LOCATION OF THE ZEROS OF A POLYNOMIAL

A classical problem has been to find an algebraic equation for the zeros of an nt"

degree polynomial as a function of the coefficients of the polynomial. Unfortunately, as
shown by the insolvability of the quintic, this in general cannot be done. So, a natural
question to ask is “For a given polynomial p(z) = z“: a,z", what restrictions can be put
on the location (in the complex plane) of the Zero:_oof p(2)?”

A well known result in this direction is due to Cauchy [10]:

n
Theorem 1.1 All the zeros of p(z) = Zavz”, where a, # 0, lie in the circle |z| <
v=0

4

1+ M, where M = max
0<j<(n—1)

Gn

The following result which is an improvement of Theorem 1.1 is due to Kuniyeda [33].
The proof is based on Hélder’s inequality (see Marden [40]):
1 1 .
Theorem 1.2 For any q and v such that ¢ > 1, r > 1, and — + — = 1, the polynomial
q T

n
p(z) = Z ayz’, where a, # 0, has all its zeros in the circle
v=0

|z| < {1—1—

a:

Gn

n—1

D

v=0

Gy

n

r/ 1/r
q] q} . (1—|—nT/qMT)1/T7

where M = max
0<j<(n—1)

This result was also proved independently by Montel [44], and Toya [60].



Using Theorem 1.2, we can in fact obtain an annulus containing all the zeros of a

polynomial. The following theorem is thus an improvement of Theorem 1.2.

1 1
Theorem 1.3 For any q and v such that ¢ > 1, r > 1, and — + — = 1, the polynomial
qg T

n
p(z) = anz", where ag # 0, has all its zeros in
v=0

n

D

v=1

(1 —I—’I’Lq/TM{)_l/T < {1 n

n-l, /gy YT /
<{1+ 3 ] } < (14 n/9my)
G,
v=0
7 7
where M1 = max |—| and Ms = max |—=
1<j<n | ag 0<j<(n—1) | a;

1
Proof. Consider the polynomial P(z) = z"p (;) = ap+ Q12+ +a12" 1+ ap".

By Theorem 1.2, P(z) has all its zeros in

|z| < {1—1—

1
where M, ¢, and r are as described in this theorem. So p (—) also has all its zeros in
z

n

D

v=1

Gy

r 1/r
: f| /q} < (1+nT/qM{)1/T
0

1
the same region. Replacing — with z, we get that p(z) has its zeros in
z

Gy

r/q —1/r
[} <
ao

3|

v=1

(1 —I—’I’Lq/TM{)_l/T < {1 n

which when combined with Theorem 1.2 gives Theorem 1.3. O

Using an extension of Holder’s inequality, Jain [30] sharpened Theorem 1.2. He proved:



Theorem 1.4 With the hypotheses of Theorem 1.2, p(z) has all its zeros in
2| < RY™,
where R is the unique root of the equation

23— (14 DN)2z®> + DNz —D =0

q}T/q

N = (Jan-1] + lan-a])" (|an-1|"+ |an—2|) """V,

in the interval (1,00). Here

Gy

v=0

and

Using the argument used in the proof of Theorem 1.3, one can easily obtain the following

refinement of Theorem 1.4.

Theorem 1.5 Under the hypotheses of Theorem 1.3, p(z) has all its zeros in the annulus

Q—l/r < |Z| <R1/7"

where R is the unique root of the equation

:L'3 — (1 —|—D1N1):E2 +DiNixz—D;=0



in the interval (1,00), and @Q is the unique root of the equation

:L'3 — (1 + D2N2)2E2 + DoNox — Dy =0

in the interval (1,00). Here

and

No = (la1| + |az])" (Jar]? + |ag|?) =Y.

If we put some restrictions on the coefficients of p(z), the above results can be im-
proved. In particular, if all the coefficients are real and positive, the location of the
zeros can again be restricted to an annulus. Kakeya [32], Hayashi [27], and Hurwitz [29]

proved the following improvement of Theorem 1.1.

n

Theorem 1.6 All the zeros of p(z) = Z ayz’, where aj are real and positive for j =
v=0

0,1,...,n, lie in

Ry <|z| <Ry

where R1 = min ( 4 ) and Ry = max (aj )

0<j<(n=1) \ @j+1 0<j<(n—1) \ @j41

In particular, if the coefficients are nonnegative and monotonic increasing, then we have

the following well known Enestrom-Kakeya theorem [15, 32]:



n
Theorem 1.7 Ifp(z) = Z a,2" is a polynomial of degree m with real coefficients satis-
v=0

fying

0<ap<a; <---<ap,

then all the zeros of p(z) lie in |z| < 1.

In 1967, Joyal, Labelle, and Rahman [31] dropped the condition that the coefficients be

all nonnegative and proved the following.

n
Theorem 1.8 Ifp(z) = Z a, 2" is a polynomial of degree n with real coefficients, a, #
v=0

0, satisfying

then all the zeros of p(z) lie in

an — ag + |ag

2| <
|an|

Notice that Theorem 1.8 reduces to Theorem 1.7 when ag > 0.

We can weaken the hypotheses of Theorem 1.8 and consider a larger class of polyno-
mials. We are inspired by the work of Aziz and Mohammad [4]. In 1980, they presented
the following two theorems for analytic functions, with an interesting and rather flexible

condition on the coefficients of the series expansion of the function.



[e.e]

Theorem 1.9 Let f(z) = Z ayz’ be analytic in |z| < t. If Re(aj) = o and Im(a;) =
v=0

B; for j=0,1,... and for some k,

0<ag<to <---<thap >thtlag,, >

then f(z) #0 in

2c0 2 & .
o)<t /[ =2 -1 3080 )
Qo o 5

[e.e]

Theorem 1.10 Let f(z) = Z ayz” be analytic in |z| <t. If Re(a;) = a; and Im(a;) =
v=0

Bj for j=0,1,... and for some k and r,

0<ap<tag <--- <thag >t" oy >

and

Bo <ty < <t B>t B >

then f(z) #0 in

t|ao| 2(axt® + B,t7)
|z|<a0+ﬁo/< oo + Bo 1>'

Since our interest lies in polynomials, we will now put these types of restrictions on

the coefficients of polynomials. We prove:



Theorem 1.11 Suppose p(z Zav Re(aj) = «oj and Im(a;) = B; for j =

0,1,...,n, a, # 0 and for some k‘,
ag < tag <o < < tRag > gy > FPRage > > Ty

for some positive t. Then p(z) has all its zeros in Ry < |z| < Rg where

n—1
Ry = min {tlaol /(%kak — ap — t"ay + lanlt" + 6o +2 D 16| + Iﬁnlt") : t}

j=1
and
k—1 )
Ry = max{ | |aolt"™ + (£ + D" F oy — " g —tay, + (#2 — 1) Y _t" T q
j=1

n—1 n
+H1-1%) 3 t”_j_laj+2(lﬁj—1l+tlﬁjl)t“‘j) / [an] %}

j=k+1 j=1

Proof. Consider the polynomial

P(Z) = (t — z)p(z) = tag + Z(taj — (Ij_l)zj — anzn—l-l = _anzn—l-l + GQ(Z).
J=1

We first note that

aj_1 —taj| = |aj1 —toy +i(Bj-1 —t65)] < |aj_1 — toy| + |Bja] + 1B, (1.1)

Then

n
tapz" + Z(taj —aj_1)z"
j=1

(-
z




and on |z| =t,

1 n )
"Gy (_>’ < |ta0|t"—|—Z|taj—aj_1|t"_9
z j—l
n
< ol + 3 [ty — a7 4 3 (1] + e85 by (1.1)
J=1 j=1

k n
= |aO|tn+1 +Z(t0£j o7 " JuE Z Q-1 —tozj ) J
Jj=1 =k+

+ > (18j-1] + t18; )"
j=1

= Jaolt"™ + (2 + D" g — " Lag — toy,

k—1 n—1
(=)D T e+ (17 > T
J=1 j=k+1

n .
+> (18] + 18, )"
j=1

Hence, by the Maximum Modulus Principle (see, for example, p. 134 of Ahlfors [1]),

1
"Gy (—)’ < My for |z| <t
z

which implies

|Ga(2)| < Ma|z|" for |2] >

Sl



From this follows

[P()] = |—an""" +Ga(2)]
> anl[2]"*! — Mofe|"

= [2"(lanl|z] = Ma) for 2] >

| =

My 1
So if |z] > max{—2

] ;} = Ry, then P(z) # 0 and in turn p(z) # 0, thus establishing

the outer radius for the theorem.

For the inner bound, consider

P(z) = (t—2)p(z) = tap + Z(taj — aj_l)zj — ap2"t = tag + G1(z).
j=1

Then for |z| =t,

n
|G1(Z)| < Z |aj_1 —taj|t’ + |an|tn+1

j=1
< D o —taglt? + > (1851 + HUBDE + Janlt™H! by (1.1)
j=1 j=1
n—1 )
= —tag + 2t g — " ay, + | Bolt +2 ) (B[ + [Balt" T + [an |t
j=1

M;.
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Applying Schwarz’s Lemma (see, for example, p. 168 of Titchmarsh [59]) to G1(z), we

get
M
|G1(2)] < Mz for |z| < t.
So
M|z
() = | - tao + G (2)] > tlagl — |G (2)] = tlao| — 222
: | t?lao] .
So if |z| < min T t » = Ry then P(z) # 0 and in turn p(z) # 0. 0
1

If we let 3; = 0 for all j in Theorem 1.11, then we get the following extension of

Theorem 1.8:

n
Corollary 1.1 Suppose p(z) = Z a,2", is a polynomial of degree n with real coefficients
v=0

and that for some k and some t > 0,
ap < tay < tlap < - < tray > T apy > e > > ta,,.

