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Abstract. The study of the zeros of polynomials has a very rich history. In
addition to having numerous applications, this study has been the inspiration for
much theoretical research (including being the initial motivation for modern algebra).
The earliest contributors to this subject were Gauss and Cauchy.

Algebraic and analytic methods for finding zeros of a polynomial, in general, can be
quite complicated, so it is desirable to put some restrictions on polynomials. Enestrom-

Kakeya Theorem which is a result in this direction, states that if p(z) = > 7_ a; 27 is
a polynomial of degree n with real coefficients satisfying 0 < ap < a1 < --- < an, then

all the zeros of p lie in |z| < 1.

Enestrom-Kakeya Theorem has been the starting point for considerable literature
in Mathematics, concerning the location of the zeros of polynomials. In this article we
begin with the earliest results of Enestrom and Kakeya and conclude this by presenting
some of the recent results on this subject. Our article is expository in nature

1 Introduction and History

The study of the zeros of polynomials has a very rich history. In addition to
having numerous applications, this study has been the inspiration for much
theoretical research (including being the initial motivation for modern algebra).
Algebraic and analytic methods for finding zeros of a polynomial, in general, can
be quite complicated, so it is desirable to put some restrictions on polynomials.
Historically speaking, the subject dates from about the time when the geometric
representation of the complex numbers was introduced into mathematics, and
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the first contributors to the subject were Gauss and Cauchy. Gauss who, as
part of his 1816 explorations of the Fundamental Theorem of Algebra, proved
(see, for example, [26]):

Theorem 1.1. If p(z) = 2" + a12" ! + - + a, is a polynomial of degree n
with real coefficients, then all the zeros of p lie in

<R= 1/k
2] < B = max {(nv2]ax])"/*).

In the case of arbitrary real or complex a; he [26] showed in 1849 that R
may be taken as the positive root of the equation

2" —V2(|ay 2"+ - + |an]) = 0.
Cauchy [13, 51] improved the result of Gauss in Theorem 1.1, and proved:

Theorem 1.2. If p(z) = Y7 a2’ is a polynomial of degree n with
aj

complex coefficients, then all the zeros of p lie in |z] <14+ max |[—|.
an

0<j<n—1

Notice that neither Theorem 1.1 nor Theorem 1.2 put any restrictions on the
coefficients of p (beyond the restriction that they either lie in R or C, respec-
tively). See [1, 3, 19] for several related results which apply to all polynomials
with complex coefficients.

In this survey, we explore the Enestrom-Kakeya Theorem and its generaliza-
tions. By this, we mean that we explore results which give the location of zeros
of a polynomial in terms of their moduli based on hypotheses imposed on the
coefficients of the polynomial. We give a mostly chronological presentation. The
well-known Enestrom-Kakeya Theorem is most commonly stated as follows:

Theorem 1.3. Ifp(z) = Z?:o ajzj is a polynomial of degree n with real
coefficients satisfying 0 < ag < a1 < -+ < an, then all the zeros of p lie in
|z] < 1.

Proof. Define f by the equation
p(2)(1—2) = ao+ (a1 —ag)z+ (az —ay)z* + -+ (an — an_1)2" — a,2" !
= f(2) —anz"th

Then for |z| = 1, we have

[F(2)]

IN

lao| + a1 — ao| + [az —a1| + - + |an — an—1]
ao+ (a1 —ao) + (a2 —ar) + -+ (an — an-1)

= ay.

Notice that the function 2" f(1/2) = >7_o(a; — aj—1)z"77, a_; = 0 has the
same bound on |z| = 1 as f. Namely, [2"f(1/z)| < a, for |z] = 1. Since



2" f(1/z) is analytic in |z| < 1, we have [2"f(1/2)| < a, for |z|] < 1 by the
Maximum Modulus Theorem. Hence, |f(1/z)| < a,/|z|™ for |z] < 1. Replacing
z with 1/z, we see that |f(2)| < an|z|™ for |z| > 1, and making use of this we
get,

f(2) = anz""1

an 2" | f(2)]

an|z‘n+1 — ap|z|"

anlz["(|2] = 1).

(1= 2)p(2)|

VAR

So if |z| > 1 then (1 — 2)p(z) # 0. Therefore, all the zeros of p lie in |2| < 1. O
The proof given here is modeled on a proof of a generalization of the En-

estrom-Kakeya Theorem given by Joyal, Labelle, and Rahman [46]. The original

statement of the result is slightly different, and has a complicated history.

It seems that G. Enestrom was the first to get a result of this nature when
he was studying a problem in the theory of pension funds. He published his
work in Swedish in 1893 in the journal Ofversigt af Vetenskaps-Akademiens
Férhandlingar [22]. He mentioned his result again in publications of 1893-94
and 1895. In 1912, S. Kakeya [47] published a paper (in English) in the Téhoku
Mathematical Journal which contained the more general result :

Theorem 1.4. Ifp(z) = > "_a;2’ is a polynomial of degree n with real
and positive coefficients, then all the zeros of p lie in the annulus Ry < |z| < Ry
where R1 = miH0§j§n71 aj/aj+1 and R2 = mMaxXp<j<n—1 aj/aj+1,

In the final few lines of Kakeya’s paper, he mentioned that the monotonicity
assumption of Theorem 1.3 implies that all zeros of p lie in |z| < 1. The paper
gave no references and Kakeya seems to have been unaware of Enestrom’s earlier
work. Kakeya’s paper received a bit of attention and was mentioned in at least
three other papers in the Tohoku Mathematical Journal during 1912 and 1913;
one is in German [42] and two are in English [40, 41]. The two papers in English
are by T. Hayashi. At some point, Hayashi must have learned of Enestrom’s
earlier result. Hayashi encouraged Enestrom to publish his own results in the
Téhoku Mathematical Journal and in 1920, Enestrom [23] published in French:
“Remarque sur un théoréeme relatif aux racines de 'equation an,x™ +a,_12" 1+
-+-a1z + ap = 0 ou tous les coefficientes a sont réels et positifs” (“Remark on a
Theorem on the Roots of the Equation anx™+a,_12" 1+ - -+a12x4+ag = 0 where
all Coefficients are Real and Positive”) . In this work [23], Enestrém presented
a “verbatim” (teztuellement) translation of his original 1893 paper. We can now
see that Enestrom was the first to publish a proof of Theorem 1.3 in 1893 and
that Kakeya independently proved the result in 1912, this could therefore be
a reason to refer to Theorem 1.3 as the “Enestrom-Kakeya Theorem.” Since
Enestrom’s argument is so historically important, we present a complete English
translation of this paper of Enestrom [23] in the appendix of this chapter.



2 Generalizations of Enestrom-Kakeya Theorem
during 1960s

The Enestrom-Kakeya Theorem gives an upper bound on the modulus of the
zeros of polynomials in a certain class (namely, those polynomials with real,
non-negative, monotone increasing coefficients). We can easily obtain a zero-
free region for a related class of polynomials in the sense that we can get a lower
bound on the modulus of the zeros. By applying Theorem 1.3 to 2"p(1/z) where
p has real, non-negative, monotone decreasing coefficients, we get the following:

Theorem 2.1. Ifp(z) = Z?:o a]-z-j is a polynomial of degree n with real
coefficients satisfying ag > a1 > -+ > a, > 0, then all the zeros of p lie in
2] > 1.

In 1963, Cargo and Shisha [12] introduced the “backward-difference oper-
ator” on the coefficients of polynomial p(z) = E;:O ajz’ by defining Va; =
a; — aj_1 (when speaking of Vag or Va1, we will assume a_1 = ap41 = 0).
More generally, they also defined “fractional order differences” for any complex

a as
k e
a " = 1™ -
V% g (-1) <m)ak

m=0

Cargo and Shisha [12] (see also, [52, 54])

Theorem 2.2. Ifp(z) = E?:o a;z? is a polynomial of degree n with real,
non-negative coefficients satisfying V¥a; <0 for j =1,2,...,nand 0 < a < 1,
then all the zeros of p lie in |z| > 1.

Cargo and Shisha showed that Theorem 2.2 reduces to Theorem 2.1 when o = 1.
They also gave specific polynomials to which Theorem 2.2 applies, but Theorem
2.1 does not, thus showing that the hypotheses are weaker in their result, even
though the conclusion is the same as that of Theorem 2.1.

The generalization of Enestréom-Kakeya Theorem for functions of several
variables was given by Mond and Shisha [53]

In 1967, Joyal, Labelle, and Rahman [46] published a result which might
be considered the foundation of the studies which we are currently surveying.
The Enestrom-Kakeya Theorem, as stated in Theorem 1.3, deals with polyno-
mials with non-negative coefficients which form a monotone sequence. Joyal,
Labelle, and Rahman generalized Theorem 1.3 by dropping the condition of
non-negativity and maintaining the condition of monotonicity. Namely, they
proved:

Theorem 2.3. If p(z) = >0, ajzJ is a polynomial of degree n with
real coefficients satisfying ag < a1 < --- < a,, then all the zeros of p lie in
2| < (an = ao + lao])/|an]-



Of course, when ag > 0 then Theorem 2.3 reduces to Theorem 1.3. The Joyal-
Labelle-Rahman result, like the original Enestrom-Kakeya Theorem, is only
applicable to polynomials with real coefficients. In 1968, Govil and Rahman [30]
presented a result that is applicable to polynomials with complex coefficients:

Theorem 2.4. If p(z) = >0, a;jz’ is a polynomial of degree n with
complex coefficients satisfying |arga; — | < a < w/2 for some a and 8 and
for j =0,1,2,...,n and |ag| < |a1| < -+ < |ay|, then all the zeros of p lie in

: 2sin o n—1
|z| < cosa+ sina+ et 2o

|aj.