Then p(z) has all its zeros in Ry < |z| < Ry, where

t
Ry = min{ |l , t}
2tkay, — ag — t"ay, + |a,|t"

and

n
Ry = max{ <|ao|t"+1 + (@ + D) ay — " ag — tay Y
v=1
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k—1 n—1
HEE -1y "y (1-7) Y " /Ianl
j=1 j= k—l—l

If we let t = 1 and k& = n, then Corollary 1.1 implies Theorem 1.8. In fact, we get an

annulus containing all the zeros. We get that all the zeros of p(z) lie in

lao| <2 < an — ag + |ag|
|an| +a, —agp |an|

By putting a restriction on the imaginary part of the coefficients, we can improve
Theorem 1.11. The interest of the following theorem lies in its flexability. This is

demonstrated in the four corollaries that follow from it.

Theorem 1.12 Suppose p(z Zav Re(aj) = «oj and Im(a;) = B; for j =

0,1,...,n, a, # 0 and for some k and r and for some t > 0, we have
ap <ty < Pag < - <oy > gy > P Page > > ey,

and

Bo<th <t?By < <t B, >t B >t B0 > > 1" B,

Then p(z) has all its zeros in Ry < |z| < Ry where

Ry = min {t|ag| /(—(ao + Bo) + 2(t*ax +1"8,) — 1" (cn + B — lanl)) ¢}
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and

Ry = max{ <|a0|tn+1 _ tn_l(Oé(] + ﬁ(]) _ t(Oén + ﬁn) + (t2 + 1)(tn—k—1ak _|_tn—7"—1ﬁr) Z ox
v=1

k—1 r—1
+(t* 1) (Z "y + ) t"—j—lﬁj)
i=1

j=1

n—1 n—1
A=) 3 il S g ) a2
+ Z Q; + J an|, t .
j=k+1 j=r+1

Proof. Consider the polynomial

P(z) = (t — 2)p(z) = tap + Z(taj —aj_1)? — ap2"t = —a, 2" 4 Ga(2).
j=1

v (2)-
z

Then

n
tagz" + Z(taj —aj_1)2"
j=1

and on |z| =t,

1 n .
"Gy (_>’ < |ta0|t" + Z |taj — aj_1|tn_3
z j—l
n
< |a0|tn+1—|—2|ta3—a3 1t 4 Z [tB; — tB—1]) t"
Jj=1 j=1
k n
= |a0|t”+1+z to; — 1)t I+ Z aj_q — ta)t" T J
J=1 =k+
T ' '
+> (8 — Bi—)t" T + Z (Bj—1 —tp;)t" ™
J=1 j=r+1

= Jaolt"™ — "o + Bo) — t(an + Bn) + (2 + 1) F Loy + 77771,

k—1 r—1
—1) (Z oy ) t“‘j‘lﬁj)
j=1 j=1
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n—1 n—1

j=k+1 Jj=r+l1
= Mg.

Hence, by the Maximum Modulus Theorem,

1
2" G (—)’ < My for |z| < t.
z
1
Which implies |G2(z)| < Ma|z|™ for |z| > T From this follows

[P(2)] = | = an2"" +Ga()|

v

|an 2" = Moz|"

21" (|anl[2| — Mp) for |2| >

My 1

So if|z|>max{ y =
lan| " t

the outer radius for the theorem.

For the inner bound, consider

P(z) = (t—2)p(z) = tap + zn:(taj —aj_1)2 — ap2"t =tag + G1(2).

J=1

On |z| =t,

k n
|G1(Z)| < Z(taj — Oéj_l)tj + Z (Oéj_l —tozj)tj
=1 j=ht1

| =

(1.3)

} = Rs, then P(z) # 0 and in turn p(z) # 0, again establishing



14

T

+Z(tﬁj — Bt + Y (Bio1 — B + |an|t"

j=1 j=r+1
—t(ag — fo) + 2(tk+1ak + tH—lﬁr) — ¢t (o + B — |an])

M.

Applying Schwarz’s Lemma to G1(z), we get

M
|G1(2)] < % for |z| < t.

Which implies

M |z|

[P(2)] = | = tao + G1(2)] 2 tlao| — |G1(2)] = tlao| — —

’|

t
Hence if |z] < min{ 4| , t} = R; then P(z) # 0 and in turn p(z) # 0.

My

Notice that if in the above theorem we take t = 1, 8; = 0 for all j, and n = k, we get

Theorem 1.8. By making certain choices of ¢, k and r we obtain the following corollaries.

n
In each, p(z) = Z ayz’, an #0, Re(a;) = o and I'm(a;) = B; for j =0,1,...,n. If in
v=0

Theorem 1.12, we take t = 1, k =n and r = n, then we get:

Corollary 1.2 Ifag < a3 << ay and By < (1 < --- < By, then p(2) has all its zeros

m
laol

lao| — (a0 + Bo) + (an + Bn)
|an| —(Oé(] +ﬁ(])+(an+ﬁn) ‘

|an|

<zl <
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If in Theorem 1.12, we take t =1, Kk = 0 and r = 0 then we get:

Corollary 1.3 Ifag > a1 > -+ > oy and By > (1 > - -+ > By, then p(2) has all its zeros
m
|ao| lao| + (a0 + Bo) — (an + Bn)
|an| +(a0 +ﬁO) _(O‘n+ﬁn) - N |an|

If in Theorem 1.12, we take t =1, k = n and r = 0 then we get:

Corollary 1.4 Ifag > a3 > -+ > oy and By < (1 < --- < By, then p(2) has all its zeros
m
|ao

|a0|+a0_ﬁ0_an+ﬁn
|an|+a0_ﬁ0_an+ﬁn

|an|

<zl <

Lastly, if in Theorem 1.12, we take t = 1, k = 0 and r = n then we get:

Corollary 1.5 Ifag < a3 << ay and fy > (1 > -+ > By, then p(2) has all its zeros
m
|aol

lag| — o + Bo + an — Bn
lan| — a0 + Bo + an — Bn

|an|

<zl <

The following result is a well known generalization of Schwarz’s Lemma (see, for example,

p. 167 of [45]).:

Lemma 1.1 If f(z) is analytic on |z| < 1, |f(2)| < M on |z| =1 and f(0) = a, then
for|z| <1

M]|z| + |a|
2)| <M .
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The following result which is related to Lemma 1.1 is due to Govil, Rahman, and

Schmeisser [26]:

Lemma 1.2 If f(z) is analytic in |z] < R, f(0) =0, |f(0)] = b and |f(2)] < M for

|z| = R, then for |z| < R,
M|z| M|z| + R?b
< .
&S 2 3w

By using the above lemmas, Dewan and Govil [12] were able to improve Theorem

1.8. They proved:

n
Theorem 1.13 Ifp(z) = Zavz”, an#0,a; € R for j=0,1,...,n, and
v=0
ag<ay <---<ap
then p(z) has all its zeros in Ry < |z| < Ry where
1/2
c( 1 1 /1 1\? M
e (S () +
72 an| M { 4 \Jan| My ||

and

1
- 2M?

1/2
R [—R%b(Ml — Jaol) + { R3R(M, — |aol)? + 4laol B30} ]

where

My, = an_a0+|a0|v
My = Rj(lan|R2 + an — ap),

c = ap,—an_1, and
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b = ay — ap.

Note that Theorem 1.13 is an improvement of Theorem 1.8 since as is shown in Dewan

and Govil [12] that
an — ag + |ag|

Ry <
|an|

Theorem 1.13 was extended to polynomials with complex coefficients. Dewan and Govil

[13] proved the following:

n

Theorem 1.14 If p(z) = Zavz”, an, # 0, Re(aj) = o and Im(a;) = B;, for j =
v=0

0,1,...,n, and ag < a1 < -+ < vy, then p(z) has all its zeros in Ry < |z| < Ry where

R and Rs are as given in Theorem 1.13 and

My = a,Ro— (a0 +|6o|) + |l

My = Rj[anRo+ (Jan| + [Be])R2 — (a0 + |Bol)],
1 n—1
Ry = 14— 2> (Bl +16al |,
o =
b = |a1—ag|, and
¢ = |ap— ap-1|.

Note that Theorem 1.14 reduces to Theorem 1.13 when 3; = 0 for all j.
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If we use Lemmas 1.1 and 1.2 instead of Schwarz’s Lemma in the proof of Theorem

1.11, we get the following which we believe to be an improvement of the Theorem 1.11.

Theorem 1.15 Under the hypotheses of Theorem 1.11, all the zeros of p(z) lie in Ry <

|z| < Ry where

i c(l 1>+ c2(1 1>2+M2 V2
— Imax — —_— —_— —_— —
2= WY 9 Uan| — Mot 4 \Jan|  Mat) anlt| T

and

1
Ry =min{——
L { 202

1/2
|~ — Jaolt) + { BRI — faolt + dlacler3ME} ] e}
1

where
My = Jao|t"™ + (£ + 1)t" "oy — t" g — ta, + (2 — 1) Z iy
n
‘|‘ 1—t2 Z = j— 1@ —|—Z |ﬁj 1|+t|ﬁj|)tn g
j=k+1

k—1 -

M, = R% tozk—ozo-l-(t—l)z:aj + Ry | ap — tay, + (1 —1) Z aj
=1 j=k+1

+ (| + 18al) REF + RS Y (185-1] + tlB51)

7=1
b = |tag —ap|, and

c = |tap — ap—1|.
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Proof. Consider the polynomial

P(z) = (t — 2)p(z) = tap + Z(taj — aj_l)zj —ap2"t = —q, 2" + Go(2).

j=1

From equation (1.2) we have

ta, — ay—1 when evaluated at z = 0. So by Lemma 1.1 for |z| < ¢,

e, (EN Mg'ti'+c_MM2|z|+tc
z

< M> = M> ;
C|ti| + M C|Z| + tMsy

1
where ¢ = |ta, — a,—1|. Which gives for |z| > o

M; + ct|z|
G < Mo|z|" —————.
Gali)] < Moo
Therefore,
PO = = ane"™ 4+ Gal2)| 2 faal |21 ~ [Gal)
M + ct|z]|
> ntl A f 1| 2
> fanl|=1"1 — Mlel T2
= o {Mlaal | — (Mt~ fan]) || -
Most|z| + ¢

And so |P(z)| > 0, and, in turn |p(z)| > 0, if

o e S(L L) S (L Ly
2 \|an| Mot 4 \lan| Moat |an |t

Ro.

M3}

}1/2

1 1
"Gy (—)’ < M, for |z| = t. Also, 2"G, (;) yields
z
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For the inner bound, consider

P(z) = (t—2)p(z) = tap + zn:(taj —aj_1)2 — ap2"t =tag + G1(2).

j=1

Then

n .
|G1(2)] = z:(taj—aj_l)z”—anzm'1

j=1

n n

< > fteg —agoallzl + Y (185-a] + Bz + [an][2]" by (1.1)
j 1 j=1

n
= Z ta — 1) |2 + Z a1 — tag)|z)
= —k+

n
Z 1Bj-1+ 18D 2l + lan|[2["*.

On |z| = Ry > 1,

k
Gi(2)] < R (ta; —aj-1)
j=1

n

+RY Y (a1 —tay) + R} Z |B-11 +t18;1) + lan| REH
j=k+1 Jj=1

k1 n—1
= R (tozk—ao+(t—1)zaj)+R§ (Oék—tan+(1—t) > O‘J’)

j+1 J=k+1

Z (18j-1] + t18;]) + lan| R

IN

k—1 n—1
R} (tak—ao—l—(t—l)z:ozj) + Ry (ak—tozn—l—(l—t) Z ozj)

j+1 j=k+1

Z 1851l + t183]) + (lown| + Ba) R
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M.

Now, G1(0) = 0 and |G%(0)| = |ta1 — ap| = b and so by Lemma 1.2,

M1|Z| M1|Z| + R%b

G < f < R,.
G2 < A for 4] < Ry
Hence for |z| < Ry, we have
|P(2)] = [tao + G1(2)| = [tag| — |G1(2)]
M |z| M R3b
SNV
R2 My + |Z|b
1

— _— M2 2 sz M ¢ ¢ R2M
Rg(M1+|z|b){ 2|2 + R3b(My — tlao|)|2| — tlag| R3M: },

which implies that [P(z)| > 0 and in turn |p(z)| > 0 if

. ) 1/2
2 < mm{m[_Rgb(M1—|a0|t)+{Rgbz(M1—|ao|t)2+4|ao|tR§Mf’} ]t}
1

R;. (1.5)

This establishes the theorem. d

Note that Theorem 1.15 reduces to Theorem 1.14 when ¢t = 1 and n = k. If we let
B; = 0 for all j in Theorem 1.15, we get the following which sharpens Corollary 1.1 and

generalizes Theorem 1.13.
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Corollary 1.6 Under the hypotheses of Corollary 1.1, all the zeros of p(z) lie in Ry <

|z| < Ro where Ry and Rs are as given in Theorem 1.13 and

k—1
My = |aolt"™ + (£ + D)t" *ay —t"tag —ta, + (> —1) Y " la;
j=1

n—1
+H1 =17 Y Iy,

j=k+1
k—1 n—1
M, = R: (tak —ap+ (t—1) Z aj) + Ry (ak —ta, + (1 —1t) Z aj) + |an| RETL,
j=1 j=k+1
b = |tag —ag|, and
¢ = |tap — ap—1|.

If we let t =1 and k = n, Corollary 1.6 reduces to Theorem 1.13.
Our next result which we believe is a refinement of Theorem 1.12 is obtained by using

Lemmas 1.1 and 1.2.

Theorem 1.16 Under the hypotheses of Theorem 1.12, all the zeroes of p(z) lie in

R; <|z| < Ry where Ry and Ry are as given in Theorem 1.15 and

My = Jag|t"™' =" Hag + o) — tlan + Bn) + (2 + (" Ty + 77715,
k-1 ) r—1 '
HE =) [ S e+ Y i
J=1 j=1

+(1 —t%) ( zn: "I oy + zn: t"—j—lﬁj) ,

j=k+1 J=r+1

k—1 r—1
M, = R% (tozk —Oé(]—|—(t—1)zaj) + Rj (tﬁr —Bo+(t - 1)Zﬁj)

J=1 J=1
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n—1 n—1
+Ry | ag —ton + B =t + (1 —1) Y aj+(1—=1t) Y B | +lan R,
j=k+1 j=r+1
b = |tag —ap|, and
c = |tap — ap—1|.

Proof. Consider the polynomial

P(z) = (t — 2)p(z) = tap + Z(taj —aj_1)? — ap2"tt = —a, 2" 4 Ga(2).
j=1

From equation (1.3) we have

1
"Gy (l>’ < M, for |z| = t. Also, 2"G, (—) yields
z z

ta, — ap—1 when evaluated at z = 0. So we get from Lemma 1.1 that for |z| < ¢,

1

z

Myl e Myl te
- 2 )
cEl 4, clz| + tM;

s () v

where ¢ = |ta,, — a,—1|. Hence,

Mj + ct|z| 1
G < Mo|z|"———+— fi > =
Go(2)] < Mo O for ] 2
Therefore,
[P(2)] = | =anz"" + Ga(2)] > |anl[2["™ = |Ga(2)]
M2 —|—Ct|z|
> n+1 _M n
= lanfl2] 2/l ¢+ Most|z|

= & {75M2|an||z|2 — (Mot — |ay])|z| — M22} .
Most|z| + ¢
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From (1.4), p(z) # 0 if |z| > Ro.

For the inner bound, consider

P(z) = (t—2)p(z) = tap + zn:(taj —aj_127) — a, 2" = tag + G1(2).

j=1

Then

n
|G1(2)| = Z taj —aj_1) 2 — a2t
7=1

IN

n n
Y ltay — ajallzl + D (t8; — Bi—1)lz + lanll= ™!
7=1

J

1
n
(taj — aj1 )zl + Z aj 1—tozj)|z|3

k

<.

T

j=1 Jj=r+1

And so for |z| = Ry > 1,

k n
Gi(2)] < REY (tag —aj1) + Ry Y (a1 — tay)
j=1 =kt
+er (tB; — Bj—1) + Ry > (tB; — Bj—1) + |an| RET

Jj=r+1

k—1 r—1
= R} (tak—a0+(t_1)zaj) + R} (tﬁr—ﬁo—i'(t_l)Zﬁj

j=1 j=1

n—1

n—1
+R§L (Oék_tan‘Fﬁr_tﬁn"i'(l_t) Z aj—l_(l_t) Z ﬁj

j=k+1 Jj=r+1

+Y (8 = Bi—0)l2l + D (Bj—1 = t8;) 2 + [anl[2["F.

|
|
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+|an|R§+1

M;.

Now, G1(0) = 0 and |G%(0)| = |ta1 — ap| = b and so by Lemma 1.2,

M1|Z| M1|Z| +R%b
R} My +|z|b

G1(2)] <

for |z| < Ro. By equation (1.5), p(z) # 0 if

1 1/2
A< ga | ~EBO — laolt) + { R — Jaole)? + daoleriast} |
i
= Rl.
This establishes the theorem. O

If in Theorem 1.16 we take 3; = 0 for all j, it reduces to Corollary 1.6. By taking
certain choices of ¢, k and r, we obtain the following corollaries. In each, p(z) = z“: a2,
an # 0, and Re(aj) = o and Im(a;) = B; for j = 0,1,...,n. We believe tﬁ)a_to these
results sharpen Corollaries 1.2 through 1.5, respectively. If in Theorem 1.16, we take

t=1, k=n and r = n then we get:
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Corollary 1.7 Ifag < a3 < -+ < ay and By < (1 < --- < By, then p(2) has all its zeros

in Ry < |z| < Ry where Ry and Ro are as given in Theorem 1.15 and

My = ao| = (a0 + Bo) + (on + Bn),

My = Ry [—(ao+fo) + (an + Ba)] + [an| REH,
b = |tag —ag|, and
¢ = |tap — ap—1|.

If in Theorem 1.16, we take t =1, k = 0 and r = 0 then we get:

Corollary 1.8 Ifag > a1 > -+ > ay and By > (1 > -+ > By, then p(2) has all its zeros

in Ry < |z| < Ry where Ry and Ro are as given in Theorem 1.15 and

My = |ao| + (ao + Bo) — (an + Bn),

My = Ry[(ao+ o) — (an + Ba)] + |an| REH,
b = |tag —ap|, and
¢ = |tap — ap—1|.