With o = 8 = 0, Theorem 2.4 reduces to Theorem 1.3. In the same paper,
Govil and Rahman gave a result for polynomials with complex coeflicients but
impose a non-negativity and monotonicity condition on the real or imaginary
parts of the coefficients of the polynomial:

Theorem 2.5. If p(z) = Y7 a;2’ is a polynomial of degree n with
complex coefficients where Rea; = o; and Ima; = f; for j = 0,1,2,...,n,
satisfying 0 < ag < a1 < ... < ap, a, # 0, then all the zeros of p lie in
2] <1+ 230, 18l

With each Br = 0, Theorem 2.5 reduces to Theorem 1.3.

3 Generalizations of Enestrom-Kakeya Theorem
during the 1970s and 1980s

In 1973, Govil and Jain [28] refined Theorem 2.4 by giving a zero-free region
about the origin and thus restricting the location of the zeros to an annulus:

Theorem 3.1. If p(z) = Z;L:O ajz? is a polynomial of degree n with
complex coefficients satisfying |arga; — 8| < o < w/2 for some « and § and for
7=0,1,2,....,n and 0 # |ag| < |a1]| < -+ <lay|, then all the zeros of p lie in

1

<|z| <R
R*=12R(lan|/]ao|) — (cosa +sina)] — 2l =
where R = cosa + sina + 2|sai:|"‘ ;:01 |ajl.

In the same paper, Govil and Jain similarly refined Theorem 2.5 by giving a zero-
free annular region and improving the outer radius when the real or imaginary
part of the coefficients satisfy monotonicity condition:

Theorem 3.2. If p(z) = Y7 a;2’ is a polynomial of degree n with
complex coefficients where Rea; = o; and Ima; = f; for j = 0,1,2,...,n,
satisfying 0 < ag < a3 < ... < ay, an # 0, then all the zeros of p lie in

|ao|
R"=112Ra,, + R|B,| — (a0 + |Bol)]

<|z|<R



where R =1 + i (2 Z;:ol 18i] + |5n|> .

In a “sequel” paper Govil [29] and Jain further refined Theorems 3.1 and
3.2. The refinement was accomplished by using a more sophisticated technique
of proof to improve the inner and outer radii of the annulus containing the zeros
of the polynomial. The refinements are, respectively:

Theorem 3.3. If p(z) = >0, a;jz’ is a polynomial of degree n with
complex coefficients satisfying |arga; — 8| < o < w/2 for some « and § and for

j=0,1,2,...,n and |ag| < |a1| < --- < |ay,|, then all the zeros of p lie in
1
saz DM — [ao]) + {4]ag | R2ME + RY[b*(My — |ao] )} /?) < [2] < R
2
where

1/2

c<1 1> c2<1 1>2 M, /
R=-|——-— )40 (——-—) + 2
2 \|an| My 4 \lan| M, |an]

and My = |ap|r, My = |a,|R" {7"+R— m(cosoz—i—sincu)], ¢ = lan — an—1|,

|an‘

. H —1
b=a; —agp, and r = cosa +sina + 22 3 H g
lan]| j=0

Theorem 3.4. If p(z) = Y7 a;2’ is a polynomial of degree n with
complex coefficients where Rea; = o; and Ima; = f; for j = 0,1,2,...,n,
satisfying 0 < ap < a1 < ... < ay, a, # 0, then all the zeros of p lie in

1

2M?

[ R2DI(Ma — lao]) + {dlao | B2M + RAB2(M; — lao)?} 2] < |2 < R

1/2

c(1 1 (1 1\> Ms /
R=Z|—— )4+ (——- ) +=
2 \ap Ms 4 \ o, Ms Qp

and M3 = apr, My = R"[(an + |Bn|)R + anr — (a0 + |Bo])], ¢ = |an — an—1],
b=a; —ag,andr =1+ i (22;;01 185 + |ﬂn‘)

where

In 1984, Dewan and Govil [21] considered polynomials with real monotone
coeflicients and obtained:

Theorem 3.5. Ifp(z) = Z?:o ajzj is a polynomial of degree n with real
coefficients satisfying ag < a1 < --- < an, then all the zeros of p lie in

1

377 |~ 0O — laol) + {4laol R M + RU(My — Jaol Y] < |2/ < R

1/2

c<1 1> 02<1 1>2 M, /
R=-|——— )+ —(———) +—
2 \|an| M 4 \lan| M |an]

where



and My = a, — ag + |ag|, M2 = R"(|lan|R + a, — ap), ¢ = ay — an—1, and
b=a1 —ag.

Dewan and Govil also showed that R < %T\aol and that the inner radius
of the zero containing region is less than 1, indicating that this result is an
improvement of the result of Joyal, Labelle, and Rahman (Theorem 2.3); hence
it is also an improvement of the Enestrom-Kakeya Theorem. They also gave
specific examples of polynomials for which their result gives sharper bound than
obtainable from Theorem 2.3 of Joyal, Labelle and Rahman.

In 1980, Aziz and Mohammad [6] introduced a condition on the coefficients
to produce the following generalization of Theorem 1.3:

Theorem 3.6. Ifp(z) = Z?:o a;jz) is a polynomial of degree n with real,
positive coefficients. If t1 > to > 0 can be found such that

ajtltg + aj,l(tl - tg) —aj_2 >0, forj=1,2,...,n+1
where we take a_1 = an41 = 0, then all zeros of p lie in |z| < ;.

With t; = 1 and 2 = 0, Theorem 3.6 implies the Enestrom-Kakeya Theorem. In
the same paper, Aziz and Mohammad [6] introduced an interesting and general
condition on the coefficients of a power series representation E;io ajzj of an
analytic function in order to restrict the location of the zeros. The condition
is that |arga; — 8| < a < 7/2 for some a and 8 and for j = 0,1,2,... and
lao| < tlay| < -+ <t Yap_1| < tFla| > t*Hags 1| > -+ for some t > 0 and
some k = 0,1,.... Aziz and Mohammad [7] imposed similar conditions on the
coefficients of polynomials and proved the following three theorems.

Theorem 3.7. If p(z) = Y7 a;2’ is a polynomial of degree n with
complex coefficients satisfying

lao| < tlay| < -+ < tFlag| >t apga| > -0 > 7 an|

for some k = 0,1,...,n and some t > 0, then all zeros of p lie in
2t |ak‘ la; — lagl|
Z|§t<tn| +2Ztn —i—Ya,|’

Theorem 3.8. If p(z) = Y.7_;a;2’ is a polynomial of degree n with
complex coefficients where Rea; = «; and Ima; = 3; for j = 0,1,2,...,n,
satisfying

0<ag<tag < <thoy >t" oy > > 1", >0

for some k =0,1,...,n and some t > 0, then all zeros of p lie in

2tk 2 < |54
2l < ¢ ( tha, 1) t o ZO -1
]:




Theorem 3.9. If p(z) = Z?:o ajzl is a polynomial of degree n with

complex coefficients where Rea; = o and Ima; = ; for j = 0,1,2,...,n
satisfying
0<ap<tay < <tha > t" oy > > ", >0
and
0<Bo<th <---<t'B >t a1 > 21", >0
for some k =0,1,...,n, somer =0,1,...,n, and some t > 0, then all zeros of
p lie in
t _ _
2] < m{%tk "o 17" Br) — (o + Bu) -
n

Notice that each of the three previous results imply Theorem 1.3 for the appro-
priate choices of t, k, and ;.

4 Generalizations of Enestrom-Kakeya Theorem
during 1990s

In the style of Aziz and Mohammad [7], Dewan and Bidkham [20] dropped the
non-negativity condition of Theorem 3.8 and proved for polynomials with real
coefficients:

Theorem 4.1. Ifp(z) = > " a;2’ is a polynomial of degree n with real
coefficients satisfying

ag <tay < - < trap > e > > t"ay,

for some k= 0,1,...,n and some t > 0, then all zeros of p lie in
2tk qy, an ) 1
| <t —— |+ ———(lao| — ao)-
<t (e o) * g ool o

With ag > 0 and a,, > 0 in Theorem 4.1, we see that the zeros of p lie in

The above result also follows from Theorem 3.8 if we take each 8; = 0, and in this
sense Dewan and Bidkham’s result overlaps with that of Aziz and Mohammad
[7].

Related to the hypotheses of Theorem 4.1, Gardner and Govil [24] proved
the following in 1994 which was inspired by a result by Aziz and Mohammad
[6] for analytic functions:



Theorem 4.2. If p(z) = Z?:o ajzl is a polynomial of degree n with

complex coefficients where Rea; = o and Ima; = ; for j = 0,1,2,...,n
satisfying
ag <ty <o <ty >t oy > >y,
and
Bo <ty < <HB >t By > 2806,
for some k =0,1,...,n, somer =0,1,...,n, and some t > 0, then all zeros of

p lie in Ry < |z| < Ry, where
R; = min {(t|ao|/(2(tkoz;c +t"8r) — (o + Bo) — t" (e, + Brn — |an|)),t}

and

Ry = maX{ [aotnﬂ —t" oo + Bo) — tlawm + Bn) + (2 + 1) ey,

k—1 r—1
+t7L—'r‘—1ﬂr) + (t2 _ 1) (Z tn—j—laj + Ztn_j_lﬁj>
j=1 j=1

+(1t2)< ni "y ni t”“@-)]/lanl,i}.

j=k+1 j=r+1

The flexibility of Theorem 4.2 is revealed by considering the corollaries which
result by letting ¢t = 1, and k,r € {0,n}. For example, with ¢t = 1, k = n and
r = n, it implies the following which is clearly a generalization and refinement
of the result of Joyal, Labelle, and Rahman (Theorem 2.3):

Corollary 4.3. If p(z) = Z?:o ajz? is a polynomial of degree n with
complex coefficients where Rea; = o; and Ima; = B for j = 0,1,2,...,n,
satisfying

ap<ap < <ayand By <P << By

for some t > 0, then all zeros of p lie in

|ao| lag| — (a0 + Bo) + (an + Bn)
[an] — (@0 + Bo)  (an ¥ ) =A< au] :

By making suitable choice of ¢ and k and using appropriate transformations
Gardner and Govil [24] also obtained several results analogous to the above
corollary when, for example, real parts of the coefficients is monotonically de-
creasing and imaginary parts monotonically decreasing, or real parts of the
coefficients monotonic increasing and imaginary parts monotonic decreasing.

In order to apply the above Theorem 4.2 of Gardner and Govil [24] both the
real and imaginary parts of the coefficients have to be monotonic but if this does
not happen and instead only the real or imaginary parts of the coefficients satisfy
this condition then the Theorem 4.2 is not applicable. In this regard, Gardner



and Govil [25] proved a result related to Theorem 4.2, but with hypotheses
restricted to just the the real parts or imaginary parts of the coefficients. To be
more precise their result is the following:

Theorem 4.4. If p(z) = Y7 a2’ is a polynomial of degree n with
complex coefficients where Re a; = o; and Ima; = 5 for j = 0,1,2,...,n,
satisfying

ag <tag <o < trap > oy > > 1,

for some k =0,1,...,n, and some t > 0, then all zeros of p lie in Ry < |z| < Rq,
where

n—1
R, = tao/ (tFar — ap — t"ap + t"an| + |Bo| + |Balt™ +2 1817

j=1
and
k—1
Ry = max { (Jao|t"™ + (£ + )" Flay — " Lag — ta, + (12— 1)) " ay
j=1

n—1
=) S ity 30085+ 8D /|an|

j=k+1 j=1

By using suitable transformations, Gardner and Govil [25] also obtained
results analogous to the above Theorem 4.4 when the condltlon is satisfied by
imaginary parts of the coefficients.

In the same paper that contained Theorem 4.1, Dewan and Bidkham [20]
also generalized Theorem 3.5 due to Dewan and Govil, and proved the following:

Theorem 4.5. Ifp(z) = Z?:o a]-zj is a polynomial of degree n with real
coefficients satisfying

ap <ayp < <Ak 2 app1 20 2 A

for some k =0,1,...,n, then all zeros of p lie in
1
SYVE [—R25(M2 — lao|) + {4[ao| R? M3 + R*'b* (M, — |a0\)2}1/2} <z <R
2
where

1/2
cf 1 1 2 /[1 1\2 )Y
R=S(——— )+ (—-—) + 2
2 \|an| M 4 \lan| M, |an]
and My = —an+2ar,—ao+|ao|, Mo = R*(|an|R+2ar —an—ag), ¢ = |an—an-1|,
andb:alfao.

10



In 1998, Aziz and Shah [8] introduced a very general condition on the coef-
ficients of a polynomial. Though the condition is complicated, it allowed them
to conclude several of the previous results mentioned above. They proved:

Theorem 4.6. Let p(z) = Z;'L:o ajzl be a polynomial of degree n with
complex coefficients. Suppose for some t > 0 we have

lmlax [tagz" ' + (ta1 — ag)z"™ + -+ + (tan — an_1)z| < My
Z|=r
and
‘m‘ax| —an 2" (tan — an_1)2" + -+ (tay — ag)z| < Mo,
Z|=T

where r is any positive real number. Then all zeros of p lie in

1
sz |2 (Ma = tlaol) + {4tlaolr®M3 + V(M — tlao|)*}/?| < |2 < R
2

where
R = 2M}[—c(My — |an|)r* + {4]an|r® M} + r*c* (M — |an|)*} /%7,
¢ = |tan — an—1|, and b = |ta; — ag|.

Aziz and Shah proved that Theorem 4.6 implies Theorem 3.3 due to Govil and
Jain and stated that a similar argument shows that Theorem 4.6 implies Dewan
and Bidkham’s Theorem 4.5, as well as Govil and Jain’s Theorem 3.4. In the
same paper, Aziz and Shah also gave the following result with similar type of
hypotheses which implies Theorem 4.1 due to Dewan and Bidkham:

Theorem 4.7. Let p(z) = Z;L:O a;jz? be a polynomial of degree n with
complex coefficients. Suppose for some t > 0 we have

max [tagz™ + (ta; — ag)z™ ' 4+ (tan —an_1)| < M

|z|=r

where r is any positive real number. Then all zeros of p lie in

M 1
|z] <max<—,—».
|an| "7

Aziz and Zargar [9] relaxed the monotonicity condition of Joyal, Labelle, and
Rahman [46] and obtained a result related to the Enestrom-Kakeya Theorem.
Here,the disk obtained is not necessarily centered at the origin. This result
involves a modification of the monotonicity condition by introducing a param-
eter A, in the sense that the first (n — 1) coefficients of the polynomial satisfy
the monotonicity condition while the last coeflicient a,, does not follow this
pattern, and is free. This A condition will appear often in research on the
Enestrom-Kakeya Theorem in the new millennium:

11



Theorem 4.8. Let p(z) = Z?:o ajzl be a polynomial of degree n with
real coefficients satisfying ag < a1 < -+- < ap—1 < Aa,,. Then all the zeros of p
lie in |z + (A — 1)| < (Aay — ao + |ao|)/|an].

Of course, with A = 1, Theorem 4.8 reduces to Joyal, Labelle, and Rahman’s
Theorem 2.3. With A = a,,—1/a,, we see from Theorem 4.8 that the zeros of
a polynomial with monotone coefficients ag < a; < --- < a,_1 has all its zeros
in |z + (an—1/an —1)| < (an—1 — ao + |aol)/|an|. Later, Aziz and Zargar [9]
generalized their own Theorem 4.8 and proved :

Theorem 4.9. Ifp(z) = >_"_a;2’ is a polynomial of degree n with real
coefficients satisfying

ap <tay < --- < thap > t"lapy > > t"a,

for some k. =0,1,...,n — 1 and some t > 0, then all zeros of p lie in

Gn1 2tha,  ap_1 ) 1
z+ -t <t — + ap| — ap).
(=) <t (e~ o)+ g ol =)

In the same paper, Aziz and Zargar [9] proved a result related to Theorem 4.9,
but with a hypothesis concerning the even indexed and odd indexed coefficients
separately. Their result is:

Theorem 4.10. Let p(z) = Z?:o ajz? be a polynomial of degree n with
real coefficients satisfying

0 < ap <t?ay < tlag < - < ¢2/2 @2|n/2)

and
0<ay <t?ag <tlas < < ay (h1) /0 1

Then all of the zeros of p lie in

Ay —
<t4 ot
an

Qp—1
z —
Qn

5 Generalizations in the New Millennium

Cao and Gardner [11] extended the even and odd indexed coefficient condition
of Aziz and Zargar’s Theorem 4.10 to polynomials with complex coefficients to
prove the following :

Theorem 5.1. Let p(z) = Z;L:O ajz? be a polynomial of degree n with
complex coefficients where Rea; = o; and Ima; = 3; for j = 0,1,2,...,n,

satisfying

ap < Pag <tlay < <tPFag, > P PPagyin > > 2 ay ),

12



ar < tPag <tlas <o <t 2ag 1 > tFagey > oo > 20/ Q2| (n41)/2] -1
Bo <t2Ba <ty < - <P Pog > 432y p > o > 2N/ B2ln/2)>
and
Bi S t2Bs <t'B5 <o <P Bou g > P Pogq > e > tQLn/2JBZL(n+1)/2j71

for some k, £, s,qin{0,1,...,|n/2|}. Then all the zeros of p liein Ry < |z| < Ro

—mi tlao| _ My 1
where Ry = mm{ R ,t}, Ry = maX{lanl’ :

and

My = —(a + Bo) + (Jea| + [B1])t — (e + Ba)t
+2[aokt? + 290 1127 + Bogt® + Bog_ 1t — (@1 + Buo1 )t
—(an + Bu)t" + (lan—1| + [Bo a1 )" + (lan| + [Bu])t"
Moy = t"3(Jag| —ao—Bo)+(|ar | — a1 —B1)t" P24+ (11 4+1) (agpt™ 1 72K fragp 1t
+B2st™ T 4 Bog 1t T2) — (n—1 + Bnt) + lan—1] = (an + Ba)t

2k—2 20-3 25—2

+(t* —1) St T Y gt Y gt
j=0,j even j=1,j odd Jj=0,j even
2¢9-3 2[n/2] 2[(n+1)/2]-1
j=1,j odd j=2k+2,j even j=2¢+1,3j odd
2[n/2] 2| (n+1)/2]—1
SRR T ol T
j=2s+2,j even j=2g¢+1,j odd

The flexible hypotheses of Theorem 5.1 allow to obtain a large number of corol-
laries. For example, monotonicity conditions can be imposed on the even and
odd indexed coefficients to prove the following result for polynomials with real
coefficients:

Corollary 5.2. Let p(z) = Y7_a;27 be a polynomial of degree n with
real coefficients satisfying

ag < ag < ag < - agp)2),

and
a1 > a3z 2 as > -+ G2|(ny1)/2) -1

Then all the zeros of p lie in Ry < |z| < Ry where Ry = rnin{%7 1} and

Ry = max{& 1} for My = —ag+|a1|+a1+2az)n/2) +lan—1]—an_1+|an|—an

lan]?

and My = |ag| — ag + |a1| + a1 + 2a3(5 /2] + |an—1| = Gn_1 — an.