If in Theorem 1.16, we take t =1, kK =n and r = 0 then we get:
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Corollary 1.9 Ifag > a3 > -+ > oy and By < (1 < --- < By, then p(2) has all its zeros

in Ry < |z| < Ry where Ry and Ro are as given in Theorem 1.15 and

My = lao| — a0+ Bo+ an — B,

My = R3(ag—fo— an+ Bn) + |an| B3,
b = |tag —ap|, and
¢ = |tap — ap—1|.

Lastly, if in Theorem 1.16, we take t = 1, k = 0 and r = n then we get:

Corollary 1.10 Ifap < a3 < - < ay and By > 1 > -+ > [, then p(z) has all its

zeros in Ry < |z| < Re where Ry and Rs are as given in Theorem 1.15 and

My = |a0|+a0_ﬁ0_an + Bns
M1 = RS(—OZ(] +ﬁO + oy — ﬁn) + |an|R§+17
b = |tag —ag|, and

¢ = |tap — ap—1|.



CHAPTER 2
THE NORM OF THE DERIVATIVE OF A POLYNOMIAL

IN TERMS OF THE NORM OF THE POLYNOMIAL

In 1887, the Russian chemist Dmitri Mendeleev studied the specific gravity of a
solution as a function of the percentage of the dissolved substance [43]. He noticed that
his data could be closely approximated by quadratic arcs and wondered if the corners
where the arcs joined were actual, or were due to errors of measurement. If the slope of
one arc exceeds the largest possible slope of an adjacent arc, then the arcs must come
from different quadratic functions. After normalizations, the question becomes “If p(z)
is a quadratic polynomial with real coefficients and |p(z)| < 1 on [—1, 1], then how large
can [p'(z)| be on [—1,1]?” Mendeleev found that |p’(x)| < 4. This answer is best possible
(or “sharp”) as is shown by the example p(x) = 1 — 2z2. With this result, Mendeleev
decided that the corners in his data were genuine. For a complete historical review, see
Boas [9].

Mendeleev corresponded with A. A. Markov about this result. Markov proved the
following theorem which is the extension of Mendeleev’s result to polynomials of arbitrary

degree n [41].

Theorem 2.1 If p(z) is a polynomial of degree n with real coefficients, and |p(z)| < M

on [—1,1] then |p'(x)| < Mn? on [-1,1].

The example p(z) = £T},(z) = % cos(n cos™(x)), the n* Chebyshev polynomial, shows

that this result is sharp.

28
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We now turn our attention to results for polynomials over the complex field. We also

introduce a bit of notation:

Definition 2.1 Let P,, denote the collection of all polynomials (over the complex field)

of degree less than or equal to n. Forp € Py, let ||p|| = Tn|a}1<|p(z)|.
zl=

The first result is due to Serge Bernstein [6]. When approximating functions with poly-

nomials, he wanted the analogue of Theorem 2.1 for complex polynomials. He proved:

Theorem 2.2 Ifp € P, then ||p'|| < nlp|.

n

The result is sharp if and only if p(z) = az™. So if we put some restrictions on the
location of the zeros of p(z), the bound of Theorem 2.2 can be improved. Paul Erdds

conjectured and Peter Lax proved [35]:

Theorem 2.3 Ifp € P, and p(z) # 0 in |z| < 1, then

n
IP'll < S lpl-

This is also a sharp result, as is shown by the example p(z) = az™ + 3 where |a| = |3].
Theorem 2.3 also holds for self inversive polynomials, which satisfy the property
1
p(z) =2"p (:) [5, 17, 46, 57]. In 1969, Malik [39] weakened the condition p(z) # 0 in
z

|z| <1 to prove:
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Theorem 2.4 Ifp € P, and p(z) # 0 for |z| < K, where K > 1, then

n
1+ K

Il < Ipll-

z+ K
1+ K

then Theorem 2.3 is obtained as a corollary. This result was generalized for the st"

The bound is sharp and is obtained for p(z) = ( ) . If K =1 in Theorem 2.4,

derivative by Govil and Rahman [25]. For an inequality analagous to Theorem 2.2 for

1
polynomials satisfying p(z) = z"p (—) see Govil, Jain and Labelle [23].
z

Another generalization of Theorem 2.3 was given by DeBruijn in 1947 (originally

[11], see also [51]).

Definition 2.2 Forp € P, define the Ls norm of p as

21 . 1/6
Iolls={ [ w(eras}

DeBruijn’s theorem is:

Theorem 2.5 Ifp € P, and p(z) #0 in |z| < 1 then for § > 1,

I lls < nCslplls

where
1 2 : —1/s r(30+1)
Cs = —/ | 4 eiopdg } _ g0 m20tl)
P {%_ ; |1+ e*|°da ﬁf(%é—l—%)
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If we let § — oo in Theorem 2.5, we obtain Theorem 2.3 as a corollary. The proof of

Theorem 2.5 depends on the following lemma, which is also due to DeBruijn [11]:

Lemma 2.1 Let R be a convex region in the z-plane and let B be its boundary. Let p(z)
and q(z) be polynomials with the roots of q(z) in R\ B and let the degree of p(z) be less
than or equal to the degree of q(z). If |p(2)| < |q(z)| for z € B, then |p'(2)] < |¢'(2)| for

z € B.

Again, if we have more information about the location of the zeros of p(z), the bound
on [|p|| can be further refined. Govil and Labelle [24] used the information about the

location of each of the zeros to prove:

Theorem 2.6 If p(z) = apIll_ (2 — 2z) and |zy| > K, > 1 forv=1,2,...,n, then

Wl < <ZZ:1 Kf_l)n || ”(1 ! )n |
Pl<n| g ) lpl=5 1 -3 — | lIpll-
Yoot 1t 2 1+ 50— 7T

This is clearly an improvement of Theorem 2.3 and reduces to it if K, = 1 for some
v=12...,n and to Theorem 2.4 if K, > K > 1 for v = 1,2,...,n. The proof of

Theorem 2.6 employs the following lemma:

Lemma 2.2 If p(z) = a,ll)_ (2 — 2y), |20 > Ky > 1, and q(2) = z"p(

||~

) then for

2] = 1

tolp(2)] < ¢'(2))
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where

K
+ ZZ:I Kuil
0~ 1 -
>ov=1 BT

Theorems 2.3 through 2.6 can be collected into one result. We will prove this result

and obtain these other theorems as corollaries. We need the following lemma due to

Shapiro [58]:

Lemma 2.3 Let P,, denote the linear space of polynomials p(z) = ag+ a1z + -+ -+ a,z"
of degree < m with complex coefficients, normed by ||p|| = o ax Ip(e?)|. Define the
<0<2m

linear functional L on Py as L : p — lpag + lia1 + - - - + l,ay, where the l; are complex

)as

numbers. If the norm of the functional is N then

2m ’ZZ:O lkakeik0’ 2m
/ e ———————-d@g/ e
0 N 0 —

n
Z akesz
k=0

where ©(t) is a nondecreasing convex function of t.

Our result is:

Theorem 2.7 If p(z) = a,II}_ (2 — 2zy) and |z,| > K, > 1 forv=1,2,...,n, then for
6> 1,

19'lls < nE;s||plls

where
~1/s

1 2 .
%:{_/ m+me}
27 Jo
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and

ZZLZI Kuil 1

ty = =14+ =
<ZZL:1 ﬁ) Zg:1ﬁ

Proof. If |p(z)| < M for |z| <1 then for |A| > 1 the polynomial P(z) = p(z) — AM does

not vanish in |z| < 1. Let

||~

Q(z)=2"P ( ) =z"p (i) — 2" A\M = q(z) — 2"AM

where ¢(z) = 2"p (%) The polynomial Q(z) has all its zeros in |z| < 1 and |Q(z)] =
|P(z)] for |z| = 1. So, by Lemma 2.1 it follows that |P'(z)| < |Q’'(2)| for |z] = 1. Thus

for 0 < 0 < 27,

dp(e”) dg(e”) N
/ e / = < / — wm
Pl =) = | P < @) = | T et
By choosing arg(\) suitably, we obtain
dp(e™) dg(e”)
< —

| <l - | =
Now, letting |A| — 1 we get

dp(e”)| | |dg(e”)

< .
do g | =M (1)

But
dq(e™)
do

_ | d{e—inep(eié))}

; d
—|_s i6
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and therefore by (2.1),

Hence for every a such that 0 < a < 27 we have by the triangle inequality

dp(ei‘)) o . i0 dp(ei‘))
- <
10 +e inp(e”) + 10 < Mn
or
(e"*+1) dp(e?) _ inep(e)| < Mn.
do
Thus the norm of the bounded linear functional:
L:p—> (eza+1)dp(e ) —inemp(ew)
do =0

is a number satisfying N < n, and it follows from Lemma 2.3 that for every § > 1,

/27r
0

which implies

dp(e'?)
0

dp(e™®)
0

4
2 .
}| degNé/ p(e)Pds (2.2)
0

+ et {—inp(ew) +

o 0 ' ) 0 g 2 .
[T o d impe) + P o <t [ peypan. (2
0 do do 0
By Lemma 2.2,
dp(e”)| _ |da(e”)| _ ioy , dp(e”)
to < | = —inp(e"”) + 10 (2.4)
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where tg is as in Lemma 2.2. Now,

. . é
o ldp(e) | ey dp(e®)
/0 /0 70 + e < —inp(e") + 0 df do

df do

_/27r/27r dp(eZG)
~Jo Jo dao

dp(e'?)

do

. o0y L dp(e®) \ |°
14 e (—an(el )+ =g )

inverting the order of integration,

o 2m ioy |9 iy dp(e®) |
_ Ap(eT) [y 4 i (2P T )| g
o Jo d %
T "N
2w 2w dp(e“g) B(eze)
= 1 e . 2.
] e | dods (2.5)
0 0 B(ew)
where to|A(e")| < |B(e")| by (2.4) and so A0 > tg. Thus for every fixed 6 and
every d > 1,
; é
2 B(ew) . 2 -
_ (10% > (10% . .
/0 1+ A(c) e doz_/o |1+ toe'|°da (2.6)

in the well known

. ) 1 B(e')
This follows, for example, by taking G({) = - +Cand R = o
0

inequality

27 . 2m .
/ (G(Re™) P da > / G ()P dax
0 0

where § > 0 and R > 1, valid for every entire function G({). Now,

2 27 . 2 27
/ / 1 + toe P de df — / /
0 0 0 0

dp(e®) |
d

dp(e”)
9

4
y le™™ 4 to|°dor d
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And so,

where

Theorem 2.7 reduces to Theorem 2.5 if K, =1 for some v =1,2,..