13



Cao and Gardner gave specific examples of polynomials showing that these
results sometimes give improvements over previous results. In addition, they
[11] addressed a similar condition on the moduli of the even and odd indexed
coefficients for polynomials with complex coefficients:

Theorem 5.3. Let p(z) = Z?:o a;jz? be a polynomial of degree n with
complex coefficients satisfying |arga; — 8| < o < w/2 for some « and § and for
7=0,1,2,....,n and

lao| < t2|as| < t*|as| < -+ < t*F|agk| > P agg o] > -+ > 21 ay )],

la1| < t3az| < tYas| < - <272 ageq| > t*agea| >

> t2L"/2J|a2L(n+1)/2J_1|
for some k =0,1,...,|n/2] and £ =0,1,...,|n/2|. Then all the zeros of p lie
in Ry <|z| < Ry where Ry = min{t‘MLﬁ‘,t}, Ry = max{%v% ,

My = a1t + |otn,1|t"_1 + |an|t" + cos al—|ag| — |ai |t + 2|a2k|t2k + 2|a24,1|t2é_1

n—2
~Jan—1 [t = lan|t"] +sina |2 laglt! + aol + |arlt + lan—_1 [t + |an|t”
j=0

and

2k—2
M2—|a0|t”+3—|—|a1|t”+2+|an1+cosa{(t4—1) > gt

j=0,7 even

20-3 2[n/2] 2[(n+1)/2]-1
+o 0 el = Y gt = Y gl
j=1,j odd j=2k+2,j even j=20+1,j odd

+(t* 4 1) (Jae "2 4 Jage1 [177) — Jag [t — |ay [t — |an 1| — Ian'“}

n—2
+sina (1 +1) > fag[t" 7 T+ Jaglt" T + Jan [t + [an—1 [t + |an|t®
j=2

The hypotheses of Theorem 5.3, as well as several of the other results above,
involve a reversal of an inequality condition on the coefficients of a polynomial.
In 2005, Chattopadhyay, Das, Jain, and Konwar [14] took this idea of a reversal
of the inequality to its logical conclusion, and introduced hypotheses concerning
an arbitrary number of reversals in an inequality on the coefficients. As an
example, they [14] proved:

14



Theorem 5.4. Let p(z) = Z?:o ajzl be a polynomial of degree n with
complex coefficients where Rea; = o and Ima; = 3 for j = 0,1,2,
satisfying for some t > 0

ag <tog <o < tFag, > T a0 > > Rag, <P o < tan,
and
Bo<thy <o St B 2By > 226, <RI,y <t By,

where the inequalities involving the real parts reverse at each of the indices

k1, ko, ..., ky, and the inequalities involving the imaginary parts reverse at each
of the indices 1,72, ...,rq. Then all zeros of p lie in Ry < |z| < Ry, where
. [ tlao] } M, 1
Rlzmln{,t ,Ro =maxq—, -,
Ml |CLn| t
p .
My =~ | ap+ (1" ant™ + > (=1) ay, th

— | Bo+ (=178, t”+Z 1) By, t70 | + ant",

and
p
My = |—apt" "+ (=P apt + (12 +1) Y (=1 a " F !
j=1
P kjp1—1
+(t2 _ I)Z _]-‘rl Z Q" 1
§=0 m=k;+1

q
— | Bot™ ™+ ()T Bt + (12 + 1) Y (—1)7 B T
Jj=1

q Ti+1—1
_1 § ]+1 2 : letnfmfl 4 |a0|tn+17
7=0 m=r;+1

where we take kg =19 =0 and kp11 = rg41 = n.

With ky = k, r1 = r, and the number of reversals p = ¢ = 1, Theorem 5.4
reduces to Gardner and Govil’s Theorem 4.2. In the same paper, Chattopad-
hyay, Das, Jain, and Konwar also gave a result which hypothesizes a number of
reversals in an inequality concerning the moduli of the coefficients, thus giving
a generalization of Theorem 3.7 due to Aziz and Mohammad.

In 2007, Shah and Liman [56] extended Aziz and Zargar’s idea from Theorem
4.8 to complex polynomials by hypothesizing a condition on the moduli of the
polynomial. Their result is as follows:
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Theorem 5.5. Let p(z) = Z?:o ajzl be a polynomial of degree n with
complex coefficients where Rea; = a; and Imaj = 3; where |arga; — | < a <
7 /2 for some « and 8 for j =0,1,2,...,n. If for some X\ > 1 we have

lao] < lai| < .. Jan—1] < Aan|

then all the zeros of p lie in

n—1
[+ (A=1)| < ()\|an|—|a0|)(sina—|—cosa)—|—|a0|+281naZ|aj| /|an|.
7=0

In the same paper, Shah and Liman produced similar results by imposing the
“X\ condition” on the real parts and by combining this with a reversal in the
monotonicity condition.

In 2009, in a paper dealing mostly with the number of zeros in a region,
Jain [44] produced a corollary involving a fairly simple monotonicity condition
very similar to the original Enestrém-Kakeya Theorem, but combined with an
additional hypothesis on coefficients ag, a,_1, and a,:

Theorem 5.6. If p(z) = Z?:o ajzj is a polynomial of degree n with real
coefficients satisfying 0 < ag < a; < --- < a,_1 < a, and such that

(n+ 1)"a271{(n + Dagay, +n(an — an—1)(an—1 —ag)} < n"(a, — an_l)"“,

then all the zeros of p lie in

Ap — An—1

2| <

< 1.
“n+1 ap

Jain [44] also showed by example that for some polynomials satisfying both
the hypotheses of the Enestrom-Kakeya Theorem and the hypotheses of his
Theorem 5.6, the location of the zeros can be more finely constrained by his
result than by the Eenstrom-Kakeya Theorem (which will, of course, restrict
the zeros to |z| < 1).

Choo [16] generalized Theorem 5.3 by introducing another parameter in each
of the monotonicity-type hypotheses on the coefficients. In addition, he gave a
simpler expression for the upper bound on the zero containing region:

Theorem 5.7. Let p(z) = Z?:o ajzl be a polynomial of degree n with
complex coefficients satisfying |arga; — | < o < w/2 for some « and § and for
7=0,1,2,...,n and

lao| < t¥as| < tYas| < -+ < ¥ |agk] >t agppa] > - > Mt ag ),

lay| < Plas| < t*as| < -+ < Page1| > *agea| >

> 2t Jag (1) )1
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for some k = 0,1,...,|n/2], £ =0,1,...,[n/2], Ay > 0, and Ay > 0. Then
all the zeros of p lie in Ry < |z| < Rg where Ry = min{t]l&?l,t}, Ry =

_ M, 1
max{tn—l‘anlv t }7

My = |ag[t + |an—1[t" "+ Jant™ + | = Dan_1[t" " + [(A* — Day, [t"

+ cos a—|ag| — |as |t + 2|a2k|t2k + 2|a2g_1|t26_1 — )\**|an_1|t"_1 — Na,[t"]

n—2
tsina |23 Jaglt7 + faol + arlt + X Jan_1t" 7 + a6
j=0

and
My = |CLO‘ + |a1|t + |an,1|t”_1 + |()\*>k — 1)an,1|t”_1 + |()\* — 1)an|t”
+cosa [2\a2k|t2k + 2age_1 [t = XNan|t™ — X |an_1[t" 71 — |ag |t — |ao|]

n—2
+sinar $ A an|t” + A |an_ [t + gt + |ao) + 2 a;|t?
j=2
For n even we have \* = A1 and \** = Ay, but for n odd we have \* = )y and
A= A

In the same paper, Choo [16] gave a similar generalization of Theorem 5.1 due
to Cao and Gardener.