36

p(ew g

do

dp(e”)
6

dp(ew) _|_eia {—inp(ew) + dp(ew)}

S
~—

|to + €|%dor df

4

do

0

~1/6

1 2w .
Es = {—/ |to + em|5da}
21 Jo

that if § — oo then Theorem 2.7 reduces to Theorem 2.6.

21 . 27 .
| eyt < gt [ (e pas

by (2.6)

by (2.5)

by (2.3).

.,n. It is our belief



CHAPTER 3

RATE OF GROWTH RESULTS

In this chapter we study problems relating the the size of |I|naX0 |p(z)| in terms of
z|=r>

|m|a}1< |p(z)|. We start with a definition.
zl=

Definition 3.1 For the function f(z) analytic in |z| < R, define

M(f, R) = max | £(2)

for R >0, and denote M(f,1) = | f].

From the Maximum Modulus Theorem (see, for example, p. 134 of Ahlfors [1]), we see
that for a polynomial p(z) (or any other entire function), M (p, R) is a strictly increasing
function of R and is defined for R € [0,00). We are concerned with the rate of growth
of this function.

The first result, due to S. Bernstein, is a simple deduction from the Maximum Mod-

ulus Theorem (see [54] or Vol. 1, p. 137 of [49]):

n
Theorem 3.1 If p(z) = Z a,2" is a polynomial of degree n, then
v=0
M(p, R) < R"||p||

for R>1.

37
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The following result which refines Theorem 3.1 is due to Rahman [52].

n
Theorem 3.2 If p(z) = Z a,2" is a polynomial of degree n, then
v=0

(lpll = lan|) (R — 1)
|an| + Rl|p]]

M(p, R) < R"|lp| - R |pl

for R>1.

In both Theorems 3.1 and 3.2, equality holds only if P(z) = Az™.
Another refinement of Theorem 3.1 is due to Frappier, Rahman, and Ruscheweyh
[16]. The proof of the theorem is rather novel, appealling to the Hadamard product or

convolution of analytic functions (see also [56]) and several results from matrix analysis.

Theorem 3.3 If p(z) = Z a,2" is a polynomial of degree n, then
v=0
R"[|p|| = (R" = R""?)|an| < M(p, R) < R"||p| — (R" — R""?)|ao|

for R>1.

Again, equality for the outer bound holds for p(z) = Az". Since this polynomial has all
its zeros at z = 0, it follows that, if we put a restriction on the location of the zeros of
the polynomial, we should be able to sharpen the above results.

The first result in this direction is due to Ankeney and Rivlin [2].
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n
Theorem 3.4 If p(z) = Z ayz’ is a polynomial of degree n and p(z) # 0 for |z| < 1,
v=0

then
R"+1
2

M(p, R) < il

for R > 1.

A refinement of Theorem 3.4 was given by Govil [20]. The proof is dependent on

Theorems 2.3 and 3.3.

Theorem 3.5 If p(z) = Z ayz’, n>2, and p(z) # 0 for |z| < 1 then

R"+1 R"—1 Rv2-1
M. 7)< ( )mm—( - _2>mu
n n

for R>1.

Equality holds in Theorems 3.4 and 3.5 only for p(z) = A + uz™ where |A| = |u|, that
is, when all the zeros of p(z) lie on |z| = 1. If more is known about the moduli of the
zeros of the polynomial, Theorem 3.5 can be further refined. Govil [22], in this direction,
proved:

n
Theorem 3.6 If p(z) = a,Il;_;(z — 2z,) = Zavz”, an #0,n > 2, and |z| > K, > 1

v=1

forv=1,2,...,n then

M(p,R) < (R"—I—l)

2

1 (Rn‘l) ! I
RM+1) 14250 7 P



40

R*—1 R“2_1 |
n n—2 “

ifn>2, and
R?+4+1 R? -1\ (K1 —1)(Ky—1) (R—1)?
ifn=2.

Notice that if K, = 1 for some v = 1,2, ...,n then Theorem 3.6 reduces to Theorem 3.5.

Yet another refinement of Theorem 3.4 was given, again, by Govil [21].

Theorem 3.7 If p(z) = Z ayz’ and p(z) # 0 for

|z| <1 then
v=0
R"+1 n (|Ip||? — 4|an|? R—-1)|p
Il 121l + 2|an]
(R— 1)||p||>}
—log (1 +
121l + 2|an]

for R > 1.

The bound given in Theorem 3.7 is always sharper than the bound given in Theorem

3]

3.4, except in the case |a,| = 5 The proof uses, besides other results, the following

lemma, which can be verified by the first derivative test.
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Lemma 3.1 For R>1 andn > 0,

oy = {1 - el DY,

18 an increasing function of x for x > 0.

We now sharpen Theorem 3.7, introducing more information on the moduli of the

zeros. We need the following lemma:

n
Lemma 3.2 Letp(z) =1I}_,an(2—2) = Z apz’ and|zy| > Ky, > 1 forv=1,2,...,n.

v=1
Then
lan| < £lpll
n 1
whereli—@—l<l— 1 )
Yoo gt 2 1+ 250 rt

Proof. Well, p'(z) = Zvavz”_l and by a result due to Visser (Lemma 3 of [62]),
v=1

la1| + |nay| < ||p/|| which implies in particular that |na,| < ||p’||. From Theorem 2.6,
[nan| < [[p']] < nslipl|
and the result follows. O

Here, we prove the following generalization of Theorem 3.7

Theorem 3.8 If p(z) = apll)_ (2 — 2zy) and |zy| > K, > 1 forv=1,2,...,n then

IplI* — zlan|® {(R — Drllpll

1
Mp.R) < wlpll (B =14 ) - nx
. ol Ulaal = Al
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—log (1+M>}

|an| + &pll

for R>1 wh Zoger | <1+ 1 )
or = WNETre K = ————% 117 — = .
22;1% 2 1+%22=1ﬁ
Proof. Well,
R o . .
[ ey dr = p(Re?) — p(ei®)
1
SO

. . R . .
p(Re™) — p(e?)] = / P/ (rei®)et dr

1
R .
[ Wt ar
1

R N _
- / 1 {1 Al nlanl)(f 1)} I/l dr.  (3.1)
) nlan| +rllp/|

IN

Equation (3.1) follows by applying Theorem 3.2 to p’(z). From Lemma 3.1, the integrand

of equation (3.1) is an increasing function of ||p'[|. So by Theorem 2.6,

: : R (knllpll — nlan|)(r —1)
R idy i < / n—1 {1 _ n } d
Ip(Re'?) —p(e'?)| < T nlan] + rnlp] kn|p|| dr

R opn=l(p 1)

= %IIPII(R"—l)—mllpll(%llpll—Ianl)/ o A
1 fan|+r5|p|

From Lemma 3.2, |a,| < kl|p|| so &||p|| — |an| > 0 and so

p(Re'?) —p(e”)] < wlpll(R" = 1) — wn|pl|(kllp]l - |an]) x
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R ~1
[ —
v Taal + Al
= llpl(R" = 1) = sallpl (sllp] — lanl) X
(R
v T el sl
= llpl(R" = 1) = sallpl (sllp] — lanl) X

fir-1)- Jan| ol Jan| + mnpn}

Al o]+ wlp]
Ip]? ~ lan?
= Rl (R — 1) — R
R—-1 R—-1
(R Delpl o (,, (2 Dol
fanl + ll] anl+ Al

Notice that [p(Re’®)| — [[pl| < [p(Re’?) — p(e')]. So

lpll* — zlan|® {(R — Drllpll

1
Mp.R) < wlpl (B =14 ) - nx
: ol Ulaal = Al

—log<1+w>}.

|an| + &pll

As a corollary, if we only know that the polynomial has no zeros in |z| < K where K > 1

then we get:

Corollary 3.1 If p(z) = Z apz’ and p(z) # 0 for |z| < K, K > 1, then
v=0

M(p,R) < (

R"-|-K>Hp||_ n ||p||2—(1+K)2|an|2{ (R =Dl
1+ K 1+ K 2]l Pl + (1 + K)|ax|
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—log (1 + ||p||(f(_1 f@”an&}

for R > 1.