In 2010, Singh and Shah [57] combined the hypotheses of Aziz and Mo-
hammad’s Theorem 3.6 (but applied to complex coefficients, as opposed to real
coefficients) with the hypotheses of Aziz and Zargar’s Theorem 4.8 to get the
following:

Theorem 5.8. Let p(z) = Y7, a;2) be a polynomial of degree n with
complex coefficients where Rea; = a; and Ima; = 3; for j = 0,1,2,...,n. If
t1 > to > 0, can be found such that we have

o tits + Oéj_l(tl — f,g) —Qj_o > 0 forj=2,3,...,n,

6jt1t2 + ijl(tl - tg) - 5j,2 Z 0 fOI“j = 273, ey,

where we take ay,+1 = Bny1 = 0, and for some A > 1,
)\an(tl - t2) — Qp_1 > 0 and )\/Bn(tl - t2) - anl > 0;

then all zeros of p lie in |z + (A — 1)(t1 — t2)| < R where

R=—

B |ovn|

{/\(an )01 — t2) o + B — (o1 + B1) 225 — (a0 + o)y
1 1

1 t
+ (laatits + ag(ty — t2)| + | Brtrte + Bo(ts — t2)|) " + (Jao| + |ﬁo|)ti} .
1 1

17



With all the coefficients real and positive, and A = 1, the Theorem 5.8 reduces
to Theorem 3.6 due to Aziz and Mohammad. With t; =1, to =0, and X\ = 1,
Theorem 5.8 reduces to Theorem 4.8 of Aziz and Zargar. In the same paper,
Singh and Shah [57] modified the hypotheses

Ao (t1 — t2) — ap—1 > 0 and AB,(t1 — t2) — Bn_1 > 0,
to
Aap(ti —t2) —ap—1 > 0 and XS, (81 — t2) — fne1 >0

where A\; > 1 and Ay > 1, and proved a result concerning the location of zeros
in a disk (not necessarily centered at origin) which includes many of the other
results mentioned above. In a related result, but concerning zeros in a disk
centered at origin, Singh and Shah [58] in 2011 presented the following:

Theorem 5.9. Let p(z) = Z?:o ajzl be a polynomial of degree n with
complex coefficients where Rea; = a; and Ima; = 3; for j = 0,1,2,...,n. If
ty > to > 0 can be found such that for j = 1,2,...,n+ 1 we have

Oéjtltg + Oéj_l(tl - tg) — Q52 Z 0

and

Bjitita + Bj—1(t1 —t2) — Bj—2 >0,
where we take c_1 = apq41 = P—1 = Bny1 = 0. Then all zeros of p lie in
|z| < (Jon + Br + M|t1/|ay| where

tg (7)) 1 1
M = _altTL - tT + |041t1t2 + ao(tl - t2)|tn+1 + ‘aotth‘tn-&Q
1t 1 1
ta Bo 1 1
—517” -t |Brtata + Bo(t — t2>|tnT + |60t1t2|tn?-
10 1 1

Again, this result implies Aziz and Mohammad’s Theorem 3.6.

Using the same hypotheses as Theorem 5.9, Singh and Shah [59] proved an-
other result concerning the location of zeros, but this time obtained an annulus
region containing all the zeros:

Theorem 5.10. Let p(z) = Z?:o ajz’ be a polynomial of degree n with
complex coefficients where Rea; = «; and Ima; = 3; for j = 0,1,2,...,n. If
t1 > to, t1 # 0, can be found such that for j =1,2,...,n+ 1 we have

Oéjt1t2 + Oéj_1(t1 - tg) — Q52 Z 0

and
Bitita + Bi—1(t1 — t2) — Bj—2 >0,

where we take a_1 = apy1 = B-1 = Pn+1 = 0. Then all zeros of p lie in
min{Ro,1/t1} < |z| < max{Ri,t1}. Here,

Ry = {_(|an| — K)lan(ts — t2) — an—1] + [(Jan] — K1)?|an(ty — t2) — an—1]?
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1/2
+4Kft%|an|] }/(2K1|an|),

R2 = {(|a0|t1t2 — KQ)‘altth + ao(t1 — t2)|t%

1/2
+ [(|a0|t1t2 — K2)2|a1t1t2 + ao(t1 — t2)|2t411 + 4K§’|a0|t‘;’t2} / }/(QKQQ),

K1 = (an + By) + (Jao| — ao)ta/tT™ + (1Bo] — Bo)t2/t7 T, and Ky = (v, +
Ba) 12 + (lam| + 1Ba )12 = (a0 + Bo)tat.

When each 3; = 0, Theorem 5.10 reduces to Theorem 3.6. With all coeflicients
real and positive, and t; = 1 and t2 = 0, Theorem 5.10 implies the following
clean refinement of Theorem 1.3:

Corollary 5.11. Let p(z) = Z?:o ajzj be a polynomial of degree n with
real coefficients satisfying 0 < ag < a1 < --- < ay, then all the zeros of p lie in
ag
— < <1.
2a, — |Z| -

In the same paper, Singh and Shah [59] introduced a reversal in the inequality
imposed on the coefficients at a particular point and proved :

Theorem 5.12. Let p(z) = Z?:O a;jz’ be a polynomial of degree n with
complex coefficients where Rea; = o; and Ima; = 3; for j = 0,1,2,...,n. If
t1 > to > 0 can be found such that

Oéjtltg + Oéj_l(tl — tg) — Q2 >0, fOl"j =2,3,...,r+1,
Oéjtllfg—l-aj,l(tl —tQ) — Q2 <0, forj=r+2,r+3,...,n+1,
ﬂjtltg + ﬁj_l(tl — tg) — ﬁj_g >0, fOI‘j =2,3,...,r+1,
ﬂjt1t2+ﬂj_1(t1 7t2)7ﬂj_2 S O, fOI'j :r+2,r+3,...,n+1,
for some A with 1 < r <n, where we take c,+1 = Bn4+1 = 0, then all zeros of p

lie in

tl 2047" 1 tQ 20¢T+1 1
1< 2 { (55 - on) + ol - an) | + 2 { 2555 + ool = a0
Jan] L\ £ L

rr (3 ) + gl = o) o { 222 ol = o)}
1 ty 4y

|an| " |an|

Singh and Shah remarked that Theorem 5.12 reduces to Dewan and Bidkham’s
Theorem 4.1 when each coefficient is real and to = 0, and further reduces to
Theorem 1.3 when 7 = n and ag > 0. In the same paper, Singh and Shah [59]
also presented a related generalization of Theorem 4.9 due to Aziz and Zargar.
In 2013, Singh and Shah [60] gave another result related to Theorem 5.10:
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Theorem 5.13. Let p(z) = Z?:o ajz? be a polynomial of degree n with
complex coefficients where Rea; = «; and Ima; = 3; for j = 0,1,2,...,n. If
t1 >ty > 0, can be found such that for j = 2,3,...,n we have

ajtits + o1 (ty —t2) — aj_o >0,
Bitita + Bj—1(t1 —t2) — Bj—2 >0,
and for some real \; and Ao we have
(an + A)(t1 — t2) — ap—1 >0, and
(ﬂn + >\2)(t1 - t2) - ﬂnfl > 07
then all zeros of p lie in

iy (A1 +iX2)(t1 — t2) <R,

an

where

R = {[(an A1) +(Bnt22)] (t1—t2)+(an+B,)ta—(ar+B0)t2 /1y~ —(ao+5o) /117
+(lantats + ao(ty — t2)| + [Bitats + Bo(t — t2)]) /11 + (Jowo| + [Bol)t2/t1'}/ lan].
With ¢9 = 0 in Theorem 5.13, one easily gets as corollary the following:

Corollary 5.14. Let p(z) = Z;'L:o a;jz? be a polynomial of degree n with
complex coefficients where Rea; = a; and Ima; = 3; for j = 0,1,2,...,n. If
t > 0, can be found such that

(o 4+ A1) 2 " oy 2 P > >t > ag
and

(B 4+ A2) 2" g 24" > 2 161 > fo
for some real A\, and Ao, then all zeros of p lie in

AL+ i)t
‘Z+( 1+ id)

Gp

<

where

R = t{(an + A1) + (Bn + A2) — [a0 + Bo — || — [Bol]/t"}/|an].

Among the many results listed above which overlap with Corollary 5.14, included
Joyal, Labelle, and Rahman’s Theorem 2.3, which follows from the corollary
when A\ =Xy =0and t = 1.

Many of the results above, such as Corollary 5.14, involve the parameter
t > 0 in such a way that coefficient a; (or possibly its real part, imaginary part,
or modulus) is multiplied by #/ and then involved in some type of monotonicity
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condition. Such a result often will follow from a simpler result which does not
involve parameter ¢ by applying the simpler result to polynomial p(¢z). Recently,
Gulzar, Liman, and Shah [39] introduced a condition on the coefficients which is
somewhat more subtle and does not yield a result which will easily follow from
a simpler theorem. They required the parameter ¢ to follow a pattern similar to
that given in Corollary 5.14, but only for some of the coefficients. They prove:

Theorem 5.15. Let p(2) = Y 7_ja;z’ be a polynomial of degree n with
real coefficients satisfying

ag <ay < - < apoy < tap < Papr <o < Fap_y <t a,

for somet > 0 and 1 < k < n. Then all the zeros of p lie in

an — ag + lao| + (t = 1) {4 (a; + o) — laal }

|2+ (t-1) <
|an|

With & = n and t = A, Theorem 5.15 implies Aziz and Zargar’s Theorem 4.8.
With k£ = 1, the hypotheses of Theorem 5.15 is similar to several of the results
above (though there is no resulting reversal in the monotonicity hypothesis).

Choo and Choi [18] gave an interesting result in 2011 related to the hypoth-
esis of monotonicity of the coefficients in the Enestrom-Kakeya Theorem. They
allowed one coefficient, say ay, to violate the monotonicity condition and then
constrained the deviation of ay from ag_1 and ag41 such that the zeros of the
polynomial would still lie in |z| < 1:

Theorem 5.16. If p(z) = Y7 ;a;2 is a polynomial of degree n with
real coefficients satisfying a,, = a,41 = -+ = @y, ,—1 for t = 0,1,2,...,m,
where ro = 0 <1y <719 < -+ < 7Ty < a1 = n+ 1. Suppose that for some
0<k<m-1,

Ay > Oy >0 > Gy > gy > gy > 0 > Ay >0

and let

5 yoeeey

o Arpy_y Qrp,_o Ariq Orp_y Qry_y Qg
p = max ey , , — ;.
a’Tm G‘Tm—l a"‘k+2 aTk+1 G‘kal a’Tl

If p < 1, then p has all its zeros in the disk |z| < 1 provided a,,_, — €1 < a,, <
., + €2 where

_ (1—p)ka
L+p+ (1 —=p)(resr —re — 1)

(1—p)Ry
L+p+ (1 —=p)(resr — e — 1)

€1 and €5 =

Ry =Qr,, + Qr,,_, +"'+a7“k+1 +tap,_, + -+ ar +ag
A —rm)ar, +(m —rmo1 = Day,,_, + -+ (Thya — Thy1 — 1)aTk+1

+(rps1—rp—1—2)ar, ,+(Tk—1—Tk—2—1)ar, ,+- -+ (re—r1—1)a,, +(r1—1)ao},

21



and
Ry = O, +Cpp  + 00+ Qrp o +ap_, +Fary +ao

—An=rm)ar, + (rm —rm-1 —1)ar, _, +- A+ (rpy2 — 18 — 2)am+1

+(rk—rk—1—1)ar,_, +(rh—1—7rk—2—1)ap,_,+-+(ro—r1—1)a,, +(r1—1)ag}.