If we let K =1 in Corollary 3.1 then we get Theorem 3.7.
We now shift our attention to the behavior of M (p,r) for » < 1. From the Maximum
Modulus Theorem, we immediately have that ||p|| > M (p,r) > |ag| for r < 1. The first

nontrivial result in this direction is:

n
Theorem 3.9 Ifp(z) = Z ayz’ then
v=0
M(p,r) = r"|pll

forr <1.

The proof of Theorem 3.9 is implicit in [49] (see p. 137 problem 269) and the theorem
can be credited to Bernstein. The theorem is explicitly stated and proved by Varga [61]
and a simple proof is also presented by Qazi [50].

Another result in this direction is due to Frappier, Rahman and Ruscheweyh [16].

This theorem is related to Theorem 3.3 and the method of proof is similar.

n
Theorem 3.10 Ifp(z) = Z ayz’ then
v=0

Ipll = (L =72)[an] = M(p,7) = 7"||p|l + (1 — 1%)]ao]
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forr <1.

We present a related result:

Theorem 3.11 Ifp(z Z a,z" then

1. 1
M(p,r) = 57" (ol = lanl) + 53/ 2ol = laal)? + 472" ]

forr <1.

Proof: Let R = 1 Then
r

>!

= max
Ioll = maxp
)~ @) (R -1)
< 1— | | M(p,r) from Theorem 3.2
RM(p,7) + ‘i
Rlan| + R"M (p,7) }
= M .
{R“+1M (p,7) + |an| (. 7)

So,

Ipl|(R™ M (p,7) + [an]) < (R™|an| + B2 M (p, ) M(p,7)

or

R M (p,r)? + (R Jan] — B p])) M(p,7) — lanllp]] > 0.

Therefore,

Mp,r) > Pl =lan) + VE 2R<2|:nl P07 + AR [a, ]|
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1, 1
= 3 1(Ilpll—Ianl)Jr5\/7“2"‘2(|an|— IpI1)? + 472" |an|||p]-

We suspect that the bound given in Theorem 3.11 is, in general, an improvement of the
bound given in Theorem 3.10, however we have not been able to show this. By means of
the following example, we show that in some cases the bound obtained in Theorem 3.11

can be considerably better than the bound obtained from Theorem 3.10.

Example 3.1 Ifp(z) = (20—20i)2+(30—504) 22+ (1+5i)23+.00012* then Theorems 3.8
and 8.10 both yield the result that M (p,.5) > 5.164. Theorem 3.11 gives that M (p,.5) >

10.329, which is an improvement of a factor of 2.

Theorems 3.10 and 3.11 put no requirements on p(z). With a restriction on the
location of the zeros of p(z), we should be able to sharpen the above bounds for certain
classes of polynomials. The first result in this direction is due to Rivlin [55]:

Theorem 3.12 Ifp(z) = Z ayz’ and p(z) # 0 for |z| <1 then
v=0

M. > (S5) )

for 0 <r < 1.
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Equality holds for p(z) = (A+ pz)™ where |A| = |u|. Govil [19] offered a generalization of
Theorem 3.12, allowing a comparison of M (p,r1) and M (p,r2) where 0 < r; < rg < 1.

Namely, he proved:

Theorem 3.13 Ifp(z) = Z a,z¥, p(z) # 0 for |z| < 1 and p’(0) =0 then
v=0

M(p, Tl)

Y

1+17r n 1
( ) _ _ n—1 M(p7 T2)
1+7re 1— (1=r2)(re—r1)n (1+7«1)
4 1+rso

for0<ri<ry <1.

Notice for ro = 1, Theorem 3.13 implies Theorem 3.12.



CHAPTER 4

RESULTS FOR ENTIRE FUNCTIONS

In this chapter, we obtain results concerning extremal problems for functions of
exponential type. Our results will generalize some of the results of Chapters 2 and 3.

We start with some definitions.

Definition 4.1 For an entire function f(z), define M(f,r) = Tn|ax|f(z)|. The order p
Z|=Tr

loglog M (f,r)

of f(z) is p = limsup . An entire function of positive order p is of type T

r—00 logr
. . log M(f,r)
if T = limsup ————.
r—00 rP

Definition 4.2 An entire function is of exponential type T if either it is of order 1 and
type less than or equal to T, or it is of order less than 1. Denote the class of entire

functions of exponential type T by E;.

Definition 4.3 For f € &, let ||f|| = sup |f(x)|. Define the indicator function to be
zeR

1 0
h¢(0) = limsup M.

r—00

The following elementary examples illustrate the idea of order and type.

Example 4.1 The function f(z) = €™ is of order p and type T.

iz ,—iz
Example 4.2 Suppose f(z) =sinz = %. Then

e"—1 . e"+1
< max|sinz| < .
2 |z|=r

So f(z) =sinz is of order p =1 and type T = 1.

48
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For further properties of entire functions, see Holland [28] and Markushevich [42], which
offer nice introductions. The classical (and in depth) text on the subject is due to Boas
[7]. This book deals at length with entire functions of exponential type and we will
quote this reference often. Additional references with introductory material as well as
applications are Paley and Wiener [47], Levinson [38], Levin [37] and Young [63].

The first result dealing with the norm of the derivative of an entire function of

exponential type is due to Bernstein [6]. He proved:

Theorem 4.1 If f € & and ||f|| = M, then ||f'|| < MT.

This is quite clearly the analogue of Theorem 2.2 for entire functions of exponential type.
In fact, we will find that the results for P, which extend to &£, will, in some sense, have
7 corresponding to n. Additionally, if we consider the transformation 7' : z — €%* then
T:R—{z:|z|=1}and T : {z: Im(z) > 0} — {2z : |z| < 1}. The transformation 7'
also reinforces the belief that there is a correspondence between 7 and n when we notice
that if p(z) € P, then p(e*) € &,. Also, as hinted at by T, theorems which restrict the
location of the zeros of polynomials to the exterior of the unit disc, will have analogues
for entire functions of exponential type which restrict the location of the zeros to the
lower half plane. For example, the following result due to Boas [9] is a generalization of

Theorem 2.3.

Theorem 4.2 If f € &, ||f|]| =M, hy (g) =0 and f(z) # 0 for Im(z) > 0, then

1
17l < g7
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In addition to bounds on the norm of the derivative, we can put bounds on the rate
of growth of |f(z)| as a function of I'm(z), similar to the theorems of Chapter 2. The

following result is also due to Boas [9].

Theorem 4.3 For f € &, ||f|| = M, h T =0 and f(z) # 0 for Im(z) > 0, we
T\2

have

7@ < 5 (W1 1)

where y = Im(z) < 0.

Clearly, Theorem 4.3 generalizes Theorem 3.4.
Let us again consider results for polynomials, including a generalization of the dif-

ferentiation operator.

Definition 4.4 Ifp € P, then define the polar derivative of p with respect to a complex

number ¢ to be

az+ 3
vz 44
where ad — 3y # 0 (see Marden [40] for this and related results). Concerning the location

The zeros of D¢[p] are invariant under the general linear transformation z —

of the zeros of D¢[p|, Laguerre [34] proved:

Theorem 4.4 Let p € P,. If p(z) # 0 in a closed or open circular domain K, then
De¢[p] is nonzero for z € K and € K. (By closed “circular domain” is meant the closed

interior or closed exterior of a circle or half-plane.)
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Notice that if we divide D¢[p] by ¢ and make ( — oo, then we get by Theorem 4.4 that
p'(2) #0 for z € K. This is the well known Gauss-Lucas Theorem (see, for example, p.
29 of Ahlfors [1]).

Avziz [3] presented a rate of growth bound on the k" polar derivative of a polynomial.

He applied Theorem 4.4 to prove:

Theorem 4.5 Let p € Py, ||p|| =1 and p(2) # 0 for |z| < 1. Then for |z| > 1,

(n—1)---(n—k+1)

De, - De, ()] < -

{|C1"'Ckzn_k| +1}

where |§| > 1 fori=1,2,... k.

Aziz also put a bound on the norm of D¢[p] for p € P,. Again applying Thoerem

4.4, he proved:

Theorem 4.6 Let p € P, |pll = 1 and p(z) # 0 for |z| < k where k > 1. Then for

<=1,

ST}

D¢l < m (S

We now proceed to obtain results for entire functions of exponential type which will
generalize some of the results of Aziz. This will require an extension of Theorem 4.4 to

the space £;. We start with a definition which is due to Rahman and Schmeisser [53].

Definition 4.5 If f € £, then define the polar derivative of f with respect to a complex

number ¢ to be
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In the following, by “open upper half plane” we mean {z|Im(z) > 0}. The “open
lower half plane” is similarly defined. Rahman and Schmeisser [53] were successful in

using Definition 4.5 to get the extension of Theorem 4.4:

Theorem 4.7 Let f € & where 7 > 0 and hy (g) = 0. Let H denote the (open or

closed) upper half plane. If f(z) # 0 for z € H, then D¢[f(2)] # 0 for z € H and ] < 1.

Since we wish to let ( — oo, we prove the following result, which will be needed later.

Lemma 4.1 Let f € & where 7 > 0 and hy (?) = 7. Let L denote the (open or

closed) lower half plane. If f(z) # 0 for z € L, then D¢[f(2)] # 0 for z € L and || > 1.

Proof. Let g(z) = "™ f(Z). Then g(z) # 0 for z € H. Also

1 —TYf(—; —
hy (g)  timsup ogle yf( L)l p— (;) _o

So, applying Theorem 4.7 to g(z),

D¢lgl = 19(2) +i(1 = Q)g'(2) #0 (4.1)

for z € H and || < 1. Since

J'(2) =ire' ™[ (Z) + [ (2),
equation (4.1) is equivalent to

@) + i1 = ¢) (ire @) + ¢ FE)) = 7 (¢T3 + i1 - OF(F)) #0
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for z € H and |¢| < 1. This means

(rf(Z) +i(1 =) f'(z) #0

which gives

that is

which implies

. ¢ /e
rf@)+i(1-5) 1) £ 0
for z € H and |(| < 1. Now if z € H then zZ € L and if |(| < 1 then # :%21.80
Tf(2) +i(1 =) f'(2) #0
for z € L and [(] > 1. O

Letting ¢ — oo, we get that if f(2) is an entire function of type 7, hy (g) =7, f(z2) £0
in L, then f/(z) # 0 for z € L, which corresponds to the Gauss-Lucas Theorem.
We will now extend Theorem 4.6 to functions of exponential type. First, we will need

several preliminary results. As a consequence of the Phragmen-Lindel6f Theorem (see,

for example, p. 3 of [7]), we have (6.2.4 of [7], also [14], [48], and [49]):
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Lemma 4.2 If f € &, hy (g) < cand|f|| £ M, then for every z withy = I'm(z) > 0,

[f(2)] < Me®.

This is an extension of the Maximum Modulus Theorem (see, for example, p. 134 of
[1]) in that we get the boundedness of a function inside an unbounded region from the
hypothesis that the function is bounded on the boundary and not of too rapid growth
inside.

A more general result similar to Lemma 4.2 is (see [8] and p. 82 of [7]):

Lemma 4.3 If f € & and || f|| = M, then for y = Im(z),

|f(2)] < MeT,

A result concerning the indicator function is the following;:

Lemma 4.4 If f is an entire function of order 1 and type 7, ||f|| = M and hy (g) <0,
then hy (?) =T.

Proof. Let g(z) = e "*/?f(z). Then

Q
VRS
ol
N———
[
N3
+

>
~
VRS
ol
N———
|
N3

and

>
Q
VRS

|
”L\
N———
I

|
vl |
+

>
<
VRS
|
N———
IA
N
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So, from a result of Boas (see p. 82, line 14 of [7]), since ||g|| is bounded and h, (:l:—) <
z, we have
2

|hy(0)] < g| siné)| for all 6.

So

log |g(Re”
hy(6) = hglsupw

log ’e—iTRei9/2f(Rei9)’

= limsup
R—0o0 R

lo e—iTR6i9/2
= limsup gl |
R—o0 R

> +hy(0).

+ hy(6)

So,

T T
sz > _

5 2 2|sm9| 5 —I—hf(9)

and hy(6) < 7 for 0 # :l:— But hyf ( ) < 0and f is type 7 implies that hs (?) =T

|

Concerning functions with no zeros in the upper half plane, we need the following

result originally due to Levin [36] ( see also Theorem 7.8.1 of Boas [7]).

Lemma 4.5 Let f € &, f(z) # 0 for Im(z) > 0 and hy(o) > hy(—a) for some «,

0<a<m. Then |f(2)| > |f(Z)| fory=1Im(z) > 0.

From Lemma 4.5 we can prove the following:
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Lemma 4.6 let f € &, hy (;) =7, hy (g) < 0, and f(z) # 0 for Im(z) < 0.

Then |f(z)| > |g(2)| for Im(z) <0 where g(z) = ei”ﬁ.

Proof. Let fi(z) = ¢"*/2f(Z). Then fi(z) has no zero in Im(z) > 0. Also,

T : 10g|67y/2.} (Zy)| T m T
— | = - T = — )< —
hfl( B ) hZI/nSllp 2—|—hf<2> 9’

and

T\ .. log|e_7y/2f(—iy)| T -\ T
i (5) = limsup y =5 th (7) =3

So hy, (g) > hy, (?) and by Lemma 4.5, |fi1(z)| > |f1(Z)| for Im(z) > 0. This is
equivalent to

T2 ()] = [T f ()] for Im(2) = 0,

which gives

T2 F ()] = |72 f(Z)] for Im(z) <0,

that is

&= 22 f(2)] > |72 f(Z)| for Tm(2) <0

which implies

[f(2)] 2 [€7*F ()| = |g(2)| for Im(2) < 0.

So |f(2)| > |g(2)| for Im(z) < 0 where g(z) = e f(Z). O

We also need a result of Govil [18]:
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Lemma 4.7 Let f(z) be an entire function of order 1 and type T, hy (2> <0, ||f]l =

and let g(z) = €™ f(Z). Then the type of g is less than or equal to T.

Also,

Lemma 4.8 Let f € &, hy (?) T, hy ( ) <0, ||fll=M and |f(2)| > |g(z)] for

Im(z) <0 where g(z) = €% f(Z). Then for |a| > 1,

—T
hg(z)-as(z) (7) =7

Proof. Since |f(z)| > |g(z)| for Im(z) < 0, we have | f(—iy)| > |g(—iy)| for y > 0. Note

that
l9(—iy) — af(=y)| = l|af(=iy)| - |g(—iy)|
= 15l (ol - [5=21) fory =0
Therefore,

—T . log [g(—iy) —af
hg(2)-as(z) (7) = hmsup( )

Yy—oo

i)

§ hmsuplog(m zy>|{|a| Fer
y—00 Y

()

g ’7’7
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9(—iy)
f(=iy)

because

’ <1 for y > 0. This gives

™
hy(z)—ar(z) (§> 2T (4.2)

The facts that f € £, and, by Lemma 4.7, g € &, imply that g(z) —af(z), being a linear

combination of f and g, is also in &:. This implies that hy(;)_qf(2) (g) < 7. This when

combined with (4.2), gives the result. O

We need the following results for the polar derivative of entire functions of exponential

type.

Lemma 4.9 Let f € & with ||f|| =1 and hy (g) = 0. Then for any z with Im(z) =

y <0 and |C| > 1, we have

D]+ IDelg(@] < 7 (I¢le™ 4 1)),

where g(z) = e f(Z).
Proof. By Lemma 4.3, |f(2)| < e™¥ where y = I'm(z). Let
F(2) = f(2) = Be'™ = f(2) = BTV

Then

|f(Z)| 7é |ﬁei72| = |ﬁ|€_7y = |ﬁ|e7—|y|

for |#| > 1 and y < 0. Hence F(2) # 0 in I'm(z) < 0.
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We now wish to show that hp (;) = 7. For this, note that

|F(—iy)| = |f(—iy) — Be™| > |Ble™ — | f(—iy)]

> |Ble™ —e™ for y > 0
=e™([B] = 1).

So,
log|P(—iy)| . log(Ifl—1)

Y Y

and

— F(—i 1 -1
hr (—W> = lim sup 7log| (i)l > lim sup (7’ + 7og(|ﬁ| )> =T
2 y—00 Yy y—00 Y

Also, since f(z) and Be!™* are both of exponential type 7, then F(z) is of type less than
or equal to 7 and so hp (?) = 7. Additionally, since hy (g) =0, we have |f(2)] <1

for Im(z) > 0 by Lemma 4.2. Hence for Im(z) =y > 0, we have

[F(iy)l = |f(iy) —Be™|

IN

[fGy)+|Ble™™

IN

1414

log |F(i
So hp (g) :hmsupw <0.

Yy—oo

Now, let
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Applying Lemma 4.6 to F(z), |F(z)| > |G(2)| for Im(z) < 0. Applying Lemma 4.8 to

;) = 7 where |a| > 1.

Applying Lemma 4.1 to G(z) — aF(z), which is nonzero for I'm(z) < 0, we get

F(Z), we get hG(z)—aF(z) (

D¢[G(z) — aF(2)] #0
for I'm(z) < 0 and |¢| > 1, which implies
| De[G(2)]] < [ De[F(2)]] (4.3)
for Im(z) <0 and |¢| > 1. For if
[D¢[G(20)]] > [De[F(20)]]

for some zg with Im(zg) < 0, then by choosing

we could get

D¢[G(20) — aF(20)] = 0,

a contradiction.
Similarly, since F(2) = f(z) — 8e'™ # 0 for Im(z) <0 and hp (%) = 7, we have
again by Lemma 4.1,

D¢[F(2)] #0
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for I'm(z) <0 and for |(| > 1. Hence

| D[] > | De[f(2)]]

for Im(z) <0 and |¢| > 1. Since

DG ()] = [Dclg(2) — Bll = |Dclg(2)] — 75,

we get from (4.3) that

[Delg(N =718l < = |Delg(2)] = 70
< |D([f(2) — B

= |D¢[Be’™] = |D[f(2)]

by the proper choice of arg(3). So

D[]+ [Dclg()]] < | De[Be’™ ]| + 7]
= 7(|¢Be| +7IB))

= (I + 1)

if we let |5] — 1.
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We now present the analogue of Theorem 4.5 for entire functions of exponential type.

Theorem 4.8 Let f € &, hy (g) =0, Ifll=1 and f(z) # 0 for Im(z) > 0. Then

D) < 5 (Icle™ +1)

fory=1Im(z) <0 and |(| > 1.

Proof. Since f(z) # 0 for Im(z) > 0, g(z) = €*f(Z) # 0 for Im(z) < 0. Also, ||g|| = 1.