Choo and Choi gave examples of polynomials illustrating their result. In partic-
ular, they gave P(2) = 3.62° +52° +42%43.22% +2.522 + 22+ 1.5 as an example
of a polynomial which violates the monotonicity condition of Enestrom-Kakeya,
but which still has its zeros in |z| < 1. Coeflicient ag violates the monotonicity
condition; the authors computed ¢; = 1.4667 and observed that ag > as — €1,
thus indicating that the hypotheses of their theorem are satisfied. In the same
issue of the same journal, Choo and Choi [17] introduced the following general-
ization of the Enestrom-Kakeya Theorem:

Theorem 5.17. Ifp(z) = Z;'L:o ajzj is a polynomial of degree n with real
coefficients satisfying

ap<ay < <app-1 XA < appt1 <o <Ly
for some real A\, then the zeros of p lie in |z| > R where

R |aol
lan| + an + |(A = 1Dap—k| + (A= 1)ap—r —ag

if ap_g—1 > An_g,

and

_ |ao|
B |an‘ + an + |(>‘ - 1)an—k| + (1 - /\)a'n—k — Qg

In the same paper, Choo and Choi gave a similar result by hypothesizing that
the real parts of p satisfy the conditions of Theorem 5.17 and that the imaginary
parts are monotone increasing. They also gave the following result which has a
hypothesis concerning the moduli of the coefficients of p:

R

jfanfk > Qp—k+1-

Theorem 5.18. Let p(z) = Z?:o a;jz’ be a polynomial of degree n with
complex coefficients where Rea; = a; and Ima; = 5; where |arga; — | < a <
/2 for some « and 8 for j =0,1,2,...,n. If

lao| < lar] < -+ <an—k—1] < Man—k| < |an—k1] < -+ < an|
for some A > 0, then the zeros of p lie in |z| > R where

|ao|

(lan| + (A = 1)|apn—k|)(cos a + sin ) — |ag|(cos a — sin &) + QSinaZ?:_ll laj]
jf|an7k:71| > |an7k|7 and

|ao

(lan| + (L = X)|an—k|)(cos a + sin ) — |ap|(cos @ — sin ) + 2sino¢Z;:11 laj]

jf|@n—k:‘ > ‘an—k+1|~
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In 2012, Aziz and Zargar [10] modified the hypotheses of their own 1996
result, Theorem 4.8, and proved the following three theorems.

Theorem 5.19. Ifp(z) = Z;-L:O ajzj is a polynomial of degree n with real
coefficients such that for some A\ > 1 and 0 < p < 1 we have

nga()galSQQS"'§a71—1§>\ana

then all the zeros of p lie in |z + A — 1| < XA+ 2a0(1 — p)/an.

Theorem 5.20. Ifp(z) = Z?:O a;jz) is a polynomial of degree n with real
coefficients such that for some 0 < p < 1 and some 0 < k < n we have

pap < ap <ag << ap 2 Gk =000 2 A,

then all the zeros of p lie in

{2ak — an—1+ (2 = p)lao| — pao}-

24 ot 1‘ < 1
n = an|

Theorem 5.21. Ifp(z) =37, ajz’ is a polynomial of degree n with real
coefficients such that for some 0 < p < 1 and some 0 < k < n we have

pap <ap <ag <o Lag > Agy1 >0 2> Aag,

then all the zeros of p lie in

21 — a, + (2 — p)lao| + pag

z| <
|| ]

Aziz and Zargar [10] also showed that each of these implies Theorem 2.3 of Joyal,
Labelle, and Rahman, and hence it is a generalization of the Enestrom-Kakeya
Theorem.

Recently, Gulzar [33] (see also [31]) proved:

Theorem 5.22. Let p(z) = Z?:o a;jz’ be a polynomial of degree n with
complex coefficients where Rea; = «o; and Ima; = 3; for j = 0,1,2,...,n,
satisfying

pag < ay; <...<ap 1 S0+ a,

for some ¢ > 0 and 0 < p < 1, then the zeros of p lie in
o + an — p(lao] + ao) + 2|ag| + 2377 5]

|ovn|

o
zZ+ —
Qn

<

Under the same hypotheses, Gulzar [38] gave an inner radius for a zero-free
region for p as given in Theorem 5.22 by showing that p has no zeros in |z| <
lao| /{20 + an +|an| — plao +|ao|) + |ao|}. With similar monotonicity hypotheses
concerning the coefficients, but with the added factor ¢ as in Theorem 5.22 and
with p = 1, Liman, Shah, and Ahmad [49] gave additional related results in a
2013 publication.

In a result related to Choo and Choi’s Theorem 5.17 and to Theorem 5.22,
Gulzar [32] proved:
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Theorem 5.23. Let p(z) = Z?:o ajz? be a polynomial of degree n with
complex coeflicients where Rea; = o and Ima; = 3; for j = 0,1,2,...,n,
satisfying

(&%) S aq S S Ap—k—1 S Aan—k San—k—i-l S S Qp—1 S o+ ay
for some o > 0 and real A\, where a,,_j # 0, then the zeros of p lie in

o+ an+ (A= Dan—k + |A = Llan_g| + |ao| — a0 + 2377, |5

|an|

o
Z+—
an

<

if p_k_1 > an_g, and the zeros lie in

o+ an + (1= Nan—g + A= 1|an—g| + o] — a0+ 2377, |55l

|an|

o
Z+—
an

<

if g > Qp—f+1-

With ¢ = 0 and each 3; = 0 in Gulzar’s Theorem 5.23, one can produce an
annulus (centered at origin) containing all the zeros of the polynomial where
the inner radius is given by Choo and Choi’s Theorem 5.17.

In [35], Gulzar combines the hypotheses of his own Theorem 5.22 and The-
orem 5.23 (with parameters p, o, and \) to present three generalizations of
the Enestrom-Kakeya Theorem (with hypotheses on (1) the real part, (2) the
imaginary part, and (3) the modulus of the coeflicients).

6 Related Results

In this survey, we have have tried to present results that put a restriction on
the modulus of the zeros of a polynomial explicitly in terms of the coefficients
of the polynomial, as the original Enestrom-Kakeya Theorem does. There are
other results related to the Enestrom-Kakeya Theorem which we have not yet
been able to mention due to restrictions in the length of this chapter, but will
now describe them briefly.

We say “explicitly” in the previous paragraph, because there are a num-
ber of results which restrict the modulus of the zeros of a polynomial, but the
restrictions are given indirectly in the sense of being given by a root of a poly-
nomial itself. This type of result was first given by Cauchy [13] , who proved
the following:

Theorem 6.1. Let p(z) = 2™ + Z?;ol a;jz’, be a complex polynomial.
Then all the zeros of p(z) lie in the disk

{z:)z|<n} Cc{z:]z] <1+ A}, (1)
where
A= max |a,,
0<j<n—1
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and 7 is the unique positive root of the real-coefficient polynomial
Q(z) = 2" — |an—1|z""" — |ap—a|2"* — - —Jas|z — |ag|. (2)

Govil and Rahman [30] also gave this type of result, and the same is stated
as follows:

Theorem 6.2. Let p(z) = Z?:o ajzl # 0 be a polynomial of degree n with
complex coefficients such that for some a > 0, we have a™|ag| < a" ta;| < ... <
alan—1 < |ayp|. Then all the zeros of p lie in |z| < (é) M where M is the greatest
positive root of the trinomial equation z"*! — 22" 4+ 1 = 0.

Related results concerning the location of the zeros of a polynomial have
also been presented by Aziz and Mohammad [7], Sun and Hsieh [61], Affane-
Aji, Agarwal, and Govil [1], Affane-Aji, Biaz and Govil [2], Choo [15], Choo and
Choi [17], Dalal and Govil [19], Gulzar [34, 36], and Gilani [27].

The hypotheses of the following result, due to Jain [43] in 1988, are very
much in the spirit of the Enestrom-Kakeya Theorem, although the conclusion
involves the size of the real part of the zeros instead of the modulus:

Theorem 6.3. Let p(z) = Z?:o ajzl be a polynomial of degree n with
complex coefficients where Re a; = «; and Ima; = ; where |arga; — | < a <
7/2 for some o and B, and j = 0,1,2,...,n. If 0 < |ag| < |a1] < -+ < Jan—1| <
|an| = 1. Then all the zeros of p lie in the vertical strip {z : —max{1,d2} <
Re(z) < 65} where 81 = [(1—ay)+{(1—a2)?+4M}/?]/2, 62 = [~ (1—ay)+{(1—
02)*+AM Y] /2, and M = (|a1| ~Jan]) (cos a-tsin @)+ 2sina (] laj]) +lanl.