First, suppose f is of order 1 and type 7. By Lemma 4.4, hy (;) = 7 and so

— 1 TY£(q
hy (;)  timsup ogle yf(zy)l ik (g) .

and

1 —TYf(—; —
hy (g) ~timsup ogle yf( i)l _ iy (;) _o.

Applying Lemma 4.6 to g(z), gives |g(z)| > |f(2)| for Im(z) < 0. So |f(z)| < |Bg(z)]
for Im(z) < 0 and |3] > 1. Hence, f(z) — Bg(z) # 0 for Im(z) < 0. Applying Lemma

4.8 to g(z), we get
-
fop(2)-pg(2) (7) =T

Applying Lemma 4.1 to f(z) — Bg(z), we get

D¢[f(z) — Bg(2)] #0
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for Im(z) <0, |8] > 1 and || > 1. So by an argument similar to the justification of
equation (4.3),

[De[f (2] < [Delg(2)]]

for Im(z) <0 and |¢| > 1. And this, when combined with Lemma 4.9, will give

2D[f(2)]| < 7 (I¢leT +1)

which means that

DN < 5 (Iele™ +1)

for y =Im(z) <0 and |(]| > 1.
Since g (|C eIl + 1) is an increasing function of 7, the result trivially holds if f is

of type less than 7. O

If we divide both sides of the conclusion of Theorem 4.8 by |{| and let || — oo, then
Theorem 4.8 gives |f/(z)| < geﬂy' for I'm(z) < 0 and this gives, for y = 0, Theorem 4.2.
If we let ( =1 in Theorem 4.8, it reduces to Theorem 4.3.

We now wish to put a bound on the norm of D¢[f]. This will extend Theorem 4.6
from polynomials to entire functions of exponential type. In this direction, Govil and

Rahman [25] have put a bound on the norm of f’. They have presented the two theorems:

Theorem 4.9 Let f € &, hy (g) =0, hy (g) < —c <0, [|[f]l =1 and suppose f(z)

has all its zeros on Im(z) = K < 0. Then

T

/
< ——.
171 < —mr
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Theorem 4.10 Let f € &, hy (g) =0, hy (E) < —c<0, [|[fll =1 and hy (z <

2 2
—c < 0 where g(z) = e*f(Z). Also suppose f(z) has all its zeros in Im(z) < K < 0.

N———

Then

-
edKl 417

1]l <
Both the above theorems are best possible. We will now extend Theorems 4.9 and 4.10
to the polar derivative of f(z) and get these theorems as corollaries. We need several

lemmas.

™

Lemma 4.10 Let f € &, hy (2

) — 0, |f = M and f(z) £ 0 for Im(2) > K > 0.
Then

| D¢[f(2)]] < e ¥ |Delg(a — 20 K))|
forz € R and |¢| > 1 and g(z) = ™ f(Z).

Proof. Let F(z) = f(z+4iK). Then F(z) # 0 for Im(z) > 0. Let G(2) = €'"*F(z) =

e ™8 g(z —iK). Then G(z) # 0 for Im(z) < 0 and

— 1 Y (4

ha (_w) = 1imsupM = 7+hp (E)

2 y—00 ) 2

- T+hf(g>27 (4.4)
and
1 TTYF(—1 —
ha (E) = lim sup og e (i)l = —T+4+hp (_w)

2 Yy—00 Yy 2
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So by applying Lemma 4.6 to G(z), we get |G(z)| > |F(z)| for Im(z) < 0. So for |a| > 1,

F(z) — aG(z) # 0 in Im(z) < 0. Also, applying Lemma 4.2, we see that |G| < M

(note that |G|| = || F|| = sup |f(z + iK)| < M because by Lemma 4.2 |f(z)| < M for
zeR

Im(z) > 0) and so we can apply Lemma 4.8 to G(z) to get
hE(z)—aG(z) (%) =T
Applying Lemma 4.1 to F(z) — aG(z), we get
D¢[F(z) —aG(2)] #0

for Im(z) < 0 and |{| > 1. So by an argument similar to the justification of equation
(43),

[D¢[F(2)]] < [D[G(2)]]

for Im(z) <0 and |¢| > 1. In particular
|De[F(x — iK)]| < [D[G(x — iK)]]

for x € R. And so

[ De[f (2)]] | D¢[F (2 —iK]|

IN

[ DGz = iK]|
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= ¢ "¥|D¢lg(x — 2iK)]]

Hence,

D[ f(2)]] < e Delg(x — 2iK)).

Lemma 4.11 Let f € &, hy (?) =1, [|[fll = M, and suppose f(z) has all its zeros

in Im(z) > K > 0. Then
"™ Delg(a — 2iK)]| < | D[ f ()]

forz € R and |¢| > 1 and g(z) = " f(Z).

Proof. Since f(z) has all its zeros in Im(z) > K > 0, g(z) has all its zeros in I'm(z) <

—K <0. So g(z—2iK) # 0 for Im(z) > K > 0. Also,

1 —TYf(—; —
hy (g)  timsup ogle yf( L)l p— (;) _o

Since

€T gF—2K) = 7 (G2 f(z 1 2iK))
_ eiTZe—iT(Z+2iK)f(z + 2ZK)

= ¥ Kf(z+2K),
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we have, by applying Lemma 4.10 to g(z — 2iK), that
|Delg(z — 2iK)]| < e ™[ D[ f(w)]].

which gives

e ™| Delg(a — 20 K)]| < [De[f ()]

and the proof of the lemma is complete. O

Lemma 4.12 Let f € &, hy (g) =0, ||fl| = M, and suppose f(z) # 0 for Im(z) > K
where K < 0. Then

™| D¢l f(a+ 2iK)]| < |Delg ()]
for z € R and |¢| > 1. Here g(z) = €™ f(Z).

Proof. Note that g(z) has all its zeros in I'm(z) > —K > 0. Also, by the arguments

used in (4.4) we see that hy (;) = 7. So, applying Lemma 4.11 to g(z), we get
e TR D[ f(a = 2i(—K))]| < | Delg ()]

which gives

™| D¢[f (x + 2iK)]| < |Dclg(x)]]-



68

The following result is due to Govil and Rahman [25]:

Lemma 4.13 Let f(z) be an entire function of order 1 and type T such that hy (g) <

—c <0, ||fll = M, and suppose f(z) has all its zeros in Im(z) > K where K <0 . Then
|f(z+ 2iK)| > 7Kl £(2)| for z € R.

Lemma 4.14 Let f and D¢[f] be entire functions of order 1 and type T such that

hy (g) = 0, hp,[p (g) < —¢ <0, ||fll = M, and suppose f(z) has all its zeros

on Im(z) = K <0. Then
cHD([f ()] < |Dlg(x)]| for z € R

where || > 1 and g(z) = 7 f(Z).

Proof. Applying Lemma 4.12 to f(z) we get
| Delg(2)]] = €| Delf(a + 2iK)]|. (4.5)

By Lemma 4.4, hy (;) = 7. So f(x+ 2iK) satisfies the hypotheses of Lemma 4.1 and
hence by applying Lemma 4.1, D¢[f (2 + 2iK)]| has no zeros in Im(z) < 0. So D¢[f(2)]
has all its zeros in I'm(z) > K. Also, by Theorem 4.8, D¢[f(x)], where 2 € R, is bounded

by g(|§| +1). So by Lemma 4.13 applied to D¢[f(x)],

|De[f (x +20K)]| = 7 D[ f ()] (4.6)
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for z € R. Combining (4.5) and (4.6) we get
| Delg()]] > eI D[ f (2)]]
for x € R. This is equivalent to the conclusion of the lemma. O

Next we need:

Lemma 4.15 Let f and D¢[f] be entire functions of order 1 and type T such that

s s ™
e (5) =0 hngn (3) < —e < 0, 150 = M, gy (5 ) < e < 0 where g(2) =

e f(Z). Also, suppose f(z) has all its zeros in Im(z) < K < 0. Then

RN D[ f(2)]] < |Delg()]]

where |(] > 1.

We omit the proof as it follows on the same lines as Lemma 11 of Govil and Rahman
[25].

We can now extend Theorem 4.9 to polar derivatives. In this direction we prove:

T T
Theorem 4.11 Let f(z) € &, hy (§> = 0, hpy (§> < —e <0, ||fll =1, and
suppose f(z) has all its zeros on Im(z) = K < 0. Also suppose that the order and type

of f and D¢[f] are the same. Then

(<[ +1)

1D < D
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where || > 1.

Proof. First, suppose that f and D¢[f] are both of order 1 and type 7. Then combining
Lemma 4.9 with Im(z) = y = 0 and Lemma 4.14, the theorem follows. Now, if f is of

type less than 7 the result holds trivially. O

If we let || — oo then Theorem 4.11 reduces to Theorem 4.9. We now extend Theorem

4.10 to polar derivatives.

v v v
Theorem 4.12 Let f(z) € &, hy (§> =0, hp,(f (§> < =<0, Ifll =1, hpy (§> <
—c < 0 where g(z) = €7 f(Z). Also, suppose f(z) has all its zeros in Im(z) < K < 0.

Then

(<[ +1)

DAl < S

where || > 1.

Proof. First suppose that f is of order 1 and type 7. Then combining Lemma 4.9 with
Im(z) =y = 0 and Lemma 4.15, the theorem follows. Now, if f is of type less than 7,

the result again holds trivially. O

If we let |(] — oo, clearly Theorem 4.12 reduces to Theorem 4.10.
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