In the same paper, Jain gave a result by putting the monotonicity hypothesis
on the real parts of the coefficients. He also presented the corresponding result
which put restrictions on the imaginary parts of the zeros of the polynomial
p. Also, Jain [45] in 1993 gave a result which restricts the real part of the
zeros , but with no condition on the coefficients (and hence not really related
to the Enestrom-Kakeya Theorem). It seems that this type of approach to the
restriction of the zeros has been relatively little studied.

The techniques used in proving many of the theorems above can also be
used to establish a bound on the moduli of the zeros of an analytic function
which has a related monotonicity-type condition on the coefficients of its series
representation. For example, Govil and Rahman [30] included the following
result in their 1968 paper which was primarily devoted to polynomials:

Theorem 6.4. Let f(2) = > 72 a;2’ be an analytic function in |z| < 1.
Suppose |arga; — | < a < /2 for some a and § for j = 0,1,2,... and |ag| >

_ —1
|a1| > |ag| > - --. Then the zeros of f liein |z| > {cosa+sina + 2|S;(r)‘|a ;’;1 |aj|} .

Also closely related to the results of this survey is the following which is due to
Aziz and Mohammad [6] and appeared in 1980.
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Theorem 6.5. Let f(z) = 372, ajzJ be an analytic function in |z| < t.
Suppose 0 < ag < ta; < t?ag < ---. Then all the zeros of f lie in |z| > t.

Related results have been presented by Krishnaiah [48], Aziz and Shah [8], Lin,
Huang, Cao, and Gardner [50], Shah and Liman [56], Choo [16], and Gulzar
[37].

A natural question is: “Is the Enestrom-Kakeya Theorem sharp?” In other
words, is there a polynomial p satisfying the hypotheses of the the Enestrom-
Kakeya Theorem for which there is a zero of modulus 1 (thus indicating that
the given bound cannot be improved)? For p,(z) = 1+ 2 + 2% + -+ + 2", the
zeros of p, are the (n + 1)™ roots of unity, cos# + isin@ for 6 = 2kn/(n + 1)
for k =1,2,...,n. Therefore the Enestrom-Kakeya Theorem (Theorem 1.3) is
sharp. In fact, this example shows that the alternate version of the Enestrom-
Kakeya Theorem (Theorem 1.4) is also sharp.

However it is possible to sharpen the Enestrom-Kakeya Theorem by taking
away a part of the unit disk that does not contain the zeros of the polynomial,
and this has been done, among others, by Govil and Rahman (see Theorem 5
in [30]), and by Rubinstein (see Corollary 1 in [55]).

In 1912-13, Hurwitz [42] characterized polynomials for which the Enestrom-
Kakeya Theorem is sharp. In 1979, Anderson, Saff, and Varga [4] gave a proof
(and correction) of Hurwitz’s result based on matrix methods. In a sense,
their result states that a polynomial satisfying the hypotheses of the Enestrom-
Kakeya Theorem has a zero of modulus 1 only if the polynomial has p, as a
factor for some n (this is an oversimplification of their result, but somewhat
reflects the importance of this result). An interesting corollary to their main
theorem deals with the version of the Enestrom-Kakeya theorem as stated in
Theorem 1.4:

Corollary 6.6. Ifp(z) = > )_ja;2’ is a polynomial of degree n with real
and positive coeflicients, then all the zeros of p lie in the annulus Ry < |z| < Ry
where R1 = minogjgn,1 aj/ajJrl and R2 = MmaXp<j<n—1 aj/ajH. If R1 < RQ,
then it is not possible for p to simultaneously have zeros on |z| = Ry and on
|Z| = Rg.

In a related result, Anderson, Saff, and Varga [5] in 1980 introduced a “gen-
eralized Enestrom-Kakeya functional” and established a result concerning the
location of zeros of polynomials and showed that their result is asymptotically
sharp.
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Appendix

REMARK ON A THEOREM ON THE ROOTS OF THE EQUATION
anx” + ap_12" 1+ -+ a1z + ag = 0 WHERE
ALL COEFFICIENTS ARE REAL AND POSITIVE
by
G. Enestrom, Stockholm, Sweden

Téhoku Mathematical Journal, 18 (1920), 34-36

A translation of “Remarque sur un théoreme relatif aux racines de 1’equation
anx"™ + ap_12" 1 4+ - a1z + ag = 0 ou tous les coefficientes a sont réels et
positifs” by G. Enestrom. Translated by Robert Gardner.

In 1912 M. S. Kakeya demonstrated in a paper in this journal that the
absolute value of each root of the equation above [in the title] is between the
smallest and largest values of

p—-1 Ap—2 ao
) sy T
an An—1 a1
and therefore for [positive] a, > an,—1 > --+ > ag, the absolute value of each

root is less than 1.

This theorem has already been proposed and demonstrated by me in 1893
in a footnote to a problem on pension funds. This problem leads us to the
equation

El4ak® 2+ 4asok+as_1=0 (A)
where all of these coefficients are real and positive and for which
1>a1>a2>-->as 1.

The reference cited in the footnote is written in Swedish and at the request of
Mr. Hayashi I now translate verbatim the part about the roots of this equation.
Define a; as the smallest of the quantities

a a3 @

ag, ’ ) )
ay a2 As—2

Hérledning af en allmén formel for antalet pensionérer, som vid en godtyeklig tidpunkt
forefinnas inom en sluten pensionslcassa; Ofversigt af Vetenskaps-Akademiens Forhandlingar
(Stockholm), 50, 1893, p. 405-415. The resulting theorem was stated by me, also in
L’intermédiaire des Mathématiciens 2, 1895, p. 418, and in Jahrbuch tber die Fortschritte der
Mathematik 25 (1893-1894), p. 360, and also mentions the problem of the theory of pensions
to which I alluded in the text.
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and it is then evident from this definition of a7 that
ag+1 —oiaqg >0 (¢=0,1,2,...,5—2;a00 = 1).
Multiplication of equation (A) by k — a1, results in
k4 (a1 —a)k* 4+ (ag — a2 44 (as_1 —qas_2)k—ajas_ 1 =0 (B)

and if we substitute p(cos ¢ + isin ¢) for k, where p is the absolute value of k,
then p and ¢ must satisfy the equations

p* cos s+ (a1 —an )" cos(s— 1)p+ (az —arar)p*> cos(s —2)¢

+ -+ (a's—l — alas_g)pCOS(b — 0 as—1 = 07
p°sinsg4 (a1 —aq)p* L sin(s —1)¢+(az —ayay) p* 2 sin(s —2)¢
+--+(as—1 —ajas_2)psing = 0. (®

We now show that if p < a1, equation (C) can not hold, regardless of the value
of ¢. Indeed, all coefficients a; — aq,a2 — a1aq,...,as—1 — ajas_o are positive,
so the left side can not be greater than

p° + (a1 — Oll)/)s_l + (ag — C¥1061)ps_2 +- 4 (as—1 —a1a5-2)p — as—q

and this expression can be written as

sfl(

P Hp—ar)+ap’P(p—ar) + -+ as—2p(p — 1) + as—1(p — 1),

which is negative if p < ;. The left side of equation (C) is therefore negative
for p < ;. Tt follows that the absolute value of each root of equation (A) is
greater than or equal to a.

In a similar way we can show that with ay as the largest of the quantities

a3 a3 s

ai, ) PRIR) )
ay a2 as—1

the absolute value of each root of the equation (A) must be less than or equal
to an. For this proof, replace k with k=1 [in equation (A)]. Then multiply the
new equation by k — 1/ay and we easily find that the absolute value of k can
never be less than 1/as, from which it follows immediately that the value of &k
can not be greater than ay. We now have

alg‘kiISOQa (12071,2,,3—1)

28



References

[1]

2]

[4]

[12]

[13]

Affane-Aji, C., N. Agarwal, and N. K. Govil, Location of Zeros of Poly-
nomials, Mathematical and Computer Modelling, 50, 306-313 (2009).

Affane-Aji, C., Saad Biaz, and N. K. Govil, On Annuli Containing All
the Zeros of a Polynomial, Mathematical and Computer Modelling 52,
1532-1537 (2010).

Affane-Aji, C. and N. K. Govil, On the Regions Containing all the Zeros of
a Polynomial, Nonlinear Analysis: Stability, Approzimation and Inequali-
ties, Edited by P.G. Georgiev, P. Pardalos, and H.M.Srivastava, Springer
Optimization and Its Applications 68, 39-55 (2012).

Anderson, N., E. B. Saff, and R. S. Varga, On the Enestrom-Kakeya
Theorem and Its Sharpness, Linear Algebra and Its Applications, 28, 5—
16 (1979).

Anderson, N., E. B. Saff, and R. S. Varga, An Extension of the Enestrém-
Kakeya Theorem and Its Sharpness, STAM Journal of Mathematical Anal-
ysis, 12(1), 10-22 (1980).

Aziz, A. and Q. G. Mohammad, On the Zeros of a Certain Class of Polyno-
mials and Related Analytic Functions, Journal of Mathematical Analysis
and Applications, 75, 495-502 (1980).

Aziz, A. and Q. G. Mohammad, Zero-Free Regions for Polynomials and
Some Generalizations of Enestrom-Kakeya Theorem, Canadian Mathe-
matical Bulletin, 27(3), 265-272 (1984).

Aziz, A. and W. M. Shah, On the Zeros of Polynomials and Related
Analytic Functions, Glasnik Matematicki, 33(53), 173184 (1998).

Aziz, A. and B. A. Zargar, Some Extensions of Enestrom-Kakeya Theo-
rem, Glasnik Matematicki, 31(51), 239-244 (1996).

Aziz, A. and B. A. Zargar, Bounds for the Zeros of a Polynomial with
Restricted Coefficients, Applied Mathematics, 3, 30-33 (2012).

Cao, J. and R. Gardner, Restrictions on the Zeros of a Polynomial as a
Consequence of Conditions on the Coefficients of even Powers and Odd
Powers of the Variable, Journal of Computational and Applied Mathemat-
ics, 155, 153-163 (2003).

Cargo, G. T. and Shisha, O., Zeros of Polynomials and Fractional Order
Differences of Their Coefficients, Journal of Mathematical Analysis and
Applications, 7, 176-182 (1963).

Cauchy, A., Exercises de mathématique, Oeuvres (2) Volume 9, p. 122
(1829).

29



[14]

[15]

[16]

[17]

[18]

Chattopadhyay, A., S. Das, V. K. Jain, and H. Konwar, Certain General-
izations of Enestrom-Kakeya Theorem, Journal of the Indian Mathemat-
ical Society, T2(1-4), 147-156 (2005).

Choo, Y., Further Generalizations of Enestrom-Kakeya Theorem, Inter-
national Journal of Mathematical Analysis, 5(20), 983-995 (2011).

Choo, Y., Some Results on the Zeros of Polynomials and Related Analytic
Functions, International Journal of Mathematical Analysis, 5(35), 1741
1760 (2011).

Choo, Y. and G. K. Choi, Further Results on the Generalizations of En-
estrom-Kakeya Theorem, International Journal of Mathematical Analysis,
5(42), 2075-2088 (2011).

Choo, Y., and G. K. Choi, On the Robustness Property of Enestrém-
Kakeya Theorem, International Journal of Mathematical Analysis, 5(42),
2089-2096 (2011).

Dalal, A. and N. K. Govil, On the Region Containing all the zeros of
a Polynomial, Applied Mathematics and Computation, 219, 9609-9614
(2013).

Dewan, K. K. and M. Bidkham, On the Enestrom-Kakeya Theorem, Jour-
nal of Mathematical Analysis and Applications, 180, 29-36 (1993).

Dewan, K. K. and N. K. Govil, On the Enestrom-Kakeya Theorem, Jour-
nal of Approzimation Theory, 42, 239-244 (1984).

Enestrom, G., Harledning af en allmén formel for antalet pensionérer,
som vid en godtyeklig tidpunkt forefinnas inom en sluten pensionslcassa;
Ofversigt af Vetenskaps-Akademiens Féorhandlingar, 50, 405-415 (1893).

Enestrom, G., Remarque sur un théoreme relatif aux racines de 'equation
anT” + ap_12" 1 4 a1z + ag = 0 ou tous les coefficientes a sont réels
et positifs, Tohoku Mathematical Journal, 18, 34-36 (1920).

Gardner, R. B. and N. K. Govil, On the Location of the Zeros of a Poly-
nomial, Journal of Approximation Theory, 78(2), 286-292 (1994).

Gardner, R. B. and N. K. Govil, Some Generalizations of the Enestrom-
Kakeya Theorem, Acta Mathematica Hungarica, 74(1-2), 125-134 (1997).

Gauss, K.F., Beitrdge zur Theorie der algebraischen Gleichungen, Abh.
Ges. Wiss. Géttingen, Vol. 4 (1850).

Gilani, N. A., Enestrom-Kakeya Theorem and its Generalizations, Inter-
national Journal of Mathematical Archive, 4(4), 84-89 (2013).

Govil, N. K. and V. K. Jain, On the Enestrom-Kakeya Theorem, Ann.
Univ. Mariae Curie-Sklodowska, Sect. A, 27, 13-18 (1973).

30



[29]

[30]

[31]

32]

Govil, N. K. and V. K. Jain, On the Enestrom-Kakeya Theorem, II, Jour-
nal of Approzimation Theory, 22(1), 1-10 (1978).

Govil, N. K. and Q. I. Rahman, On the Enestrom-Kakeya Theorem,
Tohoku Mathematical Journal (Second Series), 20(2), 126-136 (1968).

Gulzar, M. H., Bounds for the Zeros and Extremal Properties of Polyno-
mials, doctoral thesis, University of Kashmir, Srinagar (2012).

Gulzar, M. H., On the Enestrom-Kakeya Theorem and its Generalizations,
International Journal of Computational Engineering Research, 3(1): 225—
234 (2012).

Gulzar, M. H., On the Zeros of Polynomials, International Journal of
Modern Engineering Research, 2(6), 4318-4322 (2012).

Gulzar, M. H., Bounds for the Zeros of a Certain Class of Polynomials,
International Journal of Advanced Scientific and Technical Research, 3(3),
220-229 (2013).

Gulzar, M. H., Further Generalizations of Enestrom-Kakeya Theorem,
International Journal of Engineering Invention, 2(3), 49-58 (2013).

Gulzar, M. H., Some Generalizations of Enestro-Kakeya Theorem, In-
ternational Journal of Scientific and Research Publications, 3(2), 1-12
(2013).

Gulzar, M. H., On the Location of Zeros of Analytic Functions, IOSR
Journal of Engineering, 3(1), 16-20 (2013).

Gulzar, M. H., Zero-Free Regions for Polynomials with Restricted Co-
efficients, Research Inventory: International Journal of Engineering and
Science, 2(6), 6-10 (2013).

Gulzar, M. H., A. Liman, and W. M. Shah, Extensions of Enestrém
Kakeya Theorem, Preprint.

Hayashi, T., On a Theorem of Mr. Kakeya’s, Tohoku Mathematical Jour-
nal (First Series), 2, 215 (1912-13).

Hayashi, T., On the Roots of an Algebraic Equation, Téhoku Mathemat-
ical Journal (First Series), 3, 110-115 (1913).

Hurwitz, A., Uber einen Satz des Harrn Kakeya, Tohoku Mathematical
Journal (First Series), 4, 626-631 (1913-14).

Jain. V. K., On the Enstrom-Kakeya Theorem III, Anales Universitatis
Mariae Curie-Sklodowska, 42(4), 25-33 (1988).

Jain, V. K., On the Zeros of a Polynomial, Proceedings of the Indian
Academy of Science (Mathematical Sciences), 119(1), 37-43 (2009)

31



[45]

[46]

[47]

Jain, V. K., An Infinite Strip for the Zeros of Polynomials, Glasnik
Matematicki, 28(48), 29-33 (1993).

Joyal, A., G. Labelle, and Q. I. Rahman, On the Location of Zeros of
Polynomials, Canadian Mathematical Bulletin, 10(1), 5363 (1967).

Kakeya, S., On the Limits of the Roots of an Algebraic Equation with
Positive Coefficients, Téhoku Mathematical Journal (First Series), 2, 140—
142 (1912-13).

Krishnaiah, P. V., On Kakeya’s Theorem, Journal of the London Mathe-
matical Society, 30, 314-319 (1955).

Lima, A., W. M. Shah, and I. Ahmad, Generalizations of Enestrém
Kakeya Theorem-I, International Journal of Modern Mathematical Sci-
ences, 8(3), 139-148 (2013).

Lin, A., B. Huang, J. Cao, R. Gardner, Some Results on the Location of
Zeros of Analytic Functions, Chinese Journal of Engineering Mathematics,
21(5), 785-791 (2004).

Marden, M., Geometry of Polynomials, Mathematical Surveys Number 3,
Providence, RI: American Mathematical Society (1966).

Milovanovi¢, G. V., D. S. Mitrinovi¢ and Th. M. Rassias, Topics in
polynomials: Extremal Problems, Inequalities, Zeros, World Scientific,
Singapore-New Jersey-London-Hong Kong, 1994.

Mond, B. and O. Shisha, Zeros of Polynomials in Several Variables and
Fractional Order Differences of their Coefficients, Jour. Res. National Bu-
reau of Standard, B. Mathematics and Physics 68, 115-118 (1964).

Q.I. Rahman and G. Schmeisser, Analytic theory of polynomials, Claren-
don Press, Oxford, 2002.

Rubinstein, Z., Some Results in the Location of Zeros of Polynomials,
Pacific Jour.Math., 15, 1391-1396 (1965).

Shah, W. M. and A. Liman, On Enestrom-Kakeya Theorem and Related
Analytic Functions, Proceedings of the Indian Academy of Sciences (Math-
ematical Sciences), 117(3), 359-370 (2007).

Singh, G. and W. M. Shah, On the Enestrom-Kakeya Theorem, Applied
Mathematics, 3, 555-60 (2010).

Singh, G. and W. M. Shah, Location of Zeros of Complex Polynomials,
Journal of Advanced Research in Pure Mathematics, 3(4), 1-6 (2011).

Singh, G. and W. M. Shah, On the Location of Zeros of Polynomials,
American Journal of Computational Mathematics, 1, 1-10 (2011).

32



[60] Singh, G. and W. M. Shah, On the Enestrom-Kakeya Theorem, Bulletin
Mathématique de la Société des Sciences Mathématiques de Roumanie,
56(104)(4), 505-512 (2013).

[61] Sun, Y. J.and J. G. Hsieh, A Note on Circular Bound of Polynomial Zeros,
IEEE Transactions on Circuits Systems I, Regular Papers, 43, 476-478
(1996).

33